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&*+ 517.5  

!. ". #$%&'()  (*,-./0.-1/ . , 23. 4, -1 5.-6. 1/2, 7. .)  

*+,"-./0 -0*,01/ 230 4!*."  
5 #,*!-,".!-5"6 !  7.-08,"9:.*; 10-, 7 4*;  

In the spaces  L ! (T )   of periodic functions with metric  !( f , 0)" = "(| f (x) |)
T# dx ,  where  !   is a function of the 

modulus-of-continuity type, we investigate the inverse Jackson theorems in the case of approximation by trigonometric 
polynomials. It is proved that the inverse Jackson theorem is true if and only if the lower dilation exponent of the function  
!   is not equal to zero. 

& ./0710/28  L! (T )   .-/906:;,:8 <4,=39> ? @-1/ : =0A  !( f , 0)" = "(| f (x) |)T# dx ,  6-  !  Ñ  <4,=39B 1:.4 @0-

64CB ,-.-/-/D,0719, 607C9654A1E7B 0F-/,-,9 1-0/-@: *5-=70,2 4 D:.26=4 2./0=7:@239G 1/: H0,0@-1/:;,:@: 
. 0C9,0@2@:.  *0D-6-,0, I0 0F-/,-,2 1-0/-@2 *5-=70,2 @2J @973- 1069 9 19CE=: 1069, =0C: ,:5,9> .0=2?,:= /0? -
1BH,-,,B <4,=39G  !   ,- 60/9D,AJ ,4C-D9. 

1.  5)<=<>$<.  *CB 6->71D:1-CE,0?,2;,K8 <4,=3:>  f (x) ,  x ! R,  :@-AI:8 .-/:06  1,  
L0 ! L0(T ) Ñ  @,05-71D0 :?@-/:@K8 : .0;1: D7A64 =0,-;,K8 <4,=3:> ,2 07,0D,0@ 10/- .- -

/:060D  T = [0,1] ;  !  Ñ  @,05-71D0 <4,=3:>  ! : R+
1 " R+

1,  BDCBAI:87B @064C-@ ,-./-/KD-
,071:;  

 L! " L! (T ) = f # L! : f ! := ! ( f (x) )dx < $
T
%

&
'
(

)(

*
+
(

,(
 

Ñ  @-1/:;-7=:- ./071/2,71D2 (D 7C4;2-  ! " # ).  ) ;271,071:, 6CB  0 < p < 1   f p  : = 

: = f (x) p dx
T! . 

%-/- ?  Tn (x)  F46-@ 0F0?,2;21E 1/:H0,0@-1/:;-7=:- .0C:,0@K .-/:062  1,  2 ;-/-? 
! k ( f , h)"  Ñ  k -> @064CE ,-./-/KD,071:  f ,  1. e. 

 ! k ( f , h)" = sup
s #h

$ s
k f

"
,    k ! N, 

 ! s
k = ! s ! s

k" 1( ) , ! s
1 f x( ) := ! s f x( ) := f x + s( ) " f x( ) . 

 En( f )! = inf
Tn

f " Tn !  

Ñ  ,2:C4;L-- ./:FC:5-,:-  f   D  L!   1/:H0,0@-1/:;-7=:@: .0C:,0@2@: 71- .-,: ,- DK -

L-   n . 
) /2F0128 [1, 2] :77C-60D2C7B D0./07 0 ,2C:;:: D ./071/2,71D28  L!   ./ B@K8 ,-/2D-,71D 

*5-=70,2 , 10;,--, D0./07 0 ,2C:;:: 7001,0L-,:>  
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 sup
n

sup
f ! L" , f #const

En( f )"
$ ( f , 1/n)"

< %. (1) 

)KB7,:C07E, ;10 01D-1 ,2 M101 D0./07 ?2D:7:1 01 ?,2;-,:> ,:5,-H0 .0=2?21-CB /271B5-,:B  
! "   <4,=3::  ! . 

#471E 6CB  s ! (0, " ) 

 M ! (s) := sup
0 < t < "

! (st)
! (t)  

Ñ  <4,=3:B /271B5-,:B  !   [3].  N0H62  ! "  Ñ  12=0- ;:7C0 :?  [0,1] ,  ;10 6CB D7-8  s ! [0,1] 

 M! (s) " s# ! , 

: D 10 5- D/-@B 6CB CAF0H0  ! > 0  ,2>6-17B =0,712,12  C!   12=2B, ;10 

 M! (s) " C#s
$ ! %# ,    s![0,1]. 

) [2] 60=2?2,0, ;10 D ./071/2,71D-  L!   ,-/2D-,71D2 *5-=70,2 (1) :@-A1 @-710 10H62 : 10CE=0 

10H62, =0H62  ! " > 0. 

