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RUIN PROBABILITIES FOR RISK MODELS WITH CONSTANT INTEREST
IMOBIPHICTBH KPAXY B MOJEJIAX I3 PUBUKOM I CTAJIMM ITPUBYTKOM

We consider continuous-time risk models with m-dependent claim sizes and constant interest rate. Under some special
conditions, we obtain the upper bound for the infinite-time ruin probability. Our approach is based on the martingale
methods.

Po3rnstHyTO MOzeni pU3UKY 3 HENEepPEepBHUM YacoM, M -3aJeKHHUMHU PO3MipaMH BHMOT 1 CTaIMM NPHOYTKOM. 3a IEsSKUX
CIeIiaJbHIX YMOB OTPHMAHO BEPXHIO MEXY JUIsl HMOBIPHOCTI Kpaxy 4epe3 HeCKiIHUSHHHH MPOMIXKOK Jacy. 3alpoIIOHOBAHHI
miaxin 6a3yeTscsi Ha MAPTHHTAJBHUX METOAX.

1. Introduction. Consider the classical risk model with continuous time. The inter-claim times
{ti,i = 1,2,...} are a sequence of independent identically distributed (i.i.d.) nonnegative random
variables and the claim sizes { X,,} are a sequence of i.i.d. nonnegative random variables independent
of {tn}. Let T), = ZZ—1 t. be the time of the nth claim, Ty = 0, then N; = sup{n|T,, < t} is the

N(t
number of claims up to time ¢ and the aggregate claim amount up to time ¢ is S(t) = Z (1) Xn If
n=
the insurer’s initial surplus is u > 0, the risk model is given by

U(t) = u+ct — S(t), (1)

where ¢ > 0 is the rate of premium income and U(0) = u. The ruin probability up to a finite time
T is defined by

U(u,T)=P{U(t) <0 forsome t<T},
and the ultimate ruin probability by

U(u) == V(u,00) = lim W(u,T).

T—+o00

According to Lundberg’s inequality we obtain the following evaluation of ruin probability:
U(u) = U(u,o00) < e 1,
where R is the smallest positive root of the equation

E(e—R(Xl—Ct1)> - 1.

We refer to [7, 9] for reviewing results and developments of Lundberg’s inequality for ruin probabi-
lities.

In many studies the claim sizes {X,,,n > 1} are assumed to be a sequence of i.i.d. nonnegative
random variables (see, e.g., [1-3, 5, 8]). Some studies for the model with dependent claims are
presented in, e.g., [6, 10], where the authors considered autoregressive model and used martingale
method to obtain an estimate of the ruin probabilities. In this paper we assume that the claim sizes
are m-dependent random variables and derive an analog of Lundberg’s inequality.
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2. Preliminaries and main results. To begin with, we give the concept of m-dependent random
variables and some examples.

Definition 1. Let m be an integer. The sequence of random variables {X,,n > 1} is called
m-dependent, if o-algebras ¥, = o{X1,Xo,..., X} and "% = o{X,ip, Xpstt1,...} are
independent for all k > m + 1 and n > 1.

Example 1. Sequence of independent random variables {X,,,n > 1} is called 0-dependent.

Example2. Let {Z,,n > 1} be a sequence of independent random variables. For each k£ > 1,
let v : R™ — R be measurable functions and denote

Xk = SOk:(Zlca Zk—i-h cey Zk+m—1)-

Then {X,,n > 1} is a sequence of m-dependent random variables. Moreover, if ¢ = ¢ for

all k£ and (Zy)’s are identical distributed random variables, then (X,,) is a sequence of identically
distributed random variables.

Example3. 1f {X,,n > 1} is a sequence of l-dependent random variables, then
{X1, X3, X5,...} and { X9, X4, X, ...} are dependent sequences of independent random variables.

Consider model (1), assume that the sequence of claim sizes {X,,,n > 1} are m-dependent and
the model includes interest rate. Furthermore, we assume that the interest 6 > 0 of the surplus is
a constant continuously compounded. Let Us(t) denote the surplus of the insurance company up to
time ¢. Then

t t
Us(t) := ue® + / et — / 048 (v) = ue® + c(e? —1)/6 — / S48 (v),
0 0

where Us(0) = u. Denote by 75 := inf{¢: Us(t) < 0} the first time the surplus process is negative.
Then ruin probability is defined as follows:

