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NOJYTPYHIIBI DHAOTOIIU3MOB DOOPEKTUBHbBIX
CBSI3HBIX OTHOIUEHU
For binary relations satisfying the conditions of efficiency and connectedness, it is shown that the semigroup of all

endotopisms of any effective and connected binary relation characterizes this relation to within an isotopism or an
antiisotopism.

Jyist GiHApHUX BiTHOIICHB, 10 33J0BOJIBHAIOTH YMOBH ¢(PEKTUBHOCTI Ta 3B’ I3HOCTI, JOBEICHO, 110 HAMIBIPYIIa CHIOTOIMI3MiB
Oy/b-SIKOTO TaKOTO BiJHONICHHS XapaKTepu3ye Ii¢ OiHapHe BIIHOMIEHHS 3 TOYHICTIO 0 130TOMI3MY a00 aHTHi30TOMI3MY.

1. BBenenne. VccienoBanuio cBsizedd 1000i anreOpandeckodl CHUCTEMbI C IMPOM3BOIHBIMH CTPYK-
TypaMH, TAKUMH Kak TpyIIa aBTOMOP(QU3MOB, MOIYrpyINa SHAOMOP(PHU3IMOB, pEIIETKa MMOJCHUCTEM,
pemeTka KOHTPYIHITHH, TOCBSIIEHO OOJBIIOE KOMWYECTBO padoT (cm., Hampumep, [1—3]). OmHoit
U3 MEepBbIX paboT, B KOTOPOH ObUIAa pacCMOTpPEHA CBSI3b OMHAPHOI'O OTHOIIEHMS C COOTBETCTBYIOLLEH
eMy HOJIyrpynnoi 3HA0MOp(U3MOB, sABisiercs ctathbs JI. M. Imyckuna [4], rae mokaszaHo, 4To j1r00oe
OTHOLIEHHE KBAa3UIOPAIKa ONPEesieTCs OMyTpy ol SHIOMOP(HU3MOB 3TOTO OTHOILIEHHS C TOYHO-
CTBIO 10 m3oMop(du3Ma mimn antTumomopdusma. B To xe Bpems JI. b. lllnenepman B [5] moxkasan,
9TO pe3ynsTar [IyckrHa HEBO3MOXKHO IIEPEHECTH Ha KJlacc BceX pe(uIeKCHBHBIX OMHAPHBIX OTHOILIIE-
HU, IPH 3TOM UM ObUIM Hal/IeHbl a0CTPAKTHBIC XapaKTEPUCTHKU TOJIyTPYIIIBI BCEX SHIOMOP(PHU3MOB
KBa3UyHOPSI0YEHHOTO MHOXKECTBA M KBa3UYIOPSAAOUYEHHON MOIYTPYMIIBI BCEX 3HIOMOPHHU3MOB OT-
HomeHns kBazumopsaaka. [lozxke b. B. [lomos [6] u3 kiacca pedieKkCHBHBIX OMHAPHBIX OTHOIICHHN
BBIJICIIWII [IOAKJIACC, HA KOTOPBIH PacIpOCTpaHMil yIIOMSHYTHIH BhIIIe pe3yabrar [ryckuHa.

Jannas paborta mocesimmeHa U3y4eHnI0 3((GEeKTHBHBIX OMHAPHBIX OTHOIICHWH M CBSI3W ITHX OT-
HOUIEHUH C MX MOJIyTPYyNION 3HIOTONM3MOB, KOTOPas ¢ TOYHOCTHIO O M30MOpGH3Ma COAEPKHUT B
cebe monmyrpyniy sna0Mopdu3MoB. [lonstue sumoronusma O6buto BBeaeHo b. B. Tlonoeim [7] kak
000011IeHHe TOHATHS 3HI0MOpU3Ma IS CITydasl (4-apHbIX OTHOIIEHHH. C MOMOIIBIO MOIYTPYII 3H-
JOTOMTU3MOB MM OBIIM OXapaKTEePH30BaHBI C TOYHOCTHIO JI0 M30TOMU3Ma OMpEeAeNIeHHbIE CTPYKTYPHI
9TUX oTHomeHui. Kpome Toro, okaspiBaeTcs, MOJIyrpyIna SHAOTOIMU3MOB IPOU3BOJIBHOIO OHMHAp-
HOTO OTHOILEHUS, ONpPEJEIEHHOI0 Ha HEKOTOPOM MHOMKECTBE, SIBJISETCSI COOTBETCTBUEM (B CMBICIIE
A. T. Kypoma [8]) cuMMeTpHyecKoil MOIyTpyNIibl Ha 3TOM MHO)XKecTBe. B wacTHOCTH, myst 150001
9KBUBAJICHTHOCTH IIOJIyTPYMIIa BCEX €€ SHAOTONU3MOB SIBIISIETCSI COOTBETCTBHEM HOIYTPYIIIBl 3HIO-
MOP(U3MOB TOH ke IKBUBaJICHTHOCTH [9]. HekoTopeie cBOHCTBA HMOIYTpyNIIbl 3HAOTOIM3MOB IIPOU3-
BOJILHOTO OTHOIICHUS 3KBUBAJICHTHOCTU M3y4anuch B [10].

