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CERTAIN INTEGRALS INVOLVING XN-FUNCTIONS
AND LAGUERRE POLYNOMIALS

JEAKI IHTETPAJIA, IIIO BKJIIOYAIOTH R-®YHKIIII
TA ITOJIIHOMM JIAT'EPPA

Our aim is to establish certain new integral formulas involving N-functions associated with Laguerre-type polynomials. We
also show how the main results presented in paper are general by demonstrating 18 integral formulas that involve simpler
known functions, e.g., the generalized hypergeometric function ,Fy in a fairly systematic way.

Hamra mera — BCTaHOBHTH JesKi HOBI iHTerpanbHi (opmMyny, o BmouyaooTh N-(yHKHii, acoriiioBaHi 3 HoJiHOMaMu
nareppiBcskoro Tumy. Takok MOKa3aHO, [0 OCHOBHI Pe3yJbTaTH, OTPUMaHi y CTaTTi, € 3aralibHUMH. I 1{bOTO HaBEACHO
18 inTerpanbHux (OpMyn, IO BKIIOYAIOTH OUIBLI HPOCTi BimoMi (yHKIIi, HANpUKIaa y3aralbHEHy TillepreoMeTpUuHy
¢yHKIi0 , Fy; B JOCHTH 3arabHOMY BHIISIAIL.

1. Introduction and preliminaries. Let C, R, R", Z and N be sets of complex numbers, real and
positive real numbers, integers and positive integers, respectively, and

Zy :=7Z\N, Ny:=NuU{0}.

The Aleph (R)-function, which is a very general higher transcendental function and was intro-
duced by Siidland et al. [15, 16], is defined by means of Mellin — Barnes type integral in the following
manner (see, e.g., [8, 9]):

(%7 g)l,nv [5j(ajk’ Ajk)]n+1,pk;

N[z] =n™" [z "=
Pl ok (b]’ ])17m7 [5](1)]]67 Bjk:):lm-l,—l,qk;r

1 —S
2/ k,qk,ék, (s)z"*ds, (1.1)
L
where z € C\ {0}, i =+/—1 and
o Hm L'(bj + Bjs) [[i-;T(1 —a; — Ajs)
pkl%ﬁkﬂ“(s) = Zk; Ok — ’ (1.2)
1

g m+1 I'(1 - bj, — Bj,s) H] =n+1 I(aj, + Ajks).

Here I is the familiar Gamma function (see, e.g., [13], Section 1.1); the integration path L = L; o,
v € R, extends from v — 700 to 7 + 400 with indentations, if necessary; the poles of the Gamma
function I'(1—a; — A;s), j,n € N, 1 < j <n, do not coincide with those of I'(b; + B;s), j,m € N,
1 < j < m; the parameters py, qr € N satisfy the conditions 0 < n < pi, 1 < m < q, 0 € RT,
1 < k < r; the parameters A;, B;, A;,, Bj, € R" and a;, b;, a;,, b;, € C; the empty product in
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1160 P. AGARWAL, M. CHAND, J. CHOI

(1.2) (and elsewhere) is (as usual) understood to be unity. The existence conditions for the defining
integral (1.1) are given as follows:

e €RT and larg(z)| < Ew, teN, 1<t<r,

2
and
T

v >0, |arg(z)] < 5 Pt and R(s) +1 <0,

where
n m Pe e
po=) A+ Bi—o| Y A+ ). B
j=1 j=1 j=n+1 j=m+1

and

n m Pe qe
Se ::ZAj—i-ZBj—(Se Z Aj, + Z B;, +%(pe—%)a
=1 =

(EN, 1<¢<r

Remark 1. The expression in (1.1) of the Aleph-function does not follow completely the nota-
tional convention of the Fox’s H-function. Namely, in the R-functions, the kernel Q;'Z’Zk 6k.r(s),
parameter couples (aj, Aj) L (bj, Bj)1 ., build the Gamma function terms exclusively in the nu-

merator, and [d; (aj,, Aj ) ni i 15 [05(bj,, Bjk)n+1,qk
the denominator, while, for the H,'"[z], both upper and lower couples of parameters (aj, Aj)

| build the linear combination exclusively in
Lp
and (bj, Bj) » play roles in forming both numerator and denominator terms according to m and n.
Remark?2. Setting §; = 1, j € N, 1 < j < r, in (1.1) yields the I-function (see [7]) whose
Further, special case when r = 1 reduces to a familiar function (see [3, 4]).
Prabhaker and Suman [5] defined the following Laguerre-type polynomials Lﬁ?’ﬂ ) (x) as follows:

(@) _ Llan+B+1) = (—n) 2*
Ly () = n! kz_okll“(ak+ﬁ—|—1)’ (1-3)

neN, R(a) >0 RB)>-1,

where ()),, is the Pochhammer symbol defined (for A € C) by

(V) = 1, n =20, B
Jn = AA+1)...(A+n—1), neN,

(A +n) _
=T AeC\Z,.