) ,2710BI-> /2F01- @K :77C-64-@ ?262;4 0 ,2C:;:: D ./071/2,71D28  L!   0F/21,K8 1-0-

/-@ *5-=70,2, 82/2=1-/:?4AI:8 6:<<-/-,3:2CE,0 -/2?,071,K- 7D0>71D2 <4,=3:> 7 ?262,,0> 
.07C-60D21-CE,071EA ,2:C4;L:8 ./:FC:5-,:>.  O46-1 .0=2?2,0, ;10 01D-1 7,0D2 74I-71D-,,0 
?2D:7:1 01 ?,2;-,:>  ! " . 

(1@-1:@ =/21=0 07,0D,K- :?D-71,K- /-?4CE121K .0 0F/21,K@ ,-/2D-, 71D2@ *5-=70,2 D 
./071/2,71D28  Lp ,  0 < p ! "   (./:  p = !   .06  L!   .06/ 2?4@-D2-@  C(T)). 

#471E  k,!r,!n !N . 
1.  !C4;2>   1 ! p ! "   [4 Ð 6]: 

 ! k f , 1
n( )

p
"

Ck

nk j k#1Ej #1( f )p
j =1

n

$ . 

2.  !C4;2>   1 < p < !   [7]:  ./:  ! := min (p, 2)  

 ! k f , 1
n( )

p
"

Ck,p

nk j #k$1Ej $1
# ( f )p

j =1

n

%
&

'
(

)

*
+

1/#

. 

3.  !C4;2>   1 ! p ! "  [5, 8]:  -7C: ./: ,-=010/0@  r  

 j r ! 1Ej ! 1( f )p < "
j =1

"

# , 

10  f (r ! 1) " AC,  f (r) ! Lp   :  6CB CAF0H0  k   
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 ! k f (r ), 1
n( )

p
" Ck,r

1
nk j r #1+kEj #1( f )p + j r #1

j =n+1

$

% Ej #1( f )p
j =1

n

%
&

'
(

)

*
+. 

4.  !C4;2>   1 < p < !   [7, 9]:  -7C: ./: ,-=010/0@  r  

 j ! r " 1Ej " 1
! ( f )p < #

j =1

#

$ ,    ! := min (p,!2) , 

10  f (r!1) "AC,   f (r ) ! Lp   :  6CB CAF0H0  k   

 ! k f (r), 1
n( )p " Ck,r,p

1
nk

j#(k+r)$1E j$1
# ( f )p

j=1

n

%
&

'
(

)

*
+

1/#

+ j#r$1E j$1
# ( f )p

j=n+1

,

%
&

'
(

)

*
+

1/#&

'
(
(

)

*
+
+

. 

#06/0 F,-- 7 M1:@: /-?4CE1212@: @05,0 0?,2=0@:1E7B D [10, 11]. 
5.  !C4;2>   0 < p < 1  [12, 13]: 

 ! k f , 1
n( )

p
"

Ck,p

nk j k#1Ej #1( f )p
j =1

n

$ . 

6.  !C4;2>   0 < p < 1  [13]:  -7C:  f ! Tn p = O(En( f )p)  :  ./: ,-=010/0@  r  

 j rp!1Ej !1( f )p
j =1

"

# < " , 

10  f   :@--1  r -A ./0:?D06,4A  f (r )   D  7@K7C-  Lp  :  

 f (r ) ! Tn
(r )

p
" Cr,p nrpEn( f )p + j rp!1Ej !1( f )p

j =n+1

#

$
%

&
'

(

)
* . 

#/: :77C-60D2,:: 0F/21,K8 ,-/2D-,71D *5-=70,2 D  L!   @K ./:6- / 5:D2- @7B =C277:;--

7=0> 78-@K 60=2?21-CE71D, 07,0D2,,0> ,2 ,-/2D-,71D28 1:.2  !. Q. O-/,L1->,2 6CB ./:/2I--
,:> : ./0:?D06,K8 1/:H0,0@-1/:; -7=:8 . 0C:,0 @0D.  #0C:,0@:2CE,K- ,-/2D-,71D2 D   L!  :?4-

;2C:7E D [14].  #/: D-6e@ 1- ,-/2D-,71D2 :? [14], =010/K- F4641 ?6-7E :7.0CE?0D21E7B. 
#471E  k,!r = 0,!1, É ,   h ! (0,!1/ 2]   :  ! " > 0.  N0H62 ./: D7-8  n ! N  

 ! h
kTn(r) "

# Cr,kM " (nr min((nh)k ,1)) Tn " , (2) 

 
!h
h

" D#
$

%
& Tn

(r )

'
( Cr M' max

k ( n
k r sin()kh)

h
" )k#

$*
%
&+

#
$*

%
&+ Tn ' . (3) 



354 !. ". #$%&'()  

ISSN 1027-3190.  !"#.  $%&.  '(#)., 2012, &.  64, *  3 

2 . *?@AB>AC B<(@<DA 2E<FG(>A ) GH&%A<  ! " > 0 .  