OmnuiieM KpaTko CTPYKTypy paboTel. B m. 2 mpuBeaeHbsl HEOOXOIUMBIE ONPEAETICHUS U BCIIOMO-
raresibHble yTBepKAeHusA. B m. 3 Ha aeMeHTax MUHUMAJIBHOTO Hjealla MMONyTPyIIbl SHAOTOIH3MOB
OMHAPHOTO OTHOIMIEHHUS C ITOMOIIBIO CBOIMCTB TOJNBKO ONEpaIii YMHOKEHHUS TOCTPOEHO HOBOE OTHO-
LIeHHEe, N30TOITHOE JaHHOMY OMHAapHOMY OTHOLICHHUIO (JieMMa 4). YCTaHOBIJIEHO, 4TO eciIu OMHAapHOe
OTHOILEHHUE YIOBJIETBOPSET YCIOBUIO 3()(PEKTUBHOCTH U CBI3HOCTH, TO HOIYrpyMIla 3HAOTONU3MOB
oTpefieNiAeT 3TO OMHApHOE OTHOIIEHHE ¢ TOYHOCTBIO O TaK HA3bIBAEMOIO HM30TOMU3Ma WM aH-
THU30TONM3MA (TeopeMa 1). AHANOTHYHAAA XapaKTEpUCTHKA TaKkKe CIIPAaBEIINBA IS MOIYTPYTIIThI
3HI0MOP(PU3MOB 3(P(HEKTUBHBIX CBSI3HBIX OTHOLIECHUH (TeopeMa 2). Bece moHATHS, KOTOpBIE HE Ompe-
JeNAoTCs B pabote, MOXXKHO HalTH B [13, 14].
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378 E. A. TOMYKHNHA

2. OcHOBHbIE OHSITHS M BeroMorareabHble JJemMbl. 2.1. ITycts p C A X B — npou3BojibHOE
OuHapHOe OTHOIICHHWE, e A U B — MHOXECTBa, COAEpIKAIIUe HE MEHEE JBYX JIEMEHTOB. 371eCh
paccmarpuBatotcsi ciydan, korma A = B u A N B = <. bunapHoe OTHOIICHHE p Ha3bIBACTCS
sddexruBrbIM, eciu {z € A|Jy € B: (z,y) € p} =Au{ye B3z € A: (z,y) € p} = B.

bunaproe otHomrenue p C A X B Ha3bIBaeTCs CBA3HBIM [14], ecu He CYIIECTBYIOT HEIYCThIX
MHOXeCTB A1, Ag, By 1 By, Takux uto AfUAs = A, BiUBy, =B, AiNAy, =3, BiNBy =2 u

1% - (A1 X Bl) U (AQ X BQ).

B nanpHeiimem OyneM paccMarpuBaTh TOJIBKO 3G QEKTUBHBIC U CBA3HBIC OWHAPHBIC OTHOIICHHS,
IIPH ATOM CJI0Ba ,,3pPeKTUBHOE” U ,,CBA3HOE” OyIeM OITyCKaTh.

bunapubie otHOmeHust p C AxX B u p/ C A’ x B’ naspiBarorcst H30TONHBIME [7], eciii CYILLIECTBYET
Takas yrnopsiioueHHas napa (7, o) OHeKTHBHbBIX 0TOOpaXkeHuit 7: A — A',o: B — B',4ro mns Beex
reA yeB

(x,y) € p & (27,y0) €.

DHIO0TONM3MOM OMHAPHOTO OTHOILICHUS p HA3bIBACTCs YHOPsIOUeHHas mapa (@1, p2), TIe @1 —
mpeoOpa3oBaHue MHOKeCTBa A, a (o — npeodpa3oBaHUe MHOXKECTBA I3, Takas, 4To JJis BceX « € A,
yeB

(z,y) € p= (zp1,y2) € p-

Ecnu mpeobpazoBanus @1 U @2 OUEKTUBHBI U

(r,y) € p& (z01,yp2) € p,

TO yHOpsiIoueHHas mapa (o1, o) Ha3bIBAETCS aBTOTOMU3MOM OTHOILICHHUS p.

[Tycte E't(p) — MHOXKECTBO BCEX DHAOTONMU3MOB OMHAPHOTO OTHOIICHHS p. JIETKO BHUIETH, YTO
Et(p) OTHOCHUTENBHO OIEpaliy MOKOMIIOHEHTHOTO YMHOKEHHs oOpasyer monyrpyriry. O4eBHIHO,
nonyrpyrnna Et(p~!) 6unapnoro otnomenus p~ ' C B x A usomopdua nonyrpymme Et(p).

Bctony B cratbe st m3oMopdu3Ma MoIyTpyIIIn U OTHOIIEHWH Oy/ieM MCIIONb30BaTh 3HAK ==, a JuIs
M30TONU3MA OTHOIIEHUH — 3HAK ° .

2.2. TIpeobpa3soBanue ¢ MPOM3BOIBHOrO MHOXectBa M Ttakoe, uto Mo = {x}, ycmoBumcs
0003Ha4YaTh CHMBOJIOM ;. JIErKo BUETh, 4TO Tapa (g, pp) MpeobpasoBaHuii MHOKECTB A u B
COOTBETCTBEHHO sIBIsieTCst