The special case of (1.3) when o« = 1 reduces to the familiar generalized Laguerre polynomials L%ﬁ ) ()
(see, e.g., [6], Chapter 12):
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CERTAIN INTEGRALS INVOLVING X-FUNCTIONS AND LAGUERRE POLYNOMIALS 1161

LA (z) = L(n + B +1) iy 5

Zklr k+6+1) = L7 ().

The Konhauser polynomials of the second kind (see [12]) is defined by

.y Llhn+B+1) <=, [ aki
Zi(wik) = —————— ]Z;a( R S (1.4)

R(B)>—-1, ke€Z, neNlN.

It is easy to see that

and
LB (z) = Z8(x;1). (1.5)

The polynomials Zfla’ﬁ ) (z; k) are defined as follows (see [10]):

n

L(kn+ B+ 1)(—1)/zki

2,0 (w3 k) :JZ:%j!F(k:j+ﬂ+1)F(an—aj+1)’ (1.6)
R(a) >0, RPB)>-1, neN, keZ
We find from (1.4) and (1.6) that
Z50 (k) = 23 (w3 k).
When a € N, (1.6) can be written in the following form:
T'(kn 1) — —am) gmatm™
2,7 (k) = (F(o;; iJlr) ) Z m'F(km(—l- Bi 1)(—1)la=1)m
The polynomials L™*? (y; z) are defined by (see [10])
P i) =2 rtr(gaﬁ; f 1}1()7(; : yi 1)
min{R(a), R(y)} >0, R(B)>-1, neN.
Also we recall some properties of the Pochhammer symbol (see, e.g., [11])
(=) =(—1)"(z —n+1),, (1.7)
@i =3 (1) @0 (18)
=0
(@)ntm = (@)n (@ + 12)m, (1.9)
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1162 P. AGARWAL, M. CHAND, J. CHOI

<x> - (_1)n(—x)n, (1.10)

where x, y € C and m, n € Ny.

Here, in this paper, we aim to establish certain new integral formulas involving R-function
associated with the Laguerre-type polynomials. We also show how the main results presented here
are general by choosing to demonstrate 18 integral formulas involving simpler known and familiar
functions, for example, the generalized hypergeometric function , Fy, in a rather systematic manner.

2.  Integral formulas. Here we present certain integral formulas mainly involving
the N-functions.

Theorem 1. Let z, A\, 6 € C with min{R(d), R(A)} > 0 and |z| < 1. Also let C € RT and
R(X) > —C~ where v € R is the chosen number from the integration path Lio in (1.1). Then the
following integral formula holds true:

Pk>Tk>Ok;T

1
/ w1 — w)d IR [zu_c] du =
0

_ F(5)Nm’n+l [Z ' ()\ + (57 C)u (aj, Aj)L”’ [(5j(a]‘k, Ajk)]n-i-ka;r (2 1)
o +1,0+1,08;7 '
Pk k k (bj7 Bj)l,ma ()\, C), [5J(bjk , Bjk)]erl,crk;r

provided the other involved parameters are so constrained that each member can exist.
Proof. Let L, be the left-hand side of (2.1). Then, using (1.1) and changing the order of the
double integrals, which is guaranteed under the given conditions, we obtain

1
1
Ly = / QT s (8)27° /u/\+051(1 —u)’Vdu y ds. (2.2)

211
L 0

Recall the familiar Beta function B(z, y) which is defined by and expressed in terms of the Gamma
function as follows (see, e.g., [13, p. 8]):

1 Y1 — )y tdt,  min{R(z), R(y)} >0,

B(z, y) =140
(50 =) Ty ) byeciz
Dz +y)’ | a
to evaluate the inner integral in (2.2) to yield
1 mn s DA+ C5s)
=I)— | Q S~ ds. 2.3
Lr=T( )27ri/ peosir Ty o o) & @3)

L

Finally, interpreting the right-hand side of (2.3) in terms of the definition (1.1), we arrive at the
right-hand side of (2.1).

