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B-COERCIVE CONVOLUTION EQUATIONS
IN WEIGHTED FUNCTION SPACES AND APPLICATIONS

B-KOEPLUUTUBHI PIBHAHHSA B 3'OPTKAX
Y BATOBUX ®YHKIIOHAJBHUX IMTPOCTOPAX TA IX 3ACTOCYBAHHSI

We study the B-separability properties of elliptic convolution operators in weighted Besov spaces and establish sharp
estimates for the resolvents of the convolution operators. As a result, it is shown that these operators are positive and, in
addition, play the role of negative generators of analytic semigroups. Moreover, the maximal B-regularity properties of
the Cauchy problem for a parabolic convolution equation are established. Finally, these results are applied to obtain the
maximal regularity properties for anisotropic integro-differential equations and the system of infinitely many convolution
equations.

BuBuaOTHCS BIAacTHBOCTI B-cemnapabenbHOCTi eNNTHYHUX ONEepaTtopiB 3rOPTKH y 3BaKEHUX IpocTopax becosa. BeraHoB-
JICHO TOYHI OLIHKH JJIsl PE30JIbBEHT OIepaTopiB 3ropTkH. B pe3ynbrari mokasaHo, 110 i ONepaTopH € AOAATHUMH, a TAKOK
BiI’€MHHMH TeHepaTOpaMy aHATITHYHUX HaIiBrpyn. Kpim Toro, BCTaHOBJIEHO BIaCTUBOCTI MAaKCUMABHOI B -peryaspHoOCTi
3agaqi Komi 1t mapaGosigHOTO piBHAHHS y 3ropTKax. Lli pe3ynbTaTé 3aCTOCOBAHO A0 OTPHMAaHHS BIACTUBOCTEH MAaKCH-
MaJIbHOI PEeryIsIPHOCTI A1 aHI30TPOIHUX IHTErpo-An(epeHialbHAX PIBHSIHB Ta ISl CHCTEM HECKIHUYEHHOTO YHCIIa PIBHIHB
y 3TOpTKaXx.

Introduction. In recent years, maximal regularity properties for differential operator equations
have been studied extensively, e.g., in [1-8, 12, 13, 18, 20, 22, 26, 28, 29]. Moreover, convolution-
differential equations (CDEs) have been investigated, e.g., in [10, 16, 19, 21, 22, 27] and the references
therein. However, convolution differential-operator equations (CDOEs) is relatively less investigated
subject. In [14, 18, 21, 23, 24] parabolic type CDEs with operator coefficient was investigated. In
[15, 21] regularity properties of degenerate CDOEs studed in weighted L, spaces. In conrary to
these, the main aim of the present paper is to obtain separability property of the elliptic CDOE

(L—i—)\)u:Zaa*D“u—i—A*u—i—/\u:f(x) (1.1)

o<
and the maximal regularity property of the Cauchy problem for the parabolic CDOE

(2;:—1- aq * Du+Axu= f(t,x), u(0,r)=0

o<

in E-valued weighted Besov spaces, where E' is a Banach space, A = A(x) is a linear operator in
E, a, = a,(x) are complex-valued functions and A is a complex spectral parameter.

By using the Fourier multiplier theorems in weighted Banach valued Besov spaces By, ., (R E),
in Section 2 we derive the coercive estimate of resolvent and particularly and we show that this

operator is positive. Namely, we prove that for all f € B, , ., (R"; E) there is a unique solution

7q7’y(

l,s
u € BP#I»'Y

(R E(A),E)
of the problem (1.1) and the following uniformly estimate holds:
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SN flag * D ullpy, (ro;m) +

|| <1
+Axullps, (resp) + [MlullBs , (reiE) < Cllf s, (R7EB)-

Particularly, this result implies that if f € R™; E), then all terms of the equations (1.1) are

pQV(

also from B: __ (R™; F), (i.e., all terms are separated). This important effect allows to obtain some

P4y
spectral properties of the convolution operator Q).

Moreover, under some assumptions we conclude that the corresponding convolution operator )
has a domain coinciding with the Besov space

Bh: (R";E(A),E) = BL: (R%E)NBj,  (R";E(A))

and there are positive constants C; and Cs such that
ClHUHB,lD‘,Sq,W (R'IL;E(A) ) < HQUHBS ~(R™E) < CQHUHBL:S%W (R";E(A),E)

for all u € By~ (R E(A), E).

By using the positivity properties of the convolution operator () and the semigroup theory, in
Section 3 we conclude that the above Cauchy problem has a unique solution satisfying the coercive
estimate. In Sections 4 and 5, by putting concrete vector spaces instead of £ and concrete linear
operators instead of A, the maximal regularity properties of convolution differential operators are
obtained in vector valued Besov spaces.

1. Notations and background. Let F be a Banach space and v = y(x), = = (z1,z2,..., %),
be a positive measurable weighted function on a measurable subset 2 C R". Let Ly, ,(€2; E) denote
the space of strongly E-valued functions that are defined on §2 with the norm

1/
191y 00 = Wiy = [ (1@ () da) ™, 1<p <

Q

For vy(z) = 1, the space L, ~(§2; E) will be denoted by L, = L,(%; E),
1711 ) = I i) = €550 [3@)]| £2)] -

The weighted (x) we will consider satisfy an A, condition; i.e., y(z) € 4,, 1 < p < oo, if
there is a positive constant C' such that

p—1

1 / 1 __1
— [ y(x)dx /7 r=1(x)dx <C
Q| Q]
Q Q
for all compacts () C R".

Let C be the set of complex numbers and

Se={MAeC,|larg\| <p}U{0}, 0<p<m.
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Let Ey and Es be two Banach spaces and L(E7, Eo) denotes the spaces of bounded linear
operators acting from E; to Fsy. For Ey = Ey = E it will be denoted by L(E).