!"#$"%&  1.  +(,&- ! " > 0.  ./01% 123 245/0/  k !N  )%617&,3 "/),&%) &%  C = C(k,!)  

&%"%3, 8&/ 123 9,7:  f ! L"   ; 9,7:  h !(0,1/2]   ;$74& $7,&/ )7# %97),&9% 

 ! k( f , h)" # C
M" (( jh)k )

j
Ej $1( f )"

j =1

[1/h]

% . (4) 

!"#$%$&'()*&+" .  *CB <4,=3:: /271B5-,:B   M !   F46-@ :7.0CE?0D21E @4CE1:.C: =21:D-

,0- ,-/2D-,71D0   M! u "v( ) # M! u( ) "M! v( ),  DK1-=2AI-- :? 0./-6-C-,:B.  

(F0?,2;:@  ej := Ej ( f )! ,  : .471E  Tn Ñ  .0C:,0@ ,2:C4;L-H0 ./:FC:5 - ,:B   f   D  L!   

71-.-,:   n  (74I-71D0D2,:- 12=:8 .0C:,0@0D 7@. D [15]).  *CB 60=2?21-CE71D2 (4) F-? 0H/2,:;--
,:B 0FI,071: @05,0 7; : 121E, ;10  T0 = 0. 

#471E 7,2;2C2  h = 2!n.  N0H62 

 f != ! f ! T2n ! 1( ) + T2n ! 1!= ! f ! T2n ! 1 + T2j ! 1 ! T2 j ! 1! 1( )
j =1

n

" , 

  (5) 

 !
1/2n
k f

"
! # !2ke2n $1 + !

1/2n
k T2j $1 $ T2j $1$1( )

"j =1

n

% . 

$? (2) ./:  r = 0  .0C4;2-@  

 !
1/2n
k (T2 j " 1 " T2 j " 1 " 1) #

! $ !C1M# (2( j " n)k ) T2 j " 1 " T2 j " 1 " 1 #
  !  

 !   2C1M! (2( j "n)k )e2 j "1"1 . (6) 

$? (5) : (6) DK1-=2-1 

 ! k f , 1
2n

"
#$

%
&' (
! ) !C2 M( (2( j * n)k )e2 j * 1* 1

j =1

n+1

+ . (7) 

$? @0,010,,0H0 4FKD2,:B  en  7C-64-1, ;10  

 e2 j ! 1! " !2
es! 1

s
s=2 j ! 1+1

2 j

#  (8) 

./:   j ! 1,  2 :? @0,010,,0H0 D0?/2712,:B  M! (x)  Ñ  ;10  

 M ! (2( j " n)k )   Z  M ! (2k )M!
1
2nk 2

k( j " 1)#
$%

&
'(

  Z  M! (2k ) M!
s

2n
"
#$

%
&'

k"

#
$

%

&
'   (9) 

./:   s > 2 j ! 1. 
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$7.0CE?4B (8), (9), :? (7) D 7C4;2-  h = 1
2n   .0C4;2-@ (4): 

 ! k f , 1
2n

"
#$

%
&' (

) C2 M( (2( j * n)k ) 2
j =2

n+1

+ es* 1
s

s=2 j * 2+1

2 j * 1

+ + C2M( (2* nk)e0   !   

 !   

 

C2 2M! (2k )
M! (s/ 2n)k( )

s
s=2 j " 2 +1

2 j " 1

#
j =2

n+1

# es" 1 + C2M! (2" nk) e0   !  

 !   
 
C3

M! (s/2n )k( )
s es"1

s=1

2n

# . (10) 

*CB ./0:?D0CE,0H0  h ! (0,!1/2]   ,2>6-@  n ! N  12=0-, ;10  h ! 2" (n+1),!2" n( #$,  : 7 .0@0IEA 

(10) .0C4;:@  

 

 
! k ( f , h)" # ! k f , 1

2n
$
%&

'
() "

# C3

M" (1/2n)k( )
s

es* 1
s=1

2n

+   !  

 !   C3

M! sk(2h)k( )
s

es"1 #
s=1

2n

$ C3M! (2k )
M! (sh)k( )

s
es"1

s=1

[1/h]

$ . 

N-0/-@2 1 60=2?2,2. 
&1D-/56-,:- 1-0/-@K 1 BDCB-17B ,-4C4;L2-@K@ D 7C-64AI-@ 7@K7C-. 
!"#$"%&  2.  <%"/9% 5= ); 5=2% )7/&#;>%&72-)%3 ?()">;3  !(h) ,   h ! (0,!1/ 2] ,  &%"%3, 

8&/  ! (h) " 0   @#;  h ! 0,  )7#%97),&9/ 

 !k( f , h)" # $(h) C
M" ( jh)k( )

j
Ej %1( f )"

j =1

1/h[ ]
&  

123   h ! (0,!1/ 2]   )% 9,7$ @#/,&#%),&97  L!   )79/A$/')/ ); @#; "%"/6 "/ ) ,&%)&7  C   ()7 

A%9;,3B76 /&  f   ;  h). 
!"#$%$&'()*&+".   P277@01/:@ 7-@->71D0 <4,=3:> 

 fA (x) = A sin(2! x) ,    A > 0. 