Theorem 2. Let z, A\, § € C with min{R(0), R(\)} > 0 and |z| < 1. Also let x, t € R with
x > t. Further, let C € R and R(\) > —C~ where v € R is the chosen number from the
integration path Ly, in (1.1). Then the following integral formula holds true:
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CERTAIN INTEGRALS INVOLVING X-FUNCTIONS AND LAGUERRE POLYNOMIALS 1163

T

[ N [ ) du = T @ - )

pmntl [ ‘ A +6,0), (a5, A)1ms [05(ajy s A )nt peor o

Log+1,06r | #
prrLoRTLOR (b Bj)1ms (X, ©), [6;(bje By )lim1,0ir

provided the other involved parameters are so constrained that each member can exist.
. . . u—=t . .
Proof. Let L5 be the left-hand side of (2.4) and change the variable v into v = prat Similarly
x —
as in the proof of Theorem 1, we can obtain

(l’ _ t)é“i’)\fl

1
L2= 27rz/ QZ’Zk,ﬁk;T(S)Z_S(x B t)cs /(1 - U)é_lvM_Cs_l dv p ds =
L 0

11 _ I'A+Cs
T -0 [ 9 0 e e
L
Now it is easy to see that, in view of the definition (1.1), the last equality is interpreted into the
right-hand side of (2.4).
Theorem 3. Let 2z, v, p € C with min{R(v), R(u)} > 0 and z € R*. Also let C € R and
R(X) > —C~ where v € R is the chosen number from the integration path Liy« in (1.1). Then the
following integral formula holds true:

T

v—1 -1 R - _
/ T @ - s (@ =) ] dt =
0

vyt (1 + v, 0), (a7, Aj)1ms 65 (@i Aj)lnt1,pir ) s
= R L1 ,gr | 2 @)
(bja Bj)l,rm (M? C)a [5j(bjk7 Bjk)]m+1:<7k;7’

provided the other involved parameters are so constrained that each member can exist.

Proof. A similar argument as in the proof of either Theorem 1 or Theorem 2 can establish the
result (2.5). So we choose to omit the details of its proof.

For the sequel of the above theorems, we need the following formula (see [1]) which is recalled
in Lemma 1.

Lemma 1. Let min{R(a), R(c), R((), R(&)} > 0, min{R(b), R(d)} > —1 and h, m, n € N.
Then the following formula holds true:

Flan+b+ 1T (em +d+1)

LGN G = D Y R DTG —h + B+ DTG 1)

h=0 k=0

()"
“T(€(n—k) + Dl(ak + b+ DI(c(h —k) +d+1)°

(2.6)

Theorem 4. Let z, 0, A € C with min{R(d), R(\)} > 0 and |z| < 1. Also let min{R (o), R(&),
R()} > 0 and min{R(d'), R(V), R(), R(d')} > —1. Further, let C € R" and R(\) > —C'v

ISSN 1027-3190. Vkp. mam. scypn., 2019, m. 71, Ne 9



1164 P. AGARWAL, M. CHAND, J. CHOI

where v € R is the chosen number from the integration path Liy~ in (1.1). Then the following
formula holds true:

1
/ 11— W LG o (1 - ) LD (€ o(1 - u))x
0

m+n
XNgfok,% du_ Z An’T’ 5’ fi’F (0 +h) o’ x
B [Z (A+0+ 1, C), (@), Aj)ps [05(ajs Aji)]p1,pir @
+1,05+1,0k; .
o § K (bjaBj)l,ow ()‘7 C)[5 (meB )]a-i-l,ok;r

provided the other involved parameters are so constrained that each member can exist. Here

An/?/ s 2, is given by

h
nm, €, R\ T(a'n+¥ + 1DI(dm+d +1)(—1)"
A 2 = g < >

2\ ) T(C(m — bt k) + DEE— k) +1)
1
. (2.8)
Ph+DI(dkE+0 + 1D (¢ (h—K)+d +1)
Proof. Let L3 be the left-hand side of (2.7). Then, by using (2.6), we have
TS Tn+ Y+ DI(Em+d + 1) (o)
L=2 2 th-h+i h+k)+ DIk +1
2 2 T(h—k+ DO(((m — h+ k) + DLk + 1)
X (-1 X
FEmn—k)+ Dk 4+ +1)I(d(h—k)+d +1)
1
x / uAH L =) TEIRSE [ du, (2.9)
0
Applying (2.1) to the integral in (2.9), we obtain
m+n h
D(a'n+b +1DI(m+d +1)(o)
£3:22rh(k )T ) (h k 1)r(/3 1)~
22 2L Tl — k+ DE(C(m — h+ k) + DIk + 1)
X (=" L'+ h)x
F'En—k)+1)I(dk+0+1)I((h—Fk)+d +1)
A+6+h,C) (aj,A)15,[0i(a;,A; T
XN;;/ﬁlUkH - ( ) ( J 3)16 []( Jk Jk)]6+1 Pk (2.10)
" (b],B )1 cw()\ C) [5 (bjk7Bjk)]CY+1,0k§7'