A closed linear operator function A = A(x) is said to be uniformly ¢-positive in Banach space
E, if D(A(z)) is dense in E and does not depend on z and there is a positive constant M so that

H(A(:U) + )\I)_luL(E) <M1+ )"

for every € R" and A € S,, ¢ € [0,7), where I is an identity operator in E. Sometimes instead
of A+ AI we will write A + X and it will be denoted by A,. It is known [25] (§ 1.15.1) that there
exists fractional powers AY of the positive operator A.

Let E(A?) denote the space D(A?) with graphical norm

1
[ull a0y = (lully + [ 4%]5)". 1<p<oo, —co<f<oo

Let S = S(R™; E), or simply S(FE) denotes Schwarz class, i.c., the space of E-valued rapidly
decreasing smooth functions on R"™ equipped with its usual topology generated by seminorms.
S(R™;C) denoted by just S.

Let S’(R™; E) denote the space of all continuous linear operators, L: S — F, equipped with
the bounded convergence topology. Recall S(R"; E) is norm dense in B, , . (R"; ') when

1<p<oo, 1<g<oo, 7vE€EA,.

We shall use Fourier analytic definition of weighted Besov spaces in this study. Therefore, we
need to consider some subsets {J;}7°, and {I;}7°, of R". Let {J}°, given by

Jo={teR":|t|<1}, Jy={teR": 2" <[t <2"} for keN.
Enlarge each J, to form a sequence {I;}72, of overlapping subsets defined by
Ip={teR":|t|<2}, Li={teR":2" 1< <2} for keN.

Next, we define the unity {¢y}ren, of functions from S(R™; R), where Ng = {0} UN, N =
= {1,2,...} is the of natural numbers. Let ¢» € S(R, R) be nonnegative function with support in
[271, 2], which satisfies

i Y(27Fs) =1 for se€ R\{0}

k=—o00

and
pe(t) =(27Mt), @) =1=Y @r(t) for keN, teR"
k=1

Let ¢, = 0 if k < 0. Later, we will need the following useful properties:

supp o C Ip, for each k € Ny,
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o
Z@k(s) =1 foreach se R",

Jm N'SUpp p = & if |m—k|l>1,
Pre-1(5) + @r(s) + pria(s) =1 for each s € supp i, k€ No.

Let1 <p < ¢ <ooands € R. The weighted Besov space is the set of all functions f € S’(R; F)
for which

o0

133 o5y = 17115 vsy = | {25 (B0 1) }

k=01lly(Lp,(R™E))

1

o
k . .
[Z 271 || @y, fH%pﬁ(Rn;E)] if g # oo,

k=0
o (21005 g ey | I 0= o0
is finite; here p and s are main and smoothness indexes respectively.
n
Let a = (a1, 0,...,a4), |a| = Z Ok where oy, are integers and D* = D' D3? ... Do,

An E-valued generalized function D®f is called a generalized derivative in the sense of Schwarz
distributions of the function f € S(R"™; E), equality

(D*f, ) = (=1)l*1(f, D)

holds for all p € S.
Let F' denote the Fourier transform. Through this section the Fourier transformation of a function
f will be denoted by f, Ff = f and F~'f = f. It is known that

F(Dgf) = (&)™ .. (&)™ ], Dg(F () = F|(=iw)™ .. (<izn)*" |

forall f € S'(R™; E), where £ = (&1,&2,...,&,) € R™.
Let Fy and E be two Banach spaces and Fj is continuously and densely embedded to E. Let [
/

0
is a positive integer and D! = Il Consider the F-valued function spaces defined by
Ly
B;f,‘sq,Y(Q;EO, E) = {u u € By, (% Eo), Diue By (4 E),
Il ez ) = Nl o + 3 Dl o oo}.
k=1

A function u € Bll,’fm (R"™, E(A), E) satisfying the equation (1.1) a.e. on R" is called a solution
of (1.1).

The CDOE (1.1) is said to be weighted B-separable (or B;qV(R”;E)—separable) if for all

f € B, ,,(R" E) it has a unique solution u € BL (R";E(A),E) and
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> llaa D%ullgs (nmy T 1A xulls;s , (rrim) < Cllf By, . (r7:E)-
o] <!

Let E; and E5 be two Banach spaces. A function ¥ € Lo (R™; L(E1, Es)) is called a multiplier

from By, (R";E1) to By, (R"; E2) for p € (1,00) and ¢ € [1,00] if the map v — Ku =

= F7 10 (¢)Fu, u € S(R™; E1) are well defined and extends to a bounded linear operator
K: By, (R"; E1) — By, (R"; E2).
M} (E1, Ey, s) denotes the collection of multiplier from By  (R™; Ey) to By (R™; E3). Let
Py = {\I/h S Mg(El,EQ,S), h e M(h)}

We say that ®;, is a collection of uniformly bounded multipliers (UBM) if there exists a positive
constant M/ independent on i € M (h) such that

| F~ W), Fu

B (i) S Mlullsg  (nimy)

forall h € M(h) and u € S(R"™; Ey).
Definition 1.1. Let E be a Banach space and 1 < p < 2. Let E so that

IEflle,, (rrsp) < CllfllL,reip)  foreach  f € S(R", E),

1 1
where — + — = 1. Then the space E is said to be the Fourier type p.
p P

Definition 1.2. Let A = A(x), x € R", be a closed linear operator in E with domain definition
D(A) independent of x. Then, the Fourier transformation of A(x) is defined as

<flu,g0> = (Au, @), u € D(A), ¢eSR").

(For details see [3, p. 7].)
Let he R,m € Nand e, k =1,2,...,n, be standart unit vectors of R". Let

Ap(h) f(x) = f(x + hey) — f(z).

