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GREEN’S FUNCTIONAL FOR HIGHER-ORDER ORDINARY DIFFERENTIAL
EQUATIONS WITH GENERAL NONLOCAL CONDITIONS

AND VARIABLE PRINCIPAL COEFFICIENT

®YHKIIIOHAJI TPTHA 115 3BUMAMHUX JUOEPEHIIAJIBHUX PIBHSHD
BUILIOI'O NMOPAAKY 3 HEJIOKAJIBHUMU YMOBAMU
3ATAJIBHOT'O BUIUIAAY TA 3MIHHUM I'OJIOBHUM KOE®IHNIECHTOM

The method of Green’s functional is a little-known technique for the construction of fundamental solutions to linear ordinary
differential equations (ODE) with nonlocal conditions. We apply this technique to a higher order linear ODE involving
general nonlocal conditions. A novel kind of adjoint problem and Green’s functional are constructed for the completely
inhomogeneous problem. Several illustrative applications of the theoretical results are provided.

Meron ¢yHnkuionana I['piHa € MaJIOBIIOMOIO TEXHIKOIO IMOOYNOBH (DyHIaMEHTAILHUX PO3B’SI3KIB JIIHIHHUX 3BUYAHHUX M-
tdhepenuianpHuX piBHAHD (3IP) 3 HenmokambHUMHE yMOBaMH. B poGOTi 110 TeXHiKy 3acTOCOBaHO 10 JiHiiHUX 3/IP BuIIOro
HOPSAKY 3 HENOKAIFHUMH YMOBaMH 3arajibHoro BUnsiay. CrpsbkeHy npo0iieMy HOBOTO TUITy Ta GyHKLioHan ['pina mobymo-
BAHO JUIS IOBHICTIO HEOAHOPiHOT 3aa4i. HaBeaeHo Takoxk KibKa LTFOCTPATUBHHUX 3aCTOCYBaHb TEOPETHYHHX PE3yIIbTATIB.

1. Introduction. As is known, a fundamental function is a distributional formulation and plays a cru-
cial role in mathematical analysis of differential equations. Once the fundamental function is found,
the desired solution of the original equation can be easily obtained by superposition principle. Green’s
function is a kind of fundamental function which is principally based on the theory of linear operators
and the theory of generalized functions in mathematical analysis [7-9, 11, 12, 18, 20, 32, 34-36],
and its construction by classical methods [35] such as Green’s function method and the method of
variation of parameters for a class of nonclassical problems such as differential problems with nonlo-
cal condition(s) may not be possible or may be troublesome. In order to overcome, in the literature, a
small number of studies exist on the investigations of this class of nonclassical problems by Green’s
functional method, the origin of which dates back to S. S. Akhiev [1-5, 21-25, 27-29, 33]. The
governing equation of the considered problems in most of these studies is in the standard form with
principal coefficient equal to one. The case with variable principal coefficient has been considered
only in [3]. Moreover, the case of a third order ODE with variable principal coefficient has been stud-
ied in [26]. To the best of our knowledge, any generalization on the case of the mth order ODE with
variable principal coefficient does not exist for an integer m greater than or equal to four. In order to
contribute to the enrichment of the literature in this context, we aim to extend the method for the sec-
ond and third order linear ODEs in [3, 26] to the higher order linear ODEs with nonlocal conditions.

The structure of our work is organized as follows. In Section 2, the problem considered through-
out the work is stated in detail. In Section 3, the solution space and its adjoint space are introduced.
In Section 4, the adjoint operator, adjoint system and solvability conditions for the completely nonho-
mogeneous problem are presented. In Section 5, Green’s functional and the special adjoint system are
defined. In Section 6, several applications are provided. In Section 7, the conclusions are emphasized.