Finally, it is easy to see that the expression in (2.10) corresponds with the right-hand side of (2.7).
Here we present five integral formulas asserted in Theorems 5—9, without their proofs, because
each of their proofs would run parallel to that of Theorem 4.
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CERTAIN INTEGRALS INVOLVING X-FUNCTIONS AND LAGUERRE POLYNOMIALS 1165

Theorem 5. Let z, §, A € C with min{R(J), R(N\)} > 0 and |z| < 1. Also let min{R(c), R(&),
R()} > 0 and min{R(d’), R(V'), R(), R(d')} > —1. Further, let z,t € R with x > t, C € RT
and R(N) > —C~ where v € R is the chosen number from the integration path Lio in (1.1). Then
the following formula holds true:

xT

/ (2 — )M — P LY (G 0w — )LD (o (u— 1)) %

t

m—+n
XN?;fak,ék;r [z(u — t)*o] du =T(6)(z — t)‘”’\*l Z An,TgL, & fl, o'
a.B+1 (A+0d+h,C),(a;,Aj)1,8, [5 (ag,, Ajy )],8+17Pk57'
xR Eji or+1,0 z
P k a (bjaBj)l,a7()\+h7 C)a [5 (bjka )]OHrl,Uk;T

provzded the other involved parameters are so constrained that each member can exist. Here

AZ,’:, 66 /v is given as in (2.8).

Theorem 6. Let z, u, v € C with min{R(n), R(v)} > 0 and |z| < 1. Also let min{R(o), R(E),
R()} > 0 and min{R(d’), R(), R(), R(d)} > —1. Further, let z € RT, C € R, and

R(X) > —C~ where v € R is the chosen number from the integration path Liyo in (1.1). Then the
following formula holds true:

T

[ = L Gota - )LD € oo~ 1)

0
m—+n
75 _ v—1 5 h
N s 12 (x — )] dt = a#* Z ALY d,U z"x
1 (,u + v, C)a (ajaA ) 1,85 [5 (ajk’A' )}5+1,pk§7“
XNPifjl okt |7
” (bijj)l,on (M7C)a [5 (b]kaB )]OH'LO'k%T

provzded the other involved parameters are so constrained that each member can exist. Here

An,?, ¢ ) v is given as in (2.8).

Theorem 7. Let z, 0, A € C with min{R(d), R(\)} > 0 and |z| < 1. Also let min{R (o), (&),
R()} > 0 and min{R(a’), R(V'), R(), R(d')} > —1. Further, let C € Rt and R(\) > —C~

where v € R is the chosen number from the integration path Liy~ in (1.1). Then the following
formula holds true:

1
/ 11— LG o(1 - u) LD (€ o(1 - u))x
0

m-+n

xR “ du = Z VIS ST(6 + h) o' x

PL>TksOk;T
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1166 P. AGARWAL, M. CHAND, J. CHOI

(2.11)

a,B+1
X Nl’k+1a‘7k+1a6k§r [Z

(A+0+h,C), (a5, Aj)15, [0 (s, Aji )] g+1,p0:r ]
(bj, Bj)l,aa ()‘7 C)a [5j(bjka Bjk)]aJrl,Uk;T

provided the other involved parameters are so constrained that each member can exist. Here the

n,m, ’ o -
\Y% a,’b,,f,é, is given by

grmec _ Dlan+ ¥+ DI (Em+d +1)
a Wy d T L(m+1)T(En+1)

ET/mY (1) Cm=ER (—Cm) gy (—Em)en
> [(k) T(@k+ 0+ O0(c(h—k)+d +1)

. (2.12)

k=0

Theorem 8. Let z, 0, A € C with min{R(d), R(\)} > 0 and |z| < 1. Also let min{R (o), R(&),
R()} > 0 and min{R(a’), R(V'), R(), R(d')} > —1. Further, let z, t € R with x > t, C € RT,
and () > —C ~ where v € R is the chosen number from the integration path Lo in (1.1). Then
the following formula holds true:

T

/(l‘ =)’ = LG (G o lu— )L (& o (u— 1) %
t

m+n
XN e [ = 07 du = D@) @ = 1Y V&S o
h=0
i [Z A+6+h,C), (a5, A5, 165 (s A3 a1 peor o)
e (bjs Bi)1.as (A + B, ©), [6;(bies Bias 1o

provided the other involved parameters are so constrained that each member can exist. Here
VZ,’ZL,’E,’E, is given as in (2.12).