Definition 1.3. Let A = A(x) be a closed linear operator in E with the domain definition D(A)
independent of x. It is differentiable if

A
o4 u = lim [2h) A()ullg < oo, ue€D(A).
axk h—0 h

Let A= A(z), x € R", be a closed linear operator in E with domain definition D(A) indepen-
dent of z and u € S'(R"; E(A)). We define the convolution A * u in the distribution sense (see,
e.g., [3]).

The space C™(Q; E) will denote the spaces of E-valued uniformly bounded, m-times conti-
nuously differentiable functions on ).

Let us first recall an important fact [11] (Corollary 4.11) that will used in this section.
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Theorem 1.1. Let p,q € [1,00]. If ¥ € C" (R”, L(Eq, Eg)) satisfies for some positive constant
K,

sup

(1+ fa]) ¥ ()| <K
rERM

L(E1,E2)

for each multiindex o with || < 1, then V is Fourier multiplier from By, ,(R", E1) to B, ,(R", E»)
provided one of the following conditions hold:

(a) FE1 and Es are arbitrary Banach spaces and | = n + 1;

(b) Ey and Ey are uniformly convex Banach spaces and | = n;

(c) E1 and Es have Fourier type p and | = [n-‘ + 1.
p
2. Convolution-elliptic operator equations. In this section we present the separability properties

of the CDOE

(L+MNu = Zaa*Dau+A*u+)\u:f(x),

| <l

where A = A(x) is a linear operator in a Banach space E, a, = a, () are complex valued functions
and )\ is a complex parameter.
We fined the sufficient conditions under which the problem is separable in B, , . (R"; E).
Condition 2.1. Let a, € Loo(R"™) such that the following conditions satisfied:

L&) = > aa(§)(i€)* € Spy,  |L()] = Clao(&)|l¢]',

| <l
a0 €)] = max|aq ()]

For proving the main result of this section let at first, show the following lemmas.
Lemma 2.1. Suppose the Condition 2.1 holds. Assume A(§) is an uniformly p-positive operator
in a Banach space E with 0 < ¢ < m — 1. Then operator functions

A~

0-0(57 >\) = )\G(f,)\), O-l(ga)‘) = A(&)G(&)‘)v

a(60) = 3 I T a0 (€) (i) G(EN)

o<t
are uniformly bounded, where

-1

G(&,\) = |A) + A+ L(©)
Proof. Let us note that for the sake of simplicity we shall note change constants in every step.

By virtue of [9] (Lemma 2.3), for L(§) € S,,, A € Sy, and ¢ + ¢ < 7 there is a positive constant
C so that

A+ L©)] = C (1A + |L©)]). @.1)
By using the resolvent properties of positive operators and by (2.1) we obtain
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-1
lo0(& Ml .y < MIAI |1+ I+ L] < Mo,

Hgl@’)‘)HL(E) = HI_ ()‘+L(§>)G<§7 )\)H <

L(E)
<1+ A+ LEO[IGE N g < 1T+ MPA+LEO|(1+ M+ LE©O]) " < M.

Next, let us consider oo. It is clear to see that

loa€ My = | 32 W Faa@@)°GEN|| <

|| <1

L(E)

<C Y M|aal€) {\SIW“} 1GE Nz <

la|<I

<0 Maa@©] I [’&H)\rﬂak 1GE M Loy

o<t k=1

Therefore, o2(&, A) is bounded if

> Wilaa(©] TT [led N~ 66N 1) < €

|a|<I k=1

Since A is uniformly positive and L(¢) € S,,, by using the well known inequalities
n
yrys® .. -y?‘L’"SC(lJrZyZ), ye >0, ol <1,
k=1

for 1y, = (|A|—%|gk\)ak we obtain

n

T [l e Dl <

|l <l k=1
<0 Maal@)] |14+ 3 16lA !
k=1

o<t
Taking into account Condition 2.1 and by (2.2) we get

CUA A+ l&l ([t
k=1

-1

[1+[X+L(&)]]

Joate Wi < I+ )] <

A+ Ll

k=1

<C

-1
{H A+ D |aa(©)] S“] <C.

laf<I
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1391

2.2)



1392 H. K. MUSAEYV, V. B. SHAKHMUROV

Lemma 2.2. Let all conditions of Lemma 2.1 hold. Let a,, € C™(R"), [Dﬁfl(f)]fl_l(g) €
€ C(R™,L(E)) for |8 <n+1 and

| [DBA(S)]A_I(@HL(E) <y, (2.3)

Then operator functions Dﬁaj (&, N), 7 =0,1,2, are uniformly bounded.

Proof. Let us first estimate ?}Z‘l . It is easy to see that
|DPaa(6)| < Co, IBl <n+1. (2.4)
Really,
0
|5, = Vb Wiy + Il
where
A() A(€) 2
and
~aa ] 9L(E) 2
B = 49| %52 |[ote )
By using (2.3) we get
oA A )
1o = ‘ P GRIGICEY)
' L(B)
A | &
< H D14 @| orle Ny <0
¢ L(E)

Due to resolvent properties of A and by using (2.3) we obtain

9A(E)

HI2 ¢

A7)

H"l(fv/\)Hi(E) <C.

o < H
L(E)

By using (2.3), (2.4) for A € S, and L(§) € Sy, with @1 + ¢ < 7 we have

oL
Il < |25 Bt W Bon Wy <
<o Y [|%e i+ anto e e nr ol <
lof <t ‘
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Then by using (2.2) we get from above ||I3]|1(z) < C. In a similar way the uniformly boundedness

0
of 00(§, \) is proved. Next we shall prove 8—602 (&, A) is uniformly bounded. Similarly,

“88&"2@, M = 1l + 12llge + 1 sll oy + 1l ey

where

= w2l e,

jal<!