(;-D:6,0, ;10 ./:  j > 1   Ej ! 1( fA)" = 0 ,  E0( fA)! " fA ! " ! (A),  .0M10@4 

 
M! ( jh)k( )

j
Ej " 1( fA)!

j =1

1/h[ ]
# $ M! (hk ) ! (A) . (11) 
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N-.-/E 03-,:@  ! ( fA, h)"   7,:?4: 

 ! h
k fA "

= A(2sin #h)k sin 2#x
"

  > 

 >  

 

! A(2sin " h)k sin 2" x( ) dx >
x#$: sin 2" x % 2/ 2{ }

& ! A(2sin " h)k 2
2

'
()

*
+,

1
2

  "  

 "   ! A(4h)k 2
2

"
#$

%
&'

1
2

, (12) 

12= =2= ./:  h ! (0,1/2]   sin ! h " 2h. 

$? (11) : (12) .0C4;2-@  

 sup
{ fA}

!k( fA, h)"

#(h)
M" (( jh)k )

j
Ej $1( fA)"j =1

[1/h]%
> sup

A>0

2$1"(22k$1/2hkA)
#(h)M" (hk )"(A)

  = 

 =  2! 1

" (h)M# (hk )
sup
A>0

# (22k ! 1/2hkA)
# (A)

= 2! 1

" (h)M# (hk )
M# (22k ! 1/2hk )   "  

 "   2!1

M" (2!(2k!1/2) )
1

#(h)
$ % ,    h ! 0 . 

(17A62 7C-64-1 41D-/56-,:- 1-0/-@K. 
N-0/-@2 1 .0?D0CB-1 621E =0,71/4=1:D,4A 82/2=1-/:71:=4 ,-=010/K8 <4,=3:0,2CE,K8 

=C2770D D  L! . 

*CB  ! "(0,1]   0./-6-C:@ 712,62/1,K@ 0F/2?0@ =C277K W:.L:32 

 Lip (! , " ) := f # L" : $ ( f , h)" %Cf h
! , h # 0, 1

2( &
'{ } . 

!"#$"%&  3.  +(,&-  ! " > 0 .  ./01% 123 245/0/  ! "(0, # $ )  ,271(4B;7  (&97#'17);3  

C"9;9%27)&)=: 
1)  f ! Lip (" , # ) ,  

2)  !K f "n #N :  En!1( f )" # K f n
!$ .  

!"#$%$&'()*&+".   $@.C:=23:B  1) !  2)  7C-64-1 :? ./B@0> 1-0/-@K *5-=70,2 D  L!   [2], 

: 7./2D-6C:D2 6CB D7-8  ! " (0,1]. 
#471E 1-.-/E 7./2D-6C:D0 41D-/56-,:-  2.  $? 7D0>71D  ! "   7C-64-1, ;10 6CB CAF0H0  ! > 0  

,2>6-17B =0,712,12  C(! )  12=2B, ;10 6CB D7-8  y ! (0,1]  DK.0C,B-17B  M! (y) " C(#)y$ ! %# .  

*CB  ?262,,0H0  ! " (0, #$ )  DKF-/-@  ! > 0   :?  47C0D:B  ! < " # $ %  :   D07.0CE?4-@7B 1-0/- -

@0> 1: 
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 !( f , h)" # C
M" ( jh)

j
K f j $% #

j =1

1/h[ ]
& C1(')

( jh)( " $'

j
K f j $%

j =1

1/h[ ]
&   = 

 =  C2( f , ! ) h" # $! j " # $! $%$1 &
j =1

1/h[ ]
' C3( f , ! ) h" # $! 1

h
(
)

*
+

" # $! $%
& C4( f , ! ) h%. 

$12=, :@.C:=23:B  2) !  1),  2 7C-60D21-CE,0, : 1-0/-@2 60=2?2,K. 

[2@-1:@, ;10 6CB ./071/2,71D  Lp ,  0 < p < 1,  ! " = p,  :  D 7C4;2-  ! " #$   :@.C:=2-

3:B  2) ! 1)  712,0D:17B ,-D-/,0> [12].  #0-D:6:@0@4, 12= F46-1 D =2560@ ./071/2,71D-  L!   

./:  ! " > 0 . 

N-0/-@4 3 @05,0 .-/-<0/@4C:/0D21E 7C-64AI:@ 0F/2?0@:  -7C:  ! " > 0,  10 6CB CAF0H0 

! " (0,1)   

 
 
f !Lip (" # $%, #)( ) & En'1( f )# ( K f

1
n"#( )% , n = 1, 2, …

)
*+

,
-.