Theorem 9. Let z, pu, v € C with min{R(n), R(v)} > 0 and |z| < 1. Also let min{R(c), R(E),
R(Q)} > 0 and min{R(a’), RY), R(), R(d')} > —1. Further, let x € RY, C € RT, and
R(X) > —C~ where v € R is the chosen number from the integration path Li« in (1.1). Then the
following formula holds true:

T

J @=L o - ) ol - 1)

0
m—+n
B -C _ ptr—1 m, 8¢ _h .k
)R s 2@ — )T dt = 2kt Z Vo oo X
h=0
B [z (1 +v,0), (a5, A)1,8, [05(ajy, Aj)] 1,005 @.14)
1,05+1,0; .
PRTORTRORT (bj, Bj)1,a (11, ©), [05(bjs s B )at 1,045

provided the other involved parameters are so constrained that each member can exist. Here
v EC s given as in (2.12).

ab e d
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CERTAIN INTEGRALS INVOLVING X-FUNCTIONS AND LAGUERRE POLYNOMIALS 1167

3. Special cases. It is noted that the results in Section 2 are general enough to be specialized to
yield a large number of simpler integral formulas. Here we choose to present the following formulas.
Corollary1. Let z, §, A\, o € C with min{R(J), R(\), R(o)} > 0 and |z| < 1. Also let

min{R(a'), R(Y), R('), R(d)} > —1.

Further, let C € R™ and R(\) > —C~ where v € R is the chosen number from the integration
path Lo in (1.1). Then the following formula holds true:

1
/uH(l — )’ LAY (1 — w) L) (0(1 — u)) x
0

Pk [P

_ T(@n+V +D)I(Em+d +1) &
B c _ h
XN I | du = ™ hE_O o"T'(d + h)x

h
(—=m)p—r(—n)g
%()[ @k+b+ 1T (C,(h_k)+d,+1)}><
(A+0+h,C),(aj, Aj)1,,[05(as,, Aj )] s+1,pp:r ]
(b7, Bj)1.as (A, ©), [0 (bj» Bt 1 0ir '

OL,6+1
XNﬂIH—l or+1,05;T [z

provided the other involved parameters are so constrained that each member can exist.
Proof. Setting ( =& =1 in (2.11), after a little simplification, we get the desired result.

Corollary2. Let z, 0, A € C with min{R(d), R(\), R(o)} > 0 and |z| < 1. Also let x,t € R
with x > t. Further, let

min{R(a’), R(), R(c), R(d)} > -1,

C € R, and R(\) > —C~ where v € R is the chosen number from the integration path Liy in
(1.1). Then the following formula holds true:

T

/ (=) N u— )1 Z0 (o (u - 1); 1) 280 (o (u — t); 1)

t

NG [ — 1)) du = T() (o — gyt et DEm A 1)

PlsT k05T m! n!

- min ” Zh: ( ) { (k + b/(J_rT))(h(Ez)(—_/S)i d'+ 1)] ’

(/\‘F(i‘i‘h,C),(Gj,A >1g [(5 (ajk,A- )]5+17Pk;7‘]

O‘vﬁ-"_l
XNPk-i-l ok+1,0k;T [Z

(bj, Bj)1,a (A4 h, C), [65(bj,, Bj, )]at1,04r

Jk>

provided the other involved parameters are so constrained that each member can exist.
Proof. Setting o’/ = ¢ = ¢ = ( = 1 in (2.13) and using (1.5) to consider L}{b(l;x) =
=z (x; 1), after a little simplification, we get the desired result.
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1168 P. AGARWAL, M. CHAND, J. CHOI

Corollary3. Let z, i, v € C with min{R(u), R(v), R(c)} > 0 and |z| < 1. Also let v € RT
and min{R(0'), R(d')} > —1. Further, let C € R" and R(\) > —C v where v € R is the chosen
number from the integration path L in (1.1). Then the following formula holds true:

x

/ U — L= oo — R e —)C) dt =
0

n

= gh v IZ ho’mx

(:u’ + va)a (a’jaA ) 1,85 [5 (ajk’A' )]/3+1,,0k§7"
(b]7 Bj)l,ou (M7p)7 [6 (b]k’ B )]OH'LO'MT

a,f+1
X Npk+170k+176k;r [z

provided the other involved parameters are so constrained that each member can exist.
Proof. Setting ’ = ¢ = 0 and £ = ( = 1 in (2.14), and using some suitable identities in
Section 1 including (1.7)—(1.10), after a little simplification, we get the desired result.

When 6; = ... =6, =1 in (1.1), the definition of the I-function is recovered (see [7]):
Iz] =10 (2] =

(aj, Aj)1n, [1(aj,, Aj, )]n+1,pk;r =
(bja Bj)l,ma [ (bjk?B )]m+1 QKT

_amyn
Npk gk, L7 [Z

1 m,n —s
= /ka7Qk717r( )2~ %ds, 3.1)

27
L

where 2z € C\ {0}, i = v/—1 and Q" 1..(s) is defined in (1.2), and the integration path L can
be used as in (1.1). Otherwise, a new integration path for this (3.1) can be chosen. The existence
conditions for the integral (3.1) can be easily deduced from those of the N-function (1.1) with
op=...=6 =1

Then the integral formulas in Corollaries 1 -3 can reduce to yield the following integral formulas
involving the I-function given in Corollaries 4 —6, respectively.