_ z|:l AT g ()ici€ ™ (1) GI(E, N),
al<
Ty = Z|<:z N ag(6) (i)° [agg)][G(f,A)f

and _

5= ¥ T an©)° | oA |l )

o<

Let us first show J; is uniformly bounded. Since,

PAFTEDD

o<l

0aa (€
04

O =" o),

By resolvent properties of A, by virtue of (2.1), (2.2) and (2.4) we obtain /1] z(z) < C. In a similar
way by using (2.1), (2.2) and (2.4) we get

[ Jklloey <C, k=2,3,4.

Hence, operator functions j = 0,1,2, are uniformly bounded. Now, it remains to show

fz
DPo;(&,\) are uniformly bounded for |3 < n + 1. It is clear to see that
62
1% | < taucer + lucer + sl
where
0% A(€) 94" 2 0A(€) OL(€) )
li=—5a GEN — | e | [GEN] = =57 [GE ]
. 2 . -
9A(&) 2, OA(E) 0°A(€) 2
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A~

< 0AE) < || 0A oL
~2i()| 20 4| | 2 + 22 e, )+
iy OL(E) [0AE) | OL(€) 3
+A© T |+ S et )
_ 049 oL > e L) 2
By using resolvent properties of positive operator fl(ﬁ ) and conditions of lemma we have
PAE) - DA(E) - ?
il < | T A7) ‘ Joull + | ZEL 49| fout?+
OA(€) ; 0A oL | .
+2]o1 8§f>A—1<s>H| D4 22 ) loul®.

Then by using (2.1)~(2.4) we obtain from above ||/4]|;(zy < M. By using the same arguments
we get

From the representations of (£, \), 7 = 0, 1, 2, it easy to see that operator functions DP a;(&,N)
contain the similar terms as Ij; namely, the functions Do (€, \) will be represented as the combi-
nations of principal terms

[DmA(e) + €7 Dan(e)][A©) + A+ L)) @5)

where |m| < |B] and |o| + |y] < |5]. So, by using the similar arguments as above we obtain
D&M <C, j=0.12

Hence, we get operator functions D0 (¢, \) are uniformly bounded for each multiindex |3| <
<n-+1.
Lemma 2.3. Let all conditions of Lemma 2.2 are satisfied and

D% < vl |[[D°A@]AT @), <O 2.6)

Then the estimates hold
€171D%05(& M ) < M, 5 =10,1,2,

foralln <|B| <n+1and& € R".
Proof. Since, Dﬁoj (&, A) is in the form of (2.5), by reasoning as in Lemma 2.2, by (2.6) we
have

that in its turn implies assertion of Lemma 2.3.
From Lemma 2.3 we obtain the following corollary.

6" Doos(e N, <O G=002 =12
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Corollary 2.1. Let all conditions of Lemma 2.3 are satisfied, p,q € [1,00). Then operator-

functions a;(§,)), j =0,1,2, are UBM in By , ., (R"; E).

Proof. To prove 0;(§,)) are UBM in B, (R"; E), we need the following estimates:
|@+ighmDPeyie, 0| <K, K>,

Loo(R™,L(E))
for ¢ € R™\0, |8] < n + 1. From Lemma 2.3 it follows o; € C(™(R™\0, L(E)) and

| DPos(e, A <K,  [¢"|DPay( <Ky, n<|B<n+l

HL (E))) (€ A) HLoo(L (E)))

Hence, operator functions (£, ) are Fourier multipliers in By . (R", E). Let we denote
By (R, E) by X.
Now we are ready to state the main result of the present section.

Condition 2.2. Suppose the following conditions be satisfied:
M) L) = Y3 € Spu, L] = Clao(©)]Ie]'

= (&1,&,...,6n) € R
(2) FE is a Banach space;
(3) A(¢) is an uniformly ¢-positive operator in E, with 0 < ¢ < 7— ¢; and

[DPA(¢)]A1(¢) € C(R™ L(E)),

a0(€)| = maXq ‘da(€)|’ £ =

io € C(R"), |6 |DPaa(©)| < C1. k<8l <n+ 1,
| [p*A@]A @), <o k<iBl<n+l
Theorem 2.1. Suppose the Condition 2.2 is satisfied, then for f € B, . (R"; E), p,q € [1,00),
the equation (1.1) has a unique solution u € Bp:qﬁ (R”, (A), E) and the following coercive uniform
estimate holds:

Alllallx + > A | = D%l + | A= ullx < C|fllx 2.7)

<t

Jor X € S, with |A\| > Ao > 0.
Proof. By applying the Fourier transform to equation (1.1), we obtain
[A(©) + L&) + Nw'(€) = £°(€).
Since L(§) € S, for £ € R™ and A is a positive operator in E, we get [fl(ﬁ) + L(§) + A e
€ L(E). So we obtain that the solution of the equation (1.1) can be represented in the form

-1

u(z) = FHAE) + X+ L] 1
There are positive constants C'; and Cy such that
CiMlullx < [|[F7 o0& N ] < CalMlllullx,
CrllAxullx < [[F7 o1&, ) ]y < CollA *ullx, (2.8)
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_lal o _ .
C1 D> N7 flaa * Dullx < [|F7 [oa(& M) f ] <

o<l

X

_le
<y SN flaax Dl

o<l

where
- - 1

o0(6,0) = A[AE) + A+ L(E)] T, au(e,N) = A©)[A©) + A+ L(©)] ',
(& 0) = S N T aa(€) (i) [A©) + A+ L()] .

o<l

To show the estimate (2.7) it is enough to prove that operator functions o;(§, A), j =0,1,2, are
UBM in X. This fact is obtained from the Lemma 2.3. That is we obtain the assertion.