 . (13) 

#07=0CE=4 <4,=3:B   x! "   ./:  x ! (0,1)  ,,FC:?=2Ó  = <4,=3::   M! (x),  7001,0L-,:B (13) ,2 -

D06B1 ,2 @K7CE 0 D0?@05,071: =0,71/4=1:D,0> 82/2=1-/: 71:=: =C2770D  

 H M!
"

:= f # L! : $ ( f ; h)! %Cf (M! (h))" , h # 0, 1
2

&
' ){ } , 

H6-  ! " (0,1] .  [2@-1:@, ;10 ./:  ! " > 0  <4,=3:B  M! (h)  BDCB-17B <4,=3: -> 1:.2 @064CB 

,-./-/KD,071:, .0M10@4 =C277K  H M!
"

  ,2/B64 7 C:.L:3-D K@: ./:,26C-521 L=2C- =C277:;- -

7=:8 =C2770D  H!
" .  ) ./071/2,71D28  Lp ,  0;-D:6,0, H M!

"

= Lip (#! $" , ! ) ,  06,2=0 C-H=0 D:-

6-1E, ;10 6CB ./0:?D0CE,K8  ! " #   M10 F4641, D00FI- H0D0/B, /2?C:;,K- =C277K. 
*CB <0/@4C:/0D=: /-?4CE1212 ,2@ .0,260F:17B 0./-6-C-,:- D-/8,-H0 .0=2?21-CB /271B5- -

,:B  ! "   <4,=3::  !   (7@. [3, 7. 76]):  D 7C4;2-  ! " #    ! "  Ñ  12=0- ;:7C0 :? 01/-?=2  [! " ,1],  

;10 ./:  s > 1  M! (s) " s#! ,  ,0 6CB CAF0H0  ! > 0  M ! (s) " C#s$! +#. 

!"#$"%&  4.  +(,&-  ! " > 0 .  ./01% 123 245/0/ ! " (0, #$ /%$ )   ,271(4B;7 (&97#'17);3  

C"9;9%27)&)=: 

1)  f ! H M"
#

;  

2)  ! K f " n # N :   En! 1( f )" # K f (M" (1/n))$ . 

Доказательство.  $? ./B@0> 1-0/-@K *5-=70,2 7C-64-1 :@.C:=23:B  1) ! 2)  6CB 
CAF0H0  ! " (0,1) .  

#471E DK.0C,B-17B 41D-/56-,:- 2.  #07=0CE=4  

 M!
1
j

"
#

$
% = M!

1
jh h

"
#

$
% & M!

1
jh

"
#

$
% M! (h) , 
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:? 1-0/-@K 1 7C-64-1  

 !( f , h)" # C
M" ( jh)

j
K f M"

$ 1
j

%
&

'
( #

j =1

1/h[ ]
) M"

$ (h) *C1
M" ( jh)

j
M"

$ 1
jh

%
&

'
(

j =1

1/h[ ]
) . 

) 7e F46-1 60=2?2,0, -7C: @K .0=25-@, ;10 ./:  h ! 0 

 Uh :=
M ! ( jh)

j M !
" 1

jh
#
$

%
&j=1

1/h[ ]
' = O(1) . 

#0 47C0D:A  ! " > #$" .  )KF-/-@  ! > 0  ,2710CE=0 @2CK@, ;10FK  ! " # $ > %(&" + $).  $? 

7D0>71D .0=2?21-C-> /271B5-,:B 7C-64-1, ;10  

 M ! ( jh) " C(#)( jh)$! %# ,      M !
1
jh

"
#

$
% & C(' ) 1

jh
"
#

$
%

( ! +'

. 

N0H62  

 Uh ! "C (#) ( jh)$%&#

j
1
jh

'
(

)
*

+(, %+#)

j=1

1/h[ ]
-   = 

 =  !C (" )h#$ %" %&(' $ +" ) j %1+(#$ %" )%&(' $ +" )

j =1

1/h[ ]
(   !  

 !   !!C (")h# $ %"%&('$ +") 1
h( )# $ %"%&('$ +")

= O(1) . 

N-0/-@2 4 60=2?2,2. 

3.  * G&I<GB)()A>$$ (?@AB>(J B<(@<DK )  L! .  

* L@<=<H<>$< 1.  D"%'7$, 8&/ 9 @#/,&#%),&97   L!  123 1%))/0/  k ! N  ;$77& $7,&/ 

/5#%&)%3 &7/#7$% E'7",/)%   (123 $/1(23 )7@#7#=9)/,&;  k -0/ @/#31"%)  9 ?/#$7   

 ! k( f , h)" # C $ j (h)Ej %1( f )"
j =1

&([1/h])

' , (14) 

7,2; )%61(&,3 ?()">;;  

 ! j (h) ,    j ! N ,      ! j : 0, 1
2

"
#

$
%& R+ , 

>72/8;,27))%3 ?()" >;3  ! : N " N   ;  "/),&%)&%  C   &%";7,  8&/ 123 9,7:  f !L" ,  

h !(0,!1/2]   9=@/2)7)= )7#%97),&9% (14) ; @#; C&/$ 123 245/0/  f ! L"  
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 lim
h! 0

" j (h)Ej #1( f )$ = 0
j =1

%([1/h])

& . (15) 

#07=0CE=4  limh! 0 " k( f , h)# = 0 ,  47C0D:- (15) ,2@ ./-6712DCB-17B -71-71D-, ,K@ 6CB 10-

H0, ;10FK ./2D2B ;271E (14) FKC2 Ç80/0L->È @250/2,10> 6CB @064C-> ,-./-/KD,071:.  
(1@-1:@, ;10 :? (15) 7C-64-1, ;10  limh! 0 " j (h) = 0  ! j " N . 