2. Statement of the problem. Let R be the set of real numbers, X = (z¢, ;1) be a bounded
open interval in R, and L, with 1 < p < oo be the space of the p-integrable functions on X, let
L be the space of the measurable and essentially bounded functions on X. The aim in this work is
to investigate the solvability conditions and Green’s function of the mth order ordinary differential
equation
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(Vinw) (@) = (gm—1(2)(gm—2(2) - - (g2(2) (g1 (@) (@))') ...)') + Ao(z)ulz) = zm(w), =z € X,

(1
subject to the nonlocal conditions
Viu = adu(xo) + atui(zo) + afua(zo) + . .. + a" Lup—1(z0)+

x1
+/Bl(§)u'lm—1(§)d§:zla Z:0717277m_17 (2)

o
where m > 3 is an integer, z,, € L, z; € R for i = 0,1,2,....m — 1, uy(x) = g1(x)v/(z),
ug(z) = go(z)uf(x), us(z) = gs(x)ub(z), ..., um—1(x) = gm—1(z)ul, o(x). Here, the following
assumptions are hold: g1,g2,...,9m—1 € Loo are the given functions such that —, —, ... €

. , g 92" gm—1
€ L, and the following integrals belong to the space L, as functions of s,,_1:

Sm—1

dsm—2
€L,
/ 92(sm—-2)g1(Sm—1) "

o

Sm—1 Sm—2

dsm—S dsm—Q
€ Ly,
/ / 93(8m—3)92(8m—2)g1(8m—1) P

x0 To
Sm—1Sm—2 59
/ / 3 / d81 ce dsm_3 dSm_2 c Lp
Im-1(51) - - 92(8m—2)g1(8m—1)
ts) x0 x0
. 1 1
for 1 < p < oo, and Ay € L,,B; € L, for i« = 0,1,2,...,m — 1, where — + — = 1,
p q
a?,a%, . ,aszl € R forv=0,1,2,...,m — 1, and integration variables s; are considered for

1 > 1 throught the work.

Equation (1) is one of the generalized forms of the mth order linear ODEs in Sturm - Liouville
theory [19]. This equation is assumed to have generally nonsmooth coefficient becoming some
general properties such as p-integrability and boundedness, and its principal part
(gm-1(gm—2 - (g2(qre)’) ...) )/ may have weak singularities at finite number points (in the clo-
sure X of X)) where some or all of functions ¢,,—1, gm—2, ..., g1 are continuous and zero.

Form (2) for the conditions can be considered as a generalization of the linearly local and non-
local conditions for such mth order ODEs. Many conditions such as the initial and classical type
boundary conditions and also multipoint [13, 14] and integral type conditions arising in modelling
of many physical phenomena by such an equation are specific forms of (2) for a suitable choice of
adyal, ... ,agn_l and B;(§).

Problem (1), (2) may not have a classical adjoint problem. In such a case, some serious difficul-
ties arise in applying the classical methods for this problem. In order to overcome these difficulties,
a novel method based on [1-3, 5] is presented. By this method, the isomorphic decompositions

of a weighted space of solutions and its adjoint space are used. A novel adjoint problem called as
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adjoint system for problem (1), (2) is introduced by these decompositions. This adjoint system is
constructed by more different and easier calculations than constructing the traditional adjoint prob-
lem. This system consists of m + 1 integro-algebraic equations for an unknown (m + 1)-tuple
(Fin(&), Frn—1, Frn—2, ..., Fy) of a function F,(£) and m real numbers F,,_1, F},,—2,..., Fy. One
of these equations is an integral equation and the others are algebraic equations. This system has a
similar role to that of the adjoint operator in general theory of the linear operators in Banach spaces
[10, 15-17]. The solvability conditions of the completely nonhomogeneous problem and corre-
sponding adjoint system are derived. Green’s functional concept for the problem is introduced as a
solution (Fyy, (&, 2), Fry—1(2), Frn—2(2), ..., Fy(z)) of the adjoint system with a free term depending
on z € X as a parameter. This concept is more natural than the classical Green’s function concept.
F (&, x) corresponds to Green’s function for the problem.