Let @) be the operator in X = Bf,’(m(R”; E) generated by problem (1.1) for A =0, i.e.,

D(Q) C Xo =B}, (R E(A),E), Qu= )Y aoxDu+Axu.
<t

Result 2.1. Assume all conditions of Theorem 2.1 hold. Then for all A € S,, [A| > Ag > 0,
there exist the resolvent of operator () and the following estimate holds:

> eax [pr@+ 0T+

o<t L0

@+ N ) + 1A% @+ N7 ) = €
Condition 2.3. Let
D(A) = D(A) = D(A(&)), & < R™.
Moreover, there are positive constants Cy and Cy so that for u € D(A), x € R™,
a1l At < Al < ol Aéoyal|

Remark 2.1. The Condition 2.2 is checked for regular elliptic operators with sufficiently smooth
coefficients. Really, by setting £ = Ly, (2), p1 € (1,00), for bounded domain 2 C R™ with
enough smooth boundary 92 and by putting regular elliptic operators instead of A(z) and A(€) one
can get it. So, by virtue of [17, 19] we obtain that the operators A(z), A(f ) are positive and the
above estimates hold.

Theorem 2.2. Assume all conditions of Theorem 2.1 and Condition 2.3 are satisfied. Then the
problem (1.1) has a unique solution u € X and the coercive uniform estimate holds

g
DN T ID )y + ([ Aullx < O fllx

|| <l
forall fe X, pqe(l,00)and X € S, with |\| > Xg > 0.
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Proof. By applying the Fourier transform to equation (1.1), we have u(§) = D(&,\) (),
where

1

DN =[A©) + L) +N)] .

~

So we obtain that the solution of equation (1.1) can be represented as u(x) = F~1D(& ) f
Moreover, by Condition 2.2 we get

|AF~'D(E, ) £

x < MA@ FDENS|

Hence, by using (2.8) it sufficient to show that the operator functions
_lal g :
D WITTEDE N and  A(&)D(EN)
o<t

are UBMs in X. Really, in view of (3) part of Condition 2.2 these fact are proved by reasoning as in
Lemma 2.3.
Condition 2.4. There are positive constants C; and C5 such that

n n

C1) \akfk’l <L) <Y ’akﬁk}17 §#0,

k=1 k=1
and
D(A) = D(A) = D(A(z0)),  A(§)A™ (x0) € Lo (R"; B(E)), & 20 € R,

, ue D(A), =zeR"

Theorem 2.3. Let all conditions of Theorem 2.2 and Condition 2.4 hold. Then for u € X there
are positive constants My and M so that

Milulxy < ) |Jaa * D¥ul|  + [|[A s ul x < Mol|ullx,-
<t

Proof. The left part of the above inequality is obtained from Theorem 2.2. So, it remains to
prove the right-hand side of the estimate. Really, from Condition 2.3 we have

|A*u|x < M||F~'Aq

x SO|FAaT @) Aoil| <

< C||F'A(zo)t

v S ClAullx, u e Xo.

Hence, applying the Fourier transform to equation (1.1) and by reasoning as Theorem 2.2, it is
sufficient to prove that the function

n —1
S e [z sf:]
k=1

|al<l

is a multiplier in X. Then by using Condition 2.3 and proof of Lemma 2.3 we get the desired result.
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Result 2.2. Theorem 2.3 implies the estimate

Cillullx, < lQullx < Callullx,

for u € Xj.

Result 2.3. Result 2.1 particularly implies that the operator ) + a is positive in X for a > 0,
ie., if A is uniformly positive for ¢ € (g, ﬂ'), then it is clear to see that the operator () + a is a
generator of an analytic semigroup in X.

3. The Cauchy problem for parabolic CDOE. In this section we derive the maximal regularity
properties of parabolic CDOE.

Let Ey and E be two Banach spaces, where Fj is continuously and densely embedded into
E.Let X = B, (R E), Y = BS__(Ry; X) and Xo = By~ (R"; Eo, E). B3 (RY; Eo, E)

P:q,Y P:q,Y
denotes the space of all functions u € Bll,’%l’f, (R"; Eo, E) that possess the generalized derivatives
Diu, Dgu € By, (R1; X)
with the norm
”uHBl % (R" Eo E) H HBZ‘ZW (R45X + HDtu”ngv (R45X + HDO‘ Bj g (R43:X)°
Consider the Cauchy problem for parabolic CDOE
0
S+ Y aaxDut Axu=f(ta), u(0,x)=0, (3.1)

la|<i
where A = A(x) is a linear operator in F, a, = a,(z) are complex-valued functions.
Theorem 3.1. Assume Condition 2.2 holds for ¢ € (g, 7T>, s > 0. Suppose v € A, and E is

a Banach space satisﬁeg the B-weighted multiplier condition. Then for f € Y the problem (3.1) has
a unique solution u € B;f,’z’s (R"'H' E(A), E) satisfying the estimate

Proof. 1t is clear to see that
Rl,1,s n+1, 1,s
B, o*(RYTS E(A),E) = Byi(Ry; D (Q),X).

Lt > llaa * D*ully + [|[Axully < C|flly. (3.2)
|| <1

Fom the Result 2.1 that the operator () is positive in X for ¢ > —. Then it is known that the operator

() generated an analytic semigroup in X. It is easy to see that the problem (3.1) can be expressed as
the following problem:

ou

o tQut)=f®),  u(0)=0, teRy. (3.3)

In view of resolvent properties of @), ¢ € , by virtue of [3] (Proposition 8.10), [15,

T
—r
2

19] and by Result 2.2 we obtain that, for f € Y the equation (3.3) has a unique solution u €

€ ByS (R4; D(Q), X) satisfying
du
ot

By Theorem 2.1 and estimate (3.4) we obtain (3.2).