!"#$"%&  5.  <%";$ 5= ); 5=2/  k ! N,  9 @#/,&#%),&97  L!   ;$77& $7,&/ /5#%&)%3 

&7/#7$% E'7",/)% 9 ?/#$7 (14) 123  k -0/ $/1(23 )7@#7#=9)/ ,&; &/01% ; &/2-"/ &/ 01%, 
"/01%  ! " > 0. 

Доказательство.  #/:   ! " > 0  7@. 1-0/-@4 1. 

#471E ! " = 0. * 0.471:@ ./01:D,0-:  6CB ,-=010/K8 k ,  ! j (h) ,  ! ,  C  DK.0C,BA17B ,-/2-

D-,71D2 (14) 6CB D7-8  f ! L" ,  h !(0,!1/2] .  #/:@-,:@ (14) = 7-@->71D4 <4,=3:> 

 fA(x) = A sin(2!x), A > 0 . 

N2= =2= (7@. (12)) 

 ! k ( fA , h)" # 2$1" (22k$1/2hkA) , 

 ! j (h)Ej " 1( fA)#
j =1

$([1/h])

% & ! 1(h)# (A) , 

6CB CAF0H0  h ! (0,1/2]  

 C ! sup
{ fA}

" k( fA, h)#

$ j (h)Ej %1( fA)#
j =1

&[1/h]

'
! sup

A

2%1# (22k%1/2hkA)
$1(h)# (A)

= 2%1

$1(h)
M# (22k%1/2hk ) . 

#07=0CE=4 D 7C4;2-  ! " = 0  M! (s) = 1  ! s " (0,1], ./: D7-8 6071210;,0 @2CK8  h  

 C ! 2" 1

#1(h)
, 

;10 ,-D0?@05,0, 12= =2= ./:  h ! 0   ! 1(h) " 0. 
N-0/-@2 5 60=2?2,2. 
4 .  2$MM<@<>N$AHO>(-@AP>(GB>K< G)(JGB)A M&>FN$$ $ <e >A$H&%Q$< L@$?H$E<>$C.   

) ?2D:7:@071: 01 7=0/071: 4FKD2,:B ,2:C4;L:8 ./ : FC:5-,:>  f   D  L!   F46-@ :77C-60D21E 

D0./07 0 74I-7 1D0D2,:: ./0:?D06,K8 <4,=3::  f   D M10@ 5- ./071/2,71D-  L! .  #/: M10@ 

:7.0CE?4-@ 7C-64AI-- :? D-71,0- .0,B1:- HC0F2CE,0> ./0:?D06,0>, ,0 7<0/@4C:/0D2,,0- 6CB 
7C4;2B ./071/2,71D  L! . 
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*L@<=<H<>$< 2.  D"%'7$, 8&/ ?()">;3  g ! L"   39237&,3 (02/5%2-)/6)  L! -@#/;A9/1)/6 

123  f ! L"   (; 5(17$ /5/A)%8%&-  g = !f ),  7,2;  

 lim
h!0

1
h

( f (x + h) " f (x)) " g(x)
#

= 0. 

E%277, 7,2; ( C&/6 ?()">;;  g  ,(B7,&9(7&  L! -@#/;A9/1)%3, &/ /5/A)%8;$ 7e  !!f   ; 

)%A/97$  L! -@#/;A9/1)/6 123  f ! L"   9&/#/0/ @/#31"% (; & . 1.). 

!"#$"%&  6.  +(,&-  ! " > 0   ; 123 A%1%))/0/  r !N  ?()">;3  f   ;A  L!   &%"/9%, 8&/ 

,:/1;&,3 #31  

 
M! ( j r )

j
Ej " 1( f )! < #

j =1

#

$ . (16) 

./01%:  

1.  D(B7,&9( 4 &  L! -@#/;A9/1)=7  !f , É , f (r )   ?()">;;  f   1/ @/#31"%  r   9"24 8; -

&72-)/ . 
2.  E23  245/0/  k ! N  ,(B7,&9(7& "/),&%)&%  C = C(k, r,!)  &%"%3,  8&/  123  9,7:  

h !(0,1/2]   9=@/2)37&,3 )7#%97),&9/ 

 ! k( f (r ), h)" # C
M ( j r ( jh)k )

j
Ej $1( f )"

j <1/h
% +

M ( j r )
j

Ej $1( f )"
j &1/h
%

'