3. The solution space and its adjoint space. Equation (1) can be considered as a system

of m first order ODEs with unknowns wu, uy, uo,...,Un_1 € W,Sl), where WISI) is the space of
all functions u € L, having derivative u' € L,. Hence, the solvability of problem (1), (2) can be
studied in space W), with the weights g,,—1,gm—2, . .., g1 consecutively of all u € L, with v’ € L,,

(1) € Ly, (92(qquu’)") € Ly, ..., (gm,l(gm,g o (g2a(gru!)) .)’), € L, and also
lullw, = llullr, + [1v'l|z, + lWillL, + ludlle, + - -+ lum 1z,
up = g1, ug = 9216/1, cee s Um—1 = gm—lugn72-

This problem, which is linear completely nonhomogeneous, can be considered as an equation in the
form

Vu=z 3)

with operator V' = (Vi,, Vip—1,...,Vp) and (m + 1)-tuples z = (zpn(2), 2m—1,--.,20). By the
assumptions considered, V' is a linear bounded operator from W, into the Banach space

E,=L,xRxRx...xR

m times

consisting of the (m 4 1)-tuples z = (2, (), Zm—1,...,20) With [|2]|5, = |zmllz, + [2m-1| + ...
Some of the principal features concerning with solution space W), can be given as follows: The
trace or value operators

Dou = u(v), Diyu =u1(7), ..., Dm—1u = upm—1(7)

are surjective and bounded from W), onto R for a given point v of X. The operator

Nu = (up,_1(2), um—2(7), -, u1 (), u(7))

is a linear homeomorphism from W), onto E, and has a bounded inverse. On the other hand, any
function u € W, can be represented as

€T T Sm—1

- m . dSm—2d5m—1
u(z) —u(fco)+U1($0)$/ gim) | 2( O)x/ x/ 92(Sm—2)91(Sm—1)
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T Sm—1Sm—2

dsym—3dsm—odsm—1
+us(x +
3( 0)/ / / 93(8m—3)92(Sm—2)91(Sm—1)

o o Zo

T Sm—1 S92
d81 e dsm_2 dsm_1
oot Um—1 (@ ... +
1( 0)/ / /gm—1(31)---gz(sm—2)91(8m—1)
To x0 o
x T Sm—1 52 d d d
S1...A8m—2dASm—1
+ [ up,_ / / / d€. 4
/ &) Im-1(81) - .- g2(8m—2)g1(Sm—1) : )
zo £ ¢ 13

The structure of adjoint space W, is determined by the following theorem for the general case of
gmflagmea R 791 [1 _37 55 26]
Theorem 1. [f'1 < p < oo, then any linear bounded functional F' € W can be represented by

x1

Fu) = /u;n_l(x)wm(x) dz + Um—1(x0)Pm—1+

Zo

Fum—2(20)Pm—2 + ... +ui(xo)p1 + u(xo)po, ue€ Wp, Q)

1 1

by means of a unique element ¢ = (cpm(x), Om—1, Pm—2, - - -, P1, goo) € By, where —+ — = 1. Any
P q

linear bounded functional F' € W can be represented by

F(u) = / i1 (@) i + tire1 (20) o1+

+m—2(20)Pm—2 + . .. + ui(zo)p1 + u(zo)po, u € W, (6)

by means of a unique element

© = (em(e); Pm—1, Pm-2,- .., ¢1,%0) € B = (BA(Z,;Q) XRXxRx...xR,

m times

where 1 is Lebesgue measure on R, > is o-algebra of the u-measurable subsets e C X and
BA(Y, ) is the space of all bounded additive functions ¢, (€) defined on 'y such that pm(e) = 0
when (i(e) = 0 [15]. The inverse is also true: That is, if ¢ € Eg, then (5) is bounded on W, for

1 1 —
1<p<ooand —+ - =1.If p € Ey, then (6) is bounded on W, [3, 26].
p q

Proof. Theorem 1 can be proved as in [3, 26]. The adjoint operator N* of N with v = x¢
is a linear homeomorphism from E7 onto W7. Thus, for any linear bounded functional F' € W
there exists one and only one ¢ € Ej such that ' = N*p or F'(u) = p(Nu) for all u € W),. Any
¢ € By isan (m + 1)-tuple

© = (Pm, Pm—1,Pm-2, -+, P1,0) € Ly x B* X R* x ... x R*

m times
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of the linear bounded functionals .., Ym—1,Pm—2,-..,91,%0 defined on L,, R, R,...,R, R
respectively. That is

F(u) = ‘Pm(u;n—l) + ©m-1 (um—l(IO)H‘
—Hﬂm_g(um_g(xo)) + ...+ (ul(xo)) + (Po(u(xo)), u € W

Furthermore, R* = R, L, = Ly for 1 < p < oo and L%, = BA( >, ,u) in the sense of an
isomorphism [15]. Therefore, any F' € W} can be represented by (5) for 1 < p < oo and by (6) for
p = oo. The inverse is obtained from (5) and (6).