Us(u) =P{rs < oo} =P | J(Us(t) <0)

t>0

However, since the ruin can occur only at the time of a claim, we get

\Pa(U)ZP{U(Ua( )<0)} ]P’{U(V(s( )<0)}

n=1 n=1

where V5(T},) = Us(T;,)e T is the present value at time 0 of Us(T},). We have (see [2], (1.7))
Vi(Tai1) = Va(T) + ¢ (€757 — e70Ts1) /5 — Xppye 0Tt =
= ‘/(S(Tn) + e—(STn [C(l _ 6_6tn+1)/5 _ Xn+1e—5tn+1] ,

where V5(0) = u. So we obtain

\I/(;(u,n)::P{CJ(Ug(Tk)<O} {CJ V:ng <0} {CJ Sk>u}
k=1 k=1

k=1
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and, hence,

Us(u) = lim Ws(u,n),

n—oo

where

Sn= Xpe0Th—c(l—e 0 %izlh) /5 = " Xpe Th—c(1 — ) /5.

k=1

Lemma 1. Set 7 = T,,+1 and

)|
Assume that:

(Ay) there exists some Ry > 0 such that ¢(Ry) < o0;

c 1- E(e“”)'
A B < 0935 R e o)

—oT
(As) P <X16‘5T - W > 0) > 0.
Then there exists a unique positive number R such that $(R) = 1.
Proof. Let Ry =sup{R > 0: ¢(R) < oo}. Note that Ry > Ry > 0. It follows from Holder’s
inequality that ¢(R) < oo for any 0 < R < R; and ¢(R) = oo for any R > R;. For any R < Ry,

we get
o =& (3= e (1 (- =)
1 — e*‘” )

(-5 s S450)

It is seen that ¢”(R) > 0 for all R € (0, R;). Hence, ¢ is a strictly convex function on (0, Ry).
It follows from condition (Aj3) that limpg_, oo ¢(R) = oo. Thanks to the definition of Ry, we also have
1— —oT
limp_, g, #(R) = oo. It follows from condition (Ay) that E (X 16797 — W) < 0 which
m
implies that ¢’(0) < 0. Since ¢(0) = 1, the equation ¢(R) = 1 has a unique positive solution.
Throughout the rest of this section, we denote by R the unique positive solution to equation
¢(R) = 1. We write

#'(R) = E

Su= 3 Xpe T4 £ (70T — 1),

k=1
Foreach j=1,...,m+ 1, we set
X]EJ) = Ajtk(m+1)s T]EJ) = Lj+k(m+1)s k=0,1,...,
and
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zp: _5T(J) c(e*‘STIS]) -1) _01
4 —(m+1)5 5 p=U,1L,....
Note that '
x0Lx, and T -1V LS
Let o
Z9) =R 1<j<m41, p>0,
and ' '
f}g]) = U(X,E,J),Tk(:]) (0 <k <p).
Note that A A
ngi)l - T}SJ ) and X Igi-)l are independent of .7-"]57 ),

1433

2

3)

Lemma 2. Assume that conditions (A1)—(A3) hold. For each j = 1,...,m + 1, the sequence

( ZI(,j )7 f;j ))pzo is a supermartingale.
Proof. Since

c (1 —e 803 Tfﬁj)))

(m+1)0

Z;]Jr)l _ Z(J) exp Re_‘ST(]) X;(ur)l (TISL—T;SJ)) _

we have

(1_6 (T~ Té”))

4 ' 4 & . @) _p()
s 29 o [ et [ o Lo

It follows from (2) and (3) that

. . . — —OoT ¢ 1 _ 6767
B(ZZLIF) = 200 B (o (Re e - Lm0 )

By applying Holder’s inequality, we get

t=T"

stz o onfofrcr- 2 )))

It follows from Lemma 1 that

=T

A < )

which implies the desired result.
Theorem 1. Suppose that conditions (A1) —(Asz) hold. Then

Wy(u) < e AT nilﬂz [exp <R <X16_5Tf - m»] .
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Proof. We have
m—+1

)
Sn < Z; Siin-g)/(m+1)
]:

where [(n — j)/(m + 1)] is the integer part of (n — j)/(m + 1). This implies

0o m+1 oo
; U
Us(u) =P |J(Sp>u)| <P UU<S§])>m+1>
n=1 7j=1 p=0
m+1 [e’s) ‘ u
S E:IP lVJ<Sg)>>W%+1> ==
j=1 p=0

m+1 fe’e) Ru
-y e (| (z,gﬂ > nm)
j=1

p=0

Since (Z;(;j ))pzo is a nonnegative supermartingale, it follows from Doob’s maximal inequality that

> , _Ru_ _Ru_ ,
P U(Zgﬂ)>em+1> <e mHE(ZY) =

p=0
— AT [exp (R (Xle_m - m»] '
Therefore, 1
Us(u) < 67754?1 T:Jrl E [GXP (R (X1€_5TJ C((lm —flizj)))]
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