+Qullx < Cliflix- (34
X

ISSN 1027-3190.  Yxp. mam. oucypu., 2017, m. 69, Ne 10



B-COERCIVE CONVOLUTION EQUATIONS IN WEIGHTED FUNCTION SPACES AND APPLICATIONS 1399

4. Degenerate convolution elliptic equations. Consider the F-valued weighted Besov spaces
z[o]qv(Q Ey, E) defined as

Bl (0; Ey, ):{uueB ( Eo), UlueB;M(Q;E)},

Byg P.q,Y
lull s .0,y = Nl Bs (3 0) + Z HD[Z] BigaiE) 0
Let us consider the following degenerate elliptic CDOE:
(L+Nu=> ag+Du+Axu+iu=f (4.1)
|| <l
We shall show that for all f € B, , . (R"; E) and sufficiently large [A[, A € S, the equation (4.1)

has a unique solution u € B},JQW (R™; E(A), E) and the coercive uniform estimate

lol

NPT ‘a *D[a}u‘ + || A * u|| gs n.m) + Al gs <

MZ; | . e oy T 1Al )+ Wil e

< C|lfllss, . (rmE) (4.2)
holds.
Recall that 4 (z), k = 1,2,...,n, are positive measurable functions in R and

(o] _ ploal o2l plan] o] _ (= ON* L _ s s -

D :Dl D2 "'Dn"a Dk = ’Yk’(:l:k’)aixk 3 ’7:(717’723---7771)-

It is clear that under the substitution
Ty

” / 571 (y) dy @.3)
0

spaces Bs (R"; E) and B,[)l],}s (R"; E(A), E) are mapped isomorphically onto the weighted spaces

Bs .. 7(R” E), By~ (R"; E(A), E) respectively, where

v =[] (zx(z0))-
k=1

Moreover, under substitution (4.3) the degenerate problem (4.1) is redused to the following nonde-
generate problem:

(L+)\)u:Zaa*Dau+A*u+)\u:f (4.4)

|al<t

considered in weighted space B, V(R”; E), where A is a linear operator in Banach space E and
aq, are complex numbers.
Now, we consider Cauchy problem the degenerate parabolic convolution equation
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0
8—1;4— ao * Dy + Axu = f(t,2),
la|<t (4.5)

u(0,z) =0, te Ry, xz€R.

In a similar way, under the substitution (4.3) the degenerate Cauchy problem (4.5) considered in
B, (R"E) is transformed into undegenerate Cauchy problem (3.1) considered in the weighted
space By (R E).

Let H be the operator generated by problem (4.1), i.e.,

D(H) = Bl (R E(A),E),  Hu= ) aq+Dut Axu,

|| <l

and we denote B, , . (R"; E) by X.

From Theorems 2.1 and 3.1 we obtain the following results.
Result 4.1. Under conditions of Theorem 2.1 and (4.3) the equation (4.1) has a unique solution
u(z) that belongs to space B;,[)l,][fv(R”; E(A), E) and the coercive uniform estimate

_lol o
Y N [Jaa x Dl + A% ullx + Alllullx < ClLfllx
o<l
holds for all f € By, . (R"; E) and for sufficiently large A € S,.
Moreover, for A € S, there exist the resolvent of operator H and has the estimate
_lal o _
> AT [|ag * DIIH + ) Moo+
o] <l
-1 -1
H| A (H AN ey + [AH AN |y < €

Result 4.2. Forall f € By . (
the following coercive estimate:

5. Boundary-value problems for CDEs. In this section the boundary-value problems (BVPs)
for the anisotropic type integro-differential equations is studied. The maximal regularity properties of
norm is obtained. In this direction it can be mention, e.g., the

R ; X) there is unique solution u (¢, x) of problem (4.1) satisfying

ou

ot ||y

£ 3 oo DI+ 145 ully < Clifly-
al<l

this problem in weighted mixed B, , .,

works [3, 10, 11, 16, 19]. Let Q = R" x ., where Q C R is an open connected set with compact
C?™-boundary ). Consider the BVP for CDE

(L+Nu= Z Go * D% + Z (bacaDg‘) xu—+ Au = f(x,y), 5.1

|a|<I |ar| <2m

xr€R" yeQcCRH

= > bjs(y)Diu(z,y) =0, ye o, (5.2)
‘/3|§m1
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where

0
D] :_Z@ y:(yh'"?y,u)v aa:aa($)7 ba:ba(.’ﬂ), Ca:Ca(y)a
J

a=(a,a,...,0p), u=u(z,y), j=12,...,m.
Let @ = R" x Q, p =(p1,p), and v(z) = [2|%, Lp () will be denote the space of all p-summable

scalar-valued functions with weighted mixed norm (see, e.g., [7], § 1), i.e., the space of all measurable
functions f defined on €2, for which

190, (@) = / /|fxy|p1 D | dy| <o

Analogously Bj, , ., (Q) denotes the Besov space with corresponding weighted mixed norm [7] (§ 18)
and let

B]i,q Y (Q) B; a,Y (Rn Bgl q, ’Y(Q))

nl,2m,s l,s n. R2m,s s
B (@) = By (B B (9). By, ().

Let @ denote the operator generated by BVP (5.1), (5.2).
In general, [ # 2m so equation (5.1) is anisotropic. For [ = 2m we get isotropic equation.
Theorem 5.1. Let the following conditions be satisfied:
(1) ca € C(Q) for each |a| = 2m and co € Loo(Q) + Ly, () for each |a| = k < 2m with
l
re >p1, p1 € (Loo)and 2m —k > —, -1 <a<p—1,k=1,2,...,n;
Tk
(2) bjg € C*™=™i(9Q) for each j, B, mj < 2m, p, q € (1, 00);

() foryeQ, €€ R*, A€ Sy, g0 € < > 6]+ [N £ 0, let X+
(4) for each yy € 0N local BVP in local coordinates corresponding to g

A+ D calyo)D¥g(y) =0,

|a|=2m

Bjog= Y bislyo)D’gy) =hj, j=1,2,...,m,
|8=m;

(y)€* # 0;

|a|=2m

has a unique solution g(y) € Co (Ry) for all h = (h1,ha, ..., hy) € R™ and for £ € R*1 with
€]+ |\ # 0; A

(5) the (1) part of Condition 2.2 satisfied; aq, by € C™ (R™) and there are positive constants
C4 and C5, so that

€| DPaa(€)] < 1. 1€]F|DPba(€)] < Ca

Jorall k < |B| <n+1and§ € R"\{0}.
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Then for all f € B’;,M(Q) problem (5.1), (5.2) has a unique solution u € Bll[;?q%’S (Q) and the

following coercive uniform estimate holds:

1—m fe 5 5
>0 N llaw D%l oy + el gy, (@)t

o<

+ Z HbacaDa *UHBE’;A,W(Q) = CHfHBIs)’m(Q)

jaj<2m

for X € S, and ¢ € [0, 7).
Proof. Let X = BS __(£2). Consider the operator A defined by the following equalities:

p1,9,Y
D(A) = By™* (; Bju = 0), A= ba(r)ca(y)Du(y). (5.3)
o <2m

The problem (5.1), (5.2) can be rewritten in the form of (1.1), where u(z) = u(z,-), f(z) =
= f(z,) are functions with values in X = B, (). Itis easy to see that A({) and DB A(¢) are
operators in X defined by

D(A) = D(DPA) = B2™*(Q; Bju = 0),

P1,9
A©u= 3" bal&)caly)Du(y), |6 <n, (5.4)
|a|<2m
DA u= 3" Dfba(€)caly)Du(y).
|| <2m

In view of conditions (1)—(5) and by virtue of [17, 19] the operators A(£) + A and DPA(E) + A
for sufficiently large A > 0 are uniformly positive in X. Moreover, following problems for f € X
and for arg A € S, |A| = oo:

Mu(y) + Y ba(€)ealy)Duly) = f(y),

|ar| <2m
(5.5)
Bju= Y big(y)D’uly) =0, j=1,2,....m,
18|<m;
Mu(y) + Y DPba(€)caly)Duly) = £(y),
a<2m
(5.6)
Bju = Z bjg(y)Dﬂu(y) =0, j=1,2,...,m,
|Bl<m;
has unique solutions belong to lenféfv((l) and the coercive estimates hold
lull e gy < CIA© + Nullys  lullgene @ < CIDPAEQ + Nully 67

for solutions of problems (5.5) and (5.6) respectively. Then by (5.4) in view of (5) condition and by
virtue of embedding theorems [7] (§ 18.4) and [21] we obtain
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[(A(€) + Nul|y < Cllull gzms () < Cl|(A©) + Nl x
[(DPAE) + Mu| < Cllull gzme () < C|[(DPA(E) + A)ul| - (5.8)

Morever by using condition (5), for u € By, (€) we have

€D AE) + Nl < CI(AE) + Nl s
i.e., all conditions of Theorem 2.1 hold and we obtain the assertion.

6. The system of infinite many integro-differential equations. Consider the following infinity
system of convolution equation:

oo
S o D + > djxuj(w) + Au = fn(z),  zE€R", m=1,2,...,00. (6.1)
\a|§l 7j=1

Condition 6.1. There are positive constants C; and Cs so that for {d](:c)}io €l, forall z € R"
and some xy € R,

Cildj(xo)| < |dj(x)] < Cald;(x0)|.
Let

D(z) ={dn(x)}, dn>0, u={un}, Dxu={dpy*un},

m=1,2,...,00,

1
(D) = ut u€ by, |Jully,py = |ID =ul|, = (Z |dom (20) *umy’“> <oop, l<r<oo.
m=1

Let @ be a differential operator in X = B, (R”; lr) generated by problem (6.1) and B =
= L(Bj,(R"1.)). Here y(z) = |z|*, -1 <a <p—1.

Theorem 6.1. Suppose the first part of Conditions 2.1 and 6.1 hold, ay,dy, € C"™(R™) and
there are positive constants C1 and Cy so that

€/f[Doan(©)| < C1, 1€l D dn(€)] < O

SJorall k < |B| <n+1and { € R™\{0}.
Then:
(a) forall f(x) ={fm(2)}7" € Bs, (R";1,(D)) for A € Sy, ¢ € [0,7), problem (6.1) has a

unique solution u = {u,,(x)}7° that belongs to space Bé’,‘:’m (R™;1,(D),1,) and the coercive uniform
estimate

_lal N
DI flaa * Dl + 1D * ullx + Alllullx < C||fllx (6.2)
<t

holds for the solution of the problem (6.1);
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(b) for A € S, there exists a resolvent (Q + \)~! of operator Q and

ST [laa  [DHQ+ V|| +

lal <l
+Dx Q@+ N+ MR+N Tz <C (6.3)
Proof. Really, let E = I,, A be infinite matrices, such that
A= ldn(2)djm], m,j=1,2,...,00.
Then
A©) = [dn(©)djm], D A(E) = [D dm(&)djm], m,j=1,2,...,00.

It is clear to see that A and Dﬁfl(f) are uniformly positive in [,.. Therefore, by virtue of
Theorem 2.1 and Result 2.1 we obtain that the problem (6.1) for all f € X and A € S, has a unique
solution u € le;jzﬁ (R"™;1.(D),l,) and estimates (6.2), (6.3) are satisfied.