As can be seen from Theorem 1, undoubtedly, conditions (2) are the most general ones as linear
conditions for the continuous differential operator V,,,: W), — L,, corresponding to equation (1).
Namely, each condition V;u = z; where V;, ¢ = 0,1,2,...,m — 1, is a continuous linear functional
on W), can be written in form (2) provided that p < oc.

4. Adjoint operator, adjoint system and solvability conditions. An explicit expression for the
adjoint operator V* of V is investigated in this section. To this end, any F' = (F,,(z), Fp—1, . ..

.., Fy) € E is taken as a linear bounded functional on E,, and

zl m—1

F(Vu) = / P () (Vimu)(z) dz + Y Fi(Viu), u €W, (7)

Zo =0

can be supposed. By substituting expressions (1), (2) and (4) into (7), we have

F(Vu) = / Fin() |t 1 (x) + Ao(z) Wo)*“l("m)/ gltz_ll)
. dsm—2 dsm—1
+U2(370)m/ x/ 92(3m_2)91<3m—1)+

T Sm—1Sm-—2

dsym—3dsm—odsm—1
+us(x +
3( 0)/ / / 93(Sm—3)92(Sm—2)91(Sm—1)

o o Zo

T Sm—1 S92
dsi ... dspm—odSm—1
ot up—1(x ces +
1( O>/ / /gm—l(sl) .- -gz(Sm—2)91(8m—1)
xo o xo
x T Sm—1 59 d d d
S1... ASm—2ASm—1
+ u;n_ / / / d dr+
/ 1) gm-1(51) ... g2(8m—2)g1(Sm—1) :
To £ £ 3
m—1 z1
+ 3 | abulan) + atus (o) + afua(eo) + ..+ @ uoa(o0) + [ Bl 1(€)de .
i=0

o

Hence, we can obtain the following result by rearrangement:
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x1 m—1

F(Vu) = / F (@) (Vinu) () dz + > Fy(Viu) =
7o i=0

_ / (Wi F) (€)1t (€) dE+

Zo

m—1
+ > (wiF)ui(wo) + (woF)u(zo) = (wF)(u) VF € By Vue W,
i=1

where
T dsy ... dsp_sd
W F x)Ao( / / / 81 Sm—2 @5m—1 dz+
( )(f) / 0 . Im— 1 92(Sm 2)91(8m 1)
m—1
i=0
1 T Sm—1 S92 m—1

dsy ... dsm—o dsy— _
wm_lF:/Fm(x)Ao(x)//.../g 131 Sm—2 CSm_1 )dx+23a;ﬂ1

—1(81) -+ - g2(Sm—2)g1(8m—1 g
xo To X0 xo =

m—1

dso ... dSm_odSm_1 _9
et~ [ | ] ] o
? / ol Im—2(52) - .. g2(Sm—2)g1(Sm—1) iz:; ¢

o o
z1 T Sm—1 5 d d d =
83... ASm—2aASm—1 -3
w_F:/F anc/// dx + Fa" ™2,
3 m () Ag(z) Gm—3(53) . g2(8m—2)g1(5m_1) ;—% o
zo *o  To o i
1 T Sm—1Sm-—2 d d d m—1
Sm—3 ASm—2 ASm—1 3
wF:/F T)A 3:// / - d =+ i
3 m () Ao () g3(8m_3)g2(5m—2)91(3m—1) ; o
zo o o To )
T g sm d d =
Sm—2 ASm—1 2
woF = [ F(z)A 33// - do =+ Fias,
2 / m( ) 0( ) g2(8m_2)gl(5m—1) ; o
zo o o a
o T d m—1
Sim—
g1(Sm—1) i=0
o o
T m—1
woF = /Fm(x)Ao(l‘) dz + ) Fiaj.
2 =0