(
)

*

+
, . (17) 

!"#$%$&'()*&+".   #471E  Tn Ñ  .0C:,0@ ,2:C4;L-H0 ./:FC:5-,:B  f ,  T0 = 0  (F-? 0H/2-
,:;-,:B 0FI,071:),  

 S(!)( f ) := (T2j "1 " T2j "1"1
j =1

#

$ )(!) ,     ! = 0, 1, 2, É , r . (18) 

&7C0D:- (16) H2/2,1:/4-1  L! -7806:@071E /B60D (18).  *->71D:1-CE,0, .07=0CE=4  ! " > 0,  .0 

,-/2D-,71D4 O-/,L1->,2 (2)  

 (T2 j ! 1 ! T2 j ! 1 ! 1)
(" )

#
$ C1M# (2 j " ) T2 j ! 1 ! T2 j ! 1 ! 1 #

$ 2C1M# (2 j " )E2 j ! 1 ! 1( f )# , 

.0M10@4, 6->71D4B 2,2C0H:;,0 (8) Ð (10), .0C4;2-@  

(T2j ! 1 ! T2 j ! 1! 1)(" )

j =1

#

$
%

& 2C1 M%(2 j " )E2j ! 1! 1( f )%
j =1

#

$ & C2
M%( j " )

j
Ej ! 1( f )%

j =1

#

$  

(,2 .07C-6,-@ M12.- :7.0CE?0D2C: @0,010,,0- D0?/2712,:- <4,=3::  M ! (s)). 

N2=:@ 0F/2?0@, =0//-=1,0 0./-6-C-,K <4,=3::  S(! )( f )  =2= MC-@-,1K ./071/2,71D2  L! . 
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*0=25-@ .-/D0- 41D-/56-,:- 1-0/-@K.  *CB M10H0 6071210;,0 .0= 2?21E, ;10 6CB 
D7-8  ! " r  

 f (!) = S(!)( f ) . (19) 

(;-D:6,0,  ;10  f (0) := f = S( f ) := S(0)( f ) .  #0M10@4 60.471:@, ;10 (19) 7./2D-6C:D0 6CB  

! " r # 1,  : 60=25-@, ;10  f (r ) = S(r )( f ) . 

*CB CAF0H0  h ! 0  :  N ! "   :@--@ 

 
! h
h f (r " 1) " S(r)( f )

#
= ! h

h S(r " 1)( f ) " S(r)( f )
#

  !  

 !   
! h
h Dr " 1 " Dr#

$
%
&(T2 j " 1 " T2 j " 1" 1)

'j=0

(

) =
j=1

N

) +
j>N
) := (h)

1) + (h)
2) . 

*CB 03-,=:  (h)
2!   :7.0CE?4-@ (3) : ,-/2D-,71D0  sin x

x
! 1: 

 (h)
2! " C3 M# (2 jr )E2 j$1$1( f )#

j>N
! . (20) 

$? 47C0D:B (16) 7C-64-1, ;10 ./2D2B ;271E ,-/2D-,71D2 (20) BDCB-17B 07121=0@ 7806BI-H07B 

/B62, .0M10@4 7 /0710@  N   71/-@:17B = ,4CA.  N-@ 72@K@  (h)
2!   @05,0 76-C21E =2= 4H06,0 

@2CK@ ./: D7-8  h,  -7C:  N   6071210;,0 D-C:=0. 

(3-,:@  (h)
1!   ./: CAF0@ <:=7:/0D2,,0@  N   7 .0@0IEA (3): 

 (h)
1! " C4 M# max

k " 2 j
k r$1 sin(%kh)

h
$ %k&

'(
)
*+

&
'(

)
*+j =1

N

! E2j $1$1( f )#   !  

 !   C4M ! 2N (r " 1) max
k # 2N

sin($kh)
h " $k

%

&'
(

)*
E2 j " 1" 1

j=1

N

+ ( f )! . 

(17A62 7C-64-1, ;10  (h)
1! " 0   ./:   h ! 0. 

N2=:@ 0F/2?0@,  

 lim
h!0

"h
h f (r#1) # S(r)( f )

$
= 0 , 

: .-/D0- 41D-/56-,:- 1-0/-@K 60=2?2,0.  
*0=25-@ (17).  $7.0CE?4B (2), :@--@  
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 !h
k f (r )

"
= (T2j #1 # T2j #1#1)($)

j =1

%

&
"

  !  

 !   2C5 M ! 2 jr min (2 j h)k ,1( )( )
j=1

"

# E2 j$1$1( f )!   = 

 = 2C5 M! (2 j (r +k)hk )E
2 j " 1 " 1

( f )!
2 j <1/h
# + M! (2 jr )E2j " 1" 1( f )!