Corollary 4. Let z, 5, A\, o € C with min{R(J), R(\), R(o)} > 0 and |z| < 1. Also let
min{R(a’), R(), R(), R(d)} > —1.

Further, let C € RT and R(\) > —C~ where v € R is the chosen number from the integration
path Liyso in (1.1). Then the following formula holds true:

n

1
/UA Y1 = )P L) (o (1 — w)) L) (o(1 — u)) x
0

T(@n+V +DI(dm+d +1) &
m!n!

x B E u’C] du =

Pk0 k5T

"6 4 h)x
h=0
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XZ ( ) [ (=m)n—rk(=1)k

@k + 0+ D0 (h—k) +d +1)

1169

7ﬁ+1
Xka+1 or+1;r <

(bjaBj)l,a, ()\, C) (b B

(A+0+h,C), (a5, Aj)1,, (j,s Aji) 1,015 ]
) ]k)a+1 Ok;T

provided the other involved parameters are so constrained that each member can exist

Corollary5. Let z, 6, A € C with min{R(¢5), R(N),

R(o)} > 0and |z| < 1. Also let x, t € R
with x > t. Further, let

min{R(a’), R('), R(c'), R(d)} > -1,

C € RT, and R(\) > —C ~ where v € R is the chosen number from the integration path Liy in
(1.1). Then the following formula holds true:

T

/(1‘ — )’ =) Z0 M (o (u = 1); 1) 20 (o (u — 1) 1) %

t

- AL+ + DEm+d' +1)
xlgéﬂak i [z(u —t) C} du =T(6)(x — t)é—H\ 1 i

m+n h

y Z h Z( ) [ (=m)(h—k)(—1)k ] y

—~ —~ D(k+b+1D0((h—k)+d +1)

76+1
XIPk+1 op+1;r [Z

()‘ +0+h, O)a (a]'> Aj)175> (ajk7 Ajk)ﬁ-&-lvﬂk;?” ]
(ij Bj)l,ow O‘ + h, C)v (bjk ’ Bjk)oc-i—l,akﬂ’

provided the other involved parameters are so constrained that each member can exist

Corollary 6. Let z, ji, v € C with min{R(u), R(v), R(o)} > 0 and |z| < 1. Also let x € RT
and min{R('), R(d')} > —1. Further, let C € RT and R(\) > —C ~ where v € R is the chosen

number from the integration path L in (1.1). Then the following formula holds true:

T

/ B e L= o — O TS o — 1)) dt =
0

= gtV IZ hawx

(n+v,0), (aj7 Aj)17/3> (ajk7 Ajk)ﬂ+17pk;1“

+1o%+1;
PR (bjs Bj)1,as (11, C), (bjys Bjy)a+ 1,005

XIouﬁ—i—l [z

provided the other involved parameters are so constrained that each member can exist

Further, the special case » = 1 of the /-function (3.1) reduces to become the H -function (see [

4]). Then the formulas in Corollaries 4 -6 reduce to yield the following integral formulas involving
the H -function which are in Corollaries 7-9, respectively.

ISSN 1027-3190. Vkp. mam. scypn., 2019, m. 71, Ne 9



1170 P. AGARWAL, M. CHAND, J. CHOI

Corollary. Let z, 0, A\, o € C with min{R(J), R(\), R(o)} > 0 and |z| < 1. Also let
min{R(a’), R(), R(), R(d)} > —1.

Further, let C € RT and R(\) > —C~ where v € R is the chosen number from the integration
path Liys in (1.1). Then the following formula holds true:

1
/uHu —w)d T L) (0 (1 = w)) LY (0(1 — u))x
0

/ / / / m+n
XHa”H [ZU,C] du _ F((l n + b + 1)F(C m + d + 1)

h
£1,01 m' 7'[,' Z g F((S —+ h) X
h=0

- h (_m)h—k(—n)k
: kzo <k> [F(a/k +V +1DI(d(h—k)+d + 1)} X
(A+6+h,0),(aj,A5)1, ]
(bj’Bj)LGl’ (A, 0)

provided the other involved parameters are so constrained that each member can exist.