®)

ISSN 1027-3190.  Vkp. mam. scypn., 2019, m. 71, Ne 1



GREEN’S FUNCTIONAL FOR HIGHER-ORDER ORDINARY DIFFERENTIAL EQUATIONS ... 105

The operators wy,, Wy —1, . .., w; and wy are linear and bounded from the space £, of the (m +
+ 1)-tuples F' = (Fm(ﬁ),Fm_l,Fm_g, e ,Fg) into the spaces Lqy(X), R, R, ..., R, respectively.
So, the operator w = (W, Wp—1, ..., wo) : Eq — E, represented by

wF = (W Fywpm—1F, ..., woF)

is linear and bounded. By (8) and Theorem 1, V* becomes w for 1 < p < oo and w* becomes
VS for 1 < p < oo where S is the inverse of N with v = xg. The operators V.S and w can be
considered as adjoint operators to each other. Consequently, the equation

wl = o, (10)
with an unknown F = (F,,(£), F—1, Fin—2, . .., Fo) € E, and a given

Y = (@m(£)7¢m717@m727 ceey SDO) € Eq

can be considered as an adjoint equation of (3) for all 1 < p < oo. The restrictions imposed on
the coefficients Ag, By, B1, ..., Bm—1 and the aforementioned assumptions assure that the operator
Q =w-1,: B, — E; is completely continuous, where I, is the identity operator on E, and
1 < p < oo. Thus, (10) is a canonical Fredholm equation and S is a right regularizer of V' [3, 5, 6,
16, 17, 26].

(10) can be written in explicit form as the following system of the integro-algebraic equations:

(W F) (&) = em(§), €€ X,
Win—1F = pm-1,
Wn—2F = pm—2, (11)

As can be seen from (9), the first equation in (11) is generally an integral equation for F,,(§) and
it may include Fy, Fi,..., F,,—1 as parameters; on the other hand, the other m equations in (11)
are algebraic equations for the unknowns Fy, Fi,..., F,,—1 and they may include some integral
functionals on F,,(§). In other words, (11) is a system of m + 1 integro-algebraic equations. This
system, called the adjoint system for (3) is constructed by using (8), which is actually a formula of
integration by parts in a nonclassical form, and the traditional (classical) form of an adjoint problem is
defined by the classical Green’s formula of integration by parts [3, 4, 26, 35], therefore, the traditional
form only works for some restricted class of problems.

From this point, Fredholm alternative can be stated by the following theorem in the context of
solvability of the problem:

Theorem 2. [f1 < p < oo, then Vu = 0 has either only the trivial solution or a finite number
of linearly independent solutions in W:

(1) If Vu = 0 has only the trivial solution in W), then also wF = 0 has only the trivial solution
in FEq. Then, the operators V : W, — E, and w: E; — E4 become linear homeomorphisms.
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(2) If Vu = 0 has n linearly independent solutions u(yy, . .., u,) in Wy, then wF' = 0 has also
n linearly independent solutions

m—1>

F*l* — (F;,(ll*(‘%'), F;mljh . F*l*)7 o 7F*n* —_ (F;Ln*( ) R F*n*)

in FEq. In this case, (3) and (10) have solutions w € W), and F' € E, for given z € E, and ¢ € E,
if and only if the conditions

1
/F;j*(g)zm(g) dE+ FX* 2+ .+ F3%2% =0, i=1,...,n, (12)
o
and
x
/@m@)ul(i),mﬂf) d€ + Pm—1u(i)m-1(To) + - ..
o
-+ p1ua) (o) + pougy(wo) =0, i=1,...,n, (13)
where
w1 (@) = g (@)l (@), g a@) = ga@)ufy 1 (@), - Uy 1 (@) = g1 (@)l o)

are satisfied, respectively 3, 4, 26].
5. Green’s functional and a specific adjoint system. Consider the following equation given in
the form of a functional identity

(wF)(u) =u(x) Yue Wp, (14)

where F = (F,(§), Frn-1, ..., Fo) € E, is an unknown (m + 1)-tuple and = € X is a parameter.
Identity (14) is equivalent to the following system:

T Sm—1 S2
d81 e dSm_2 dsm_1
W F)(€) = H(x — /// ,
( /©) (==6) S J gm-1(51) - 92(5m—2)91(5m—1)
T Sm—1 S92
d81 . dsm_g dsm_1
wmle = e s
Im—-1(51) - - 92(8m—2)g1(Sm—1)
o o o

T Sm—1Sm—2 d d d
w3F:/ / / Sm—3 ASm—2 ASm—1 7 (15)
93(8m—3)92(3m—2)91(8m—1)
To To y)

/ / dsm 2 dsm 1
WQF
92 Sm—2 gl(sm 1)
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wlF:/dsm_l s
91(8m-1)
o
’LU()F = 1,
where H(z — &) is a Heaviside function on R, and £ € X.
Definition 1. Let F(z) = (Fn(&,2), Fpo1(z), Fn_a(z), ..., Fo(z)) € E4 be an unknown

(m + 1)-tuple with a parameter x € X. IfF( ) is a solution of (lS)for a given x € X, then F(x)
is called a Green's functional of V' [3, 4, 26, 27, 29].

Theorem 3. I[f'a Green's functional

F(z) = (Fn(& ), Foo1 (), Frn—a(®), .. ., Fo(2))

of 'V exists, then any solution uw € W), of (3) can be represented by

1

u(z) = / (€, 2) d5+ZF (16)

o

Additionally, Ker V= {0} where KerV' denotes the kernel of V.
Proof. By (8), we can obtain the following identity:

x1

[ Fule.a) d§+ZF

z0
1 x Sm—1 S92 J p .
S1... dASm—2 ASym—1
~[ra-of [ ] v s
/ (z —¢) Im—1(51) - .. 92(Sm—2)g1 (Sm—1) 1(§) d€
xo E § E
x Sm—1 S92 J p ;
S1 ... Sm_2 Sm—l
" o Um—1(To) + - .-
/ / /gm—l(sl)...gg(sm_Q)gl(Sm_l) 1( 0)
Zo o o

T Sm—1 x

/ / dSy,— stm 1 | 2(330)+/ds7”_1u1(mo)+u($0)-

92(8m—2)g1(Sm—1 91(8m—1)

x0

By (4), the right-hand side of the above identity equals to u(z). Thus, (16) is valid. The verity of
Ker V' = {0} is obtained from (16).
Theorem 3 is related to the necessary condition for the existence a Green’s functional of V, and
the following theorem is related to the sufficient condition for the existence of a Green’s functional.
Theorem 4 [3, 26]. If'V has a priori estimate as follows:

lullw, < collVullg,, weW,, (17)
where cq is a positive constant, then a Green's functional of 'V exists, where 1 < p < o0.
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Proof. 'V has a bounded left inverse by (17). Then the image Im w of w equals to F, [3, 15].
Hence (15) has a solution

F(z) = (En(& ), Fpo1(z), F—2(x), ..., Fo(2)) € By

for all x € X.
Remark 1. If w has a priori estimate as follows:

1Flg, < cllwFlg, F € Eq (18)

where ¢ is a positive constant, then (1), (2) has always a solution u € W), If both (17) and (18)
are valid, then V and w become homeomorphisms and a unique Green’s functional of V exists.

-1
Estimates (17) and (18) are valid if E m o | Bil|z, is sufficiently small and
1=

0 1 m—1
ao ao PR (1/0
A
0.
0 1 m—1
Ap—1 Q-1 A1

Theorem 5 [3, 4, 26, 27, 29]. Assume that 1 < p < oo. If there exists a Green’s functional,
then it is unique. Additionally, a Green's functional exists if and only if Vu = 0 has only the trivial
solution.

6. Several applications. In this section, we consider mth order problems involving generally
nonlocal condition(s) in order to support the theoretical presentation and to demonstrate the validity,
utility and advantages of the proposed approach.