2 j $1/h
#

%

&
'
'

(

)
*
*

. 

*2CE,->L:- ./-0F/2?0D2,:B 712,62/1,K- (7@. 60=2?21-CE71D0 1-0/-@K 1). 
N-0/-@2 6 60=2?2,2. 

 1. +;8(0/9 D. F.   ( 1-0/-@- *5-=70,2 6CB .-/:06:;-7=:8 <4,=3:> D ./ 071/2,71D28 7 :,1-H/2CE,0> @-1/:=0> // 
&=/. @21. 54/,. Ð 2000. Ð 52, \  1. Ð !.  122 Ð 133. 

 2. +;8(0/9 D. F.   ( 1-0/-@- *5-=70,2 6CB .-/:06:;-7=:8 <4,=3:> D @- 1/:;-7=:8 ./071/2,71D28 7 :,1-H/2CE,0> 
@-1/:=0>. II // &=/. @21. 54/,. Ð 2011. Ð 63, \  11. Ð !.  1524 Ð 1533. 

 3. <#76) D. G., +7&();) H.  I., D7$7)/9 J. K.   $,1-/.0CB3:B C:,->,K8 0.-/210/0D.  Ð T.: Q24=2, 1978. Ð 400 7. 
 4. Salem R.  Essais sur les Series trigonometriques. Ð Paris, 1940. 
 5. D&78";) D.  L.  ( .0/B6=- ,2:C4;L-H0 ./:FC:5-,:B ,-./-/KD,K8 <4,=3:>  // $?D. "Q !!!P . ! -/ . @21. Ð 1951. 

Ð 15. Ð !.  219 Ð 242. 
 6. .;$%) F.M., .;$%) K.M.   (F0FI-,,K> @064CE ,-./-/KD,071: : ,2 : C4;L-- ./:FC:5-,:- D 7/-6,-@ // N/ . 

IV )7-7 0A?. @21. 7]-?62. Ð 1964. Ð 3. Ð !.  683 Ð 693. 

 7. .;$%) K.M.   (F/21,K- 1-0/-@K =0,71/4=1:D,0> 1-0/:: <4,=3:> D ./071/2,71D2 8  Lp  // T21. 7F. Ð1958. Ð 46, 

\  1. Ð !.  125 Ð 132. 
 8. .;$%) F.  M.  $77C-60D2,:B .0 1-0/:: ./:FC:5-,:B: "D10/-< . É  6-/2 <:?. -@21. ,24=. Ð *,-./0.-1/0D7= , 1951. 

 9. L7,/9 N.  O.  ( ,-=010/K8 47C0D:B8 ./:,26C-5,071: =  Lp   ./0:?D06,K8 .-/:06:;-7=:8 <4,=3:> // Q24; . 60=C. 

DK7L. L =0CK.  ^ :?.-@21. ,24=:. Ð1959. Ð 1. Ð !.  13 Ð 17. 
 10. .;$%) K.  M.  "../0=7:@23:B : 7D0>71D2 .-/:06:;-7=:8 <4,=3:>.  Ð + :-D: Q24=. 64@=2, 2009. Ð 375 7. 
 11. .;$%) F.  M.  N-0/:B ./:FC:5- ,:B <4,=3:> 6->71D:1-CE,0H0 .-/-@-, ,0H0. Ð T.: ^:?@21H:?, 1960. Ð 624 7. 
 12. D&/#/'7)"/ P.  F., <#/&/9 O.  G., N,9%2-1 +.  #/B@K- : 0F/21,K- 1- 0/-@K 1:.2 *5-=70,2 D ./071/2,71D28  

Lp ,  0 < p < 1 // T21. 7F. Ð 1975. Ð 98, \  3. Ð !.  395 Ð 415. 

 13. I9%)/9 O. I.   #/B@K- : 0F/21,K- 1-0/-@K 1-0/:: ./:FC:5-,:B D @- 1/:=-   Lp   6CB  0 < p < 1 // T21. ?2@-1-

=:.  Ð 1975. Ð 18, \  5. Ð !.  641 Ð 658. 
 14. +;8(0/9 D. F.   Q-/2D-,71D2 6CB 1/:H0,0@-1/:;-7=:8 .0C:,0@0D D ./ 071/2,71D28 7 :,1-H/2CE,0> @-1/:=0> // 

&=/. @21. 54/,. Ð 2011. Ð 63, \  12. Ð !.  1657 Ð 1671. 
 15. G%#"%9; F. Q.  N-0/-@K 0 74I-71D0D2,:: MC-@-,12 ,2:C4;L-H0 ./: FC:5-,:B D ./071/2,71D28 1:.2  (F)   7 :, -

1-H/2CE,0> @-1/:=0> // T21. ?2@-1=:. Ð 1970. Ð 8, \  4. Ð !.  583 Ð 594.  

!"#$%&,0  10.10.11, 
'"(#& )"*+,"-./  Ñ  09.02.12 

 