Corollary8. Let z, 0, A € C with min{R(9), R(\), R(o)} > 0 and |z| < 1. Also let x,t € R
with x > t. Further, let

a,B+1
><le+1’g1+1 !z

(3.2)

min{R(a'), R(), R(), R(d)} > -1,

C € R, and R(\) > —C~ where vy € R is the chosen number from the integration path Liy in
(1.1). Then the following formula holds true:

T

/(93 — )’ =) Z0 M (o (u— 1); 1) 20 (o (u — 1) 1) %

T '+ 1T 111
< H [2(u—t)") du=T(5)(x — t)*! (n+b +W)L! T(L!mJFd £y

y G"EhZ(Z) [F( (=) () (=) ]x

k+0 +1)T((h—k)+d +1)

()\ +0+ ha 0)7 (aj>Aj)1,p1
(bj, Bj)LUN (/\ + h, C)

provided the other involved parameters are so constrained that each member can exist.

Corollary9. Let z, i, v € C with min{R(n), R(v), R(o)} > 0 and |z| < 1. Also let x € RT
and min{R('), R(d')} > —1. Further, let C € RT and R(\) > —C ~ where v € R is the chosen

number from the integration path L in (1.1). Then the following formula holds true:

xT

p1t+lo1+1

x HP 11 [z (3.3)

/ e -t Tl —o(z— )" HY? [2(z — t)_c] dt =

P1,01
0
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(b +v,C), (a5, Aj)1p
(b]7 Bj)l,olv (:uv C)
provided the other involved parameters are so constrained that each member can exist.

It is noted that the special case of the H-function when A; =1, j =1,...,p, and B; = 1,
j=1,...,q, reduces to the Meijer’s G-function (see, e.g., [2], Section 8.2) as follows:

R ik

Then the formulas in Corollaries 7—9 are seen to reduce to give the corresponding integral formulas
involving the Meijer’s G-function (3.5)-(3.7).

Corollary 10. Let z, 6, A\, o0 € C with min{R(5), R(N\), (o)} > 0 and |z| < 1. Also let

n
= ghtv=t Z (—n)po thpliJ{{nJrl !Z (3.4)

P1,01

HSP [

min{R(a’), R(b'), R(c'), R(d)} > —1.
Then the following formula holds true:

1
/uH(l — )" LY (1 = ) L) (0(1 — u)) x
0

’ ’ / ' m+n
K GB T 1]du:F(an+b +DI(m+d +1) ZU

P11 m!n!

"6 + h)x
h=0

3 (1) [rsws St o)

(A+0+h),(ay,) ]

T p1tl,o1+1

3.5
(b ), (A) .

provided the other involved parameters are so constrained that each member can exist.

Corollary11. Let z, 6, A\, 0 € C with min{R(9), R(\), R(o)} > 0 and |z| < 1. Also let
z,t € R with x > t. Further, let

min{R(a’), R(b'), R(c'), R(d)} > —1.
Then the following formula holds true:

T

/ (z —u)? M u— )1 Z0 (o (u - 1); 1) 20 (o (u — £);1) x

t

_ 4 P(n+b+1)r (m+d’+1)
a,B _ 1 _ _ \6FA-1
xGoL [2(u— 1) du =T(5)(z — t) ey

NS %2 ( ) { (=) iy (— 1)

— C(k+0 +D((h—k)+d +1)

3
+
3

>
Il
=)
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LOFS) g ! 56

I‘()\ + h) p1+1l,01+1

(A+04h),(ay,) ]
(bgy ), (A + D)
provided the other involved parameters are so constrained that each member can exist.

Corollary12. Let z, u, v, 0 € C with min{R(un), R(v), R(o)} > 0 and |z| < 1. Also let
x € RY and min{R(V'), R(d')} > —1. Then the following formula holds true:

T

/ e -t 1 —o(z—t)" Gg‘fal [2(x —t)"dt =
0

n
-1 h .h o, f+1
= ght” g (—n)po"x Ggfkl,aﬁl [z (3.7)
h=0

(), (ap,) ]
(boy), (1)

provided the other involved parameters are so constrained that each member can exist.

Here, replacing o1, aj, bj by o1 +1, 1 —a;, 1 —b; with by = 0, respectively, and letting o = 1
in the H -function is seen to yield the Wright’s generalized hypergeometric function ,V, (see, e.g.,
[14, p. 50]):

(1—%1‘13')1;:} [(aj,Aj)lp; ]
Pl— g, Pl 38
(0,1),(1 =b;,Bj)1,4 PLE | (b, Bj)igs 38

Then, applying the relation (3.8) to the formulas (3.2), (3.3) and (3.4) yields the following correspon-
ding integral formulas involving the Wright’s generalized hypergeometric function , V¥, (3.9)-(3.11).
Corollary13. Let z, 6, A\, o0 € C with min{R(6), R(\), (o)} > 0 and |z| < 1. Also let

1’,01 .
HP1,01+1 |: T

min{R(a’), R(b'), R(c'), R(d)} > —1.