Example 1. Firstly, in order to demonstrate the applicability for a problem with principal coeffi-
cient equal to one, we consider the following problem for which Green’s function has been presented
in [30, 31],

)
w
IS
M
S
i
=
—
=
|
=

Viu = u'(0) = 0,
Vou = u(0) — fu(a) = 0,

where f(z) € Ly, a,n € X and 8,7 € R. Here g;(x) = 1 for i = 1,2,...,m — 1, Ag(z) = 0,
zm(z) = f(2),

0

a’m—l = 1 - rY’ Zm—l = 07
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1 n

1

Gyt —/dsm_1 —7/ dSm_1,
0

—1

dsm—Q dsm—lu

S
3w
|
I
O\H
o\
QU
)
3
S
QU
)
3
|
\
o\gj

n
—’}// / .../dSl...dSm_gdSm_l,

0 0
/ / dsy ... dSy—odSm—1—
3

52
/ dSl e dSm,Q dSmfl,
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e
o
I
|
=@
o
»
e 3
U
V2]
3
o
QU
Y3
i

o Sm-1 s
agl_l :—B/ / .../dsl... dSm—9 dSm—1,
0 0 0
o Sm-1 s
Bo(f):—BH(a—f)/ / .../dsl... dSmm—2 dSym—1,
IS 13

K. OZEN

where H(a — &) and H(n — &) are Heaviside functions on R. System (15) corresponding to the

problem can be written in the following form:

Sm—1 S2

Fu(€) + Fo —6H(a—§)/a / .../dsl...dsm_gdsm_l +
e ok

Sm—1

1
+Fm71 /
§

n Sm—1 52
1

~—

52
.. / d81 e dsmfg dsmfl—
3

—vH(n &)

/.../dsl...dsm_gdsm_l =
3 ¢

52

3

Sm—

:H(x—g)j/.../dsl...dsmgdsml, ¢€(0,1),
£ £

3
o Sm—1 S2
Fy —/8/ / .../dsl...dsmgdsml +
0 0 0

(19)
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Sm—1 ED)
+F_1 / R / dsy ... dSy—9dSm—_1—
0 0

/ dsy ... dSpy—9dSm—1| =

82
/ / . / d81 e dsm_z dSm_l, (20)
0
/ / / o dSpm—odS;m_1| + Fp_o+
0

1 sm-1 S3
+F—1 / / .../d32 dSm—9 dSp—_1—
0 0 0
n Sm—1 s3
—fy/ / . ds dSm—_odsm_1| =
0 0 0

S3
:/ / .../dSQ...dsm_stm_l, Q1)
0 0 0

Fy —5/
0
N Sm—1 T Sm—1
—’y/ / dSm—o dSm—1 —i—ng/ / dSm—_2 dSm_1, (22)
0 0 0 0

_FO/B/dSm 1+ 1+ Fpa /dsm 1= /dsm 1 :/dsm—lv (23)
0

Fo(1=8)+ Fpa(l—v) =1 (24)

In order to solve (19)—(24), firstly, Fy and F;,—1 are uniquely obtained from (20) and (24) under
the condition

o\%”

1 Sm—1
dsm_o sy 1| + oy / / dsm_o dsp1—
0 0

A=(1-=B)(1—m™ )+ 1 —7)Ba™ " #0

and then substituting the obtained values of Fy and Fj,,_; into the other equations in (19)—(24), we
have
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mel(x) = A s
T — m—1
Fm(§7x) = H(‘T - g)((ﬂlf)l)'_

—Ap™m=L _ (1 = A g1 a—m
_[1 m A(1 ) }H(a—f)(—ﬁ)((m?l)!

X

B [ﬂam—l + (i_ 5)96’”‘1}

(1—¢mt (n—&m1
X[ (m—1)! —vHn =) (m—1)! ]

K. OZEN

Hence, under the condition (1 — 3)(1 — 7™ 1) + (1 — 4)Ba™~! # 0 we have Green’s functional
F(z) = (Fn(§ 2), Frne1(2), Fpi—a(x), . . ., Fo(2)). The first component F, (£, z) of this functional
corresponds to Green’s function for the problem. After substitution £ = s into F,,, (&, z) for notational
compatibility, one can see easily that the first component equals to G(z, s) in Example 3 of [31].