Remark 6.1. There are a lot of positive operators in concrete Banach spaces. Therefore, putting
concrete Banach spaces instead of E and concrete positive differential, pseudodifferential operators,
or finite, infinite matrices, etc. instead of operator A on (1.1) or (3.1) we can obtain the maximal
regularity properties of different class of convolution equations and Cauchy problems for parabolic
CDOE:s or system of equations by virtue of Theorems 2.1 and 3.1.

References

1. Agarwal R. P, Bohner R., Shakhmurov V. B. Maximal regular boundary value problems in Banach-valued weighted
spaces // Bound. Value Probl. — 2005. — 1. — P. 9-42.
2. Amann H. Linear and quasi-linear equations. — Birkhduser, 1995. — Vol. 1.
3. Amann H. Operator-valued Fourier multipliers, vector-valued Besov spaces, and applications // Math. Nachr. — 1997. —
186. — S. 5-56.
Arendt W., Bu S. Tools for maximal regularity // Math. Proc. Cambridge Phil. Soc. — 2003. — 134. — P. 317-336.
5. Ashyralyev A. A survey of results in the theory of fractional spaces generated by positive operators / TWMS J. Pure
and Appl. Math. — 2015. — 6, Ne 2. — P. 129-157.
6. Bhalekar S., Patade J. Analytical solutions of nonlinear equations with proportional delays // Appl. and Comput.
Math. — 2016. — 15, Ne 3. — P. 331 -345.
7. Besov O. V, Ilin V. P, Nikolskii S. M. Integral representations of functions and embedding theorems. — Moscow,
1975.
8. Bota C., Caruntu B., Lazureanu C. The least square homotopy perturbation method for boundary value problems //
Appl. and Comput. Math. — 2017. — 16, Ne 1. — P. 39-47.
9. Dore G., Yakubov S. Semigroup estimates and non coercive boundary value problems // Semigroup Forum. — 2000. —
60. - P. 93-121.
10. Engler H. Strong solutions of quasiliniar integro-differential equations with singular kernels in several space dimension
// Electron. J. Different. Equat. — 1995. — 1995, Ne 2. — P. 1-16.
11.  Girardi M., Weis L. Operator-valued multiplier theorems on Besov spaces // Math. Nachr. — 2003. — 251. — S. 34-51.
12.  Gorbachuk V. I, Gorbachuk M. L. Boundary value problems for differential-operator equations. — Kiev: Naukova
Dumka, 1984.
13. Huang Y, Liu Z. H., Wang R. Quasilinearization for higher order impulsive fractional differential equations // Appl.
and Comput. Math. — 2016. — 15, Ne 2. = P. 159-171.
14. Keyantuo V., Lizama C. Maximal regularity for a class of integro-differential equations with infinite delay in Banach
spaces // Stud. Math. — 2005. — 168. — P. 25-50.

ISSN 1027-3190.  Yxp. mam. oucypu., 2017, m. 69, Ne 10



B-COERCIVE CONVOLUTION EQUATIONS IN WEIGHTED FUNCTION SPACES AND APPLICATIONS 1405

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

Musaev H. K., Shakhmurov V. B. Regularity properties of degenerate convolution-elliptic equations // Bound. Value
Probl. — 2016. - 50. - P. 1-19.

Poblete V. Solutions of second-order integro-differential equations on periodic Besov spaces // Proc. Edinburgh Math.
Soc. —2007. — 50, Ne 2. — P. 477-492.

Priiss J. Evolutionary integral equations and applications. — Basel: Birkhduser, 1993.

Shakhmurov V. B. B-separable anisotropic convolution operators and applications // Georg. Math. J. — 2013. - 20,
Ne 1. - P. 129-149.

Shakmurov V. B. Embedding operators in vector-valued weighted Besov spaces and applications // J. Funct. Spaces
and Appl. — 2012. — 2012. -15 p.

Shakhmurov V. B. Embedding theorems in Banach-valued B-spaces and maximal B-regular differential operator
equations // J. Inequal. and Appl. — 2006. — P. 1-22.

Shakhmurov V. B., Musaev H. K. Separability properties of convolution-differential operator equations in weighted
Ly, spaces // Appl. and Comput. Math. — 2015. — 14, Ne 2. — P. 221 -233.

Shakhmurov V. B., Musaev H. Maximal regular convolution-differential equations in weighted Besov spaces // Appl.
and Comput. Math. — 2017. — 16, Ne 2. — P. 190-200.

Shakhmurov V. B., Shahmurov R. Maximal B-regular integro-differential equations // Chinese Ann. Math. — 2008. —
30, Ne 1. - P. 39-50.

Shakhmurov V. B., Shahmurov R. Sectorial operators with convolution term // Math. Inequal. and Appl. — 2010. — 13,
Ne 2. — P. 387-404.

Triebel H. Interpolation theory. Function spaces. Differential operators. — Amsterdam: North-Holland, 1978.
Vashisht L. K. Banach frames generated by compact operators associated with a boundary value problem // TWMS
J. Pure and Appl. Math. — 2015. — 6, Ne 2. — P. 254 -258.

Vergara V. Maximal regularity and global well-posedness for a phase field system with memory // J. Integral Equat.
and Appl. — 2007. - 19, Ne 1. - P. 93-115.

Yakubov S., Yakubov Ya. Differential-operator equations. Ordinary and partial differential equations. — Boca Raton:
Chapmen and Hall / CRC, 2000.

Zhang Lihong, Ahmad Bashir, Wang Guotao. Existence and approximation of positive solutions for nonlinear fractional
integro-differential boundary value problems on an unbounded domain // Appl. and Comput. Math. — 2016. — 15,
Ne 2. —P. 149-158.

Received 05.04.16

ISSN 1027-3190.  Ykp. mam. scypn., 2017, m. 69, Ne 10