Then the following formula holds true:
1
[ -0 L o - )L (1 - )
0

’ / / ' m+n
F@n+V +1)I(m+d +1) Z SNT(6 + h)x

X o Wo, [zu™P]du =

m!n!
h=0
in h (=m)nr(=n)s .
= \k) D@k + 0 + DI (h— k) +d +1)
<)\+5+h7p)7(a‘7*‘4')1,
Xy 11%0 41 AT (3.9)
(ij Bj)l,a'la ()\71))

provided the other involved parameters are so constrained that each member can exist.
Corollary14. Let z, 0, A\, o € C with min{R(5), R(\), R(o)} > 0 and |z| < 1. Also let
x,t € R with x > t. Further, let

min{R(a’), R(b'), R(c'), R(d)} > —1.
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Then the following formula holds true:

T

/m—uﬁ*w—w*?%P%du—mnzﬁﬁwm—wnw

)(m+w+m
mln!

AN (=) (h—k) (=)
. th:Q)_Nk+H+1W«h—k%Hﬂ+U}X

[ ()\ + 5 + h,p), (aj,Aj)Lpl. ;
(b]" B]')LUI’ ()‘ + h,p)

X oy U [2(u — ) 7P du = T(8) (z — t)°TA1 I'(n+b +

Xpl+1\pa1+1 (3.10)

provided the other involved parameters are so constrained that each member can exist.
Corollary15. Let z, u, v, 0 € C with min{R(u), R(v), R(o)} > 0 and |z| < 1. Also let
z € RT and min{R(V'), R(d')} > —1. Then the following formula holds true:

T

/QWHw—wWJu—a@—nwmwmk@—wrﬂwz

0

/’L+V7p ) O/‘,A‘ 1,
( ) ( ) .7) pl;z (311)
(bj’Bj)l,Ulv (,U,,p)

provided the other involved parameters are so constrained that each member can exist.

Also, choosing p=1; a =1, 8 =2, p1 =01 =2; A; = B; = 1; by = 0 and replace a1, ao,
be into 1 — a1, 1 —ag, 1 — be, respectively, the H -function reduces to the Gaussian hypergeometric
function o} as follows:

1,2 (1—-a1,1),(1—ag,1)| _ T(a)l(a2)
H22 |: ’ (07 1)7<1 _b271) :| N F(bQ)

Then applying the relation (3.12) to the formulas (3.2), (3.3) and (3.4) is seen to yield the follo-
wing results (3.13)—(3.15) whose integrands and resulting formulas contain o F; and the generalized
hypergeometric function 3 F», respectively.

Corollary 16. Let z, 0, A\, o € C with min{R(0), R(N), R(c)} > 0 and |z| < 1. Also let

_ +v—1
=z E : hU T P1+1\I}U1+1

QFl[CLl,CLQ;bQ;—SC]. (3.12)

min {R(a’), RY), R(), R(d)} > —1.

Then the following formula holds true:

1
/UA Y1 = )P L) (o (1 — w)) L) (6(1 — u)) %
0
Tdn+b + DI(dm+d +1) T2
xoF1[a1, ag; be; zu™ ] du = (@nt b+ ), (,Cm+ 1) Z o"T(6 + h)x
min:
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h
(=m)n—k(=n)
S S e

=0

X3Fo[N+ 0 + h,aq,az2; b2, \; 2] (3.13)

provided the other involved parameters are so constrained that each member can exist.
Corollary17. Let z, 6, A\, 0 € C with min{R(5),R(\),R(o)} > 0 and |z| < 1. Also let x,
t € R with x > t. Further, let

min {R(a’), ('), R(), R(d)} > 1.

Then the following formula holds true:

T

/(:E =)’ Mu =20 (o (u - 1) 1) 28 (0 (u — 1) 1)x

t
xoF1[a1, az;bo; 2(u —t) Y du =

st DO+ Y + D0+ d +1)

—T(6)(x — 1) Dre
= " /h (=m) (h—)(—1)k
XZ A+h) kz_()(k)[l“(k+b’+1) T((h—k)+d +1)
X3F2[)\+5+hvalaa2;b27)\+h’;z] (314)

provided the other involved parameters are so constrained that each member can exist.
Corollary18. Let z, p, v, o € C with min{R(u),R(v),R(c)} > 0 and |z| < 1. Also let
z € RT and min{R(V'), R(d')} > —1. Then the following formula holds true:

/ P — L[ — oz — O] 2 Fi[ax, ass bo: 2(z — )1 dt
0

n

=2 N (1), Y (—n)n o a3 Folu+ v, a1, ag; by, p; 2] (3.15)
h=0

provided the other involved parameters are so constrained that each member can exist.
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