Consequently, by Theorem 3, Green’s solution can be represented by

1
(z—&)m!
u(z) = [ |H(z = &)~
0/[ (m—1)!
_ m—1 _ _ :Em—l a— m—1
- {1 m A(1 7) }H(O‘_f)(_ﬁ)((m?m_

B [Bo/“ + (i — B)w’“}

X
1-9m! (n—=&™m*
| - vt - 0| e ae
SiNCe zpy—1 = Zm—2 = ... = zg = 0 for the problem.

Example 2. Now, we consider the following nonlocal problem:

(Viu)(z) = (e "u™ D(z)) =0, ze X =(0,1),

Viuzu(i)(O)zl, for i=m—-1,m-—2,...,1,
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Here g;(x) =1fori=1,2,...,m —2, gm—1(x) =%, Ap(z) =0, zp(z) =0,

1 for i=m—1,

[
N
s
L
|
\.H
>
&
L
o
|
=

i
Ap—1

1 for =2,
a’l2 = 22 = 17 BQ(&) = 07
0 for i+#2,
, 1 for i=1,
all = zZ1 = 1, Bl(f) = O,
0 for ¢#1,

1 7 Sm-1 53
al ? = // / . / dsy ... dspy_odsy,_1dr,
00 O 0
1 7 Sm-1 82
agnfl = // / . ./681 dsi ... dSm—odSy,—1dT,
00 O 0

— So
/ e /esl dsi... dsy—odS;,—1dT.
3

System (15) corresponding to the problem can be written in the form
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1 7
Fn (&) + Fo // / .../651 dsy ... dsy—odsm—_1dT
& & ¢

8

=

8

o
m—
m—
e,

et dsy ... dsm—o dSm—1,

£€(0,1),
1 1
Fyle— — —..—1-1 Foo1=
N e T |+
=e o — o —..—z—1,
(m—=2)!  (m—3)!
FO xm—Q
Fo_
m—1) 2T o)
F(] .%‘2
a +F2 a,
Fo
g + Fl =,
Fy=1.
Substituting the obtained value of Fy in (25) into the other equations, we have
F()(x) = 1,
xt 1 .
Fz(.f)zzf'—m, 221,2,...,771—2,
m—2 l’i m 1
— T _ 5 _ e —
Fny(z) = e —e Z a2 G
=0 =1
T Sm—1 52
Fn(&z)=H(x —5)/ / .../651 dsy ... dSpm—_9dSm—_1—
& ¢ £

52

.. ./esl dsy...ds;m—ods;,—1drT.
13 13

Thus, Green’s functional F(z) = (Fn(§,2), Fro1(2), Fr—2(2),

..., Fy(z)) has been determined
The first component F,,,(§, x) of this functional corresponds to Green’s function for the problem
Consequently, by Theorem 3, we have

u(x) =e”
since 2,(§) =0, 2m—1 = 2m-2=... =21 = 1, 29 = e — 1 for the problem.
ISSN 1027-3190.
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7. Conclusion. The introduced method for the second and third order linear ODEs with variable
principal coefficient involving nonlocal conditions in [3, 26] is extended to the mth order linear ODEs
with variable principal coefficient involving nonlocal conditions. As can be seen from the theory
and illustrations, the proposed method principally is different from the known classical construction
methods of Green’s function. The structural properties of the space of solutions instead of the classical
Green’s formula of integration by parts are used. The proposed method can successfully be employed
also for the problems resulting from the addition of some delayed, loaded (forced) or neutral terms
to the operator V,,,, provided that the linearity for the operator is conserved. The applicability easily
to a very wide class of linear and some linear boundary-value problems involving linear nonlocal
conditions is a natural property of the method. Obviously, this method has a significant advantage
especially for cases when the adjoint problem can not be constructed in the classical sense. Because
of these properties, we believe that it is one of the scarce methods which aim at the derivation of
a solution to such problems by reducing to an integral equation in general manner, the results may
be useful for the studies which aim at searching for the existence and uniqueness of the solutions
to the problems of interest, and the work is significant for its contribution to the feasibility of such
studies also with the weak assumptions such as L, -integrability and boundedness instead of the
strong assumptions such as continuities for the coefficient and right-hand side functions of equation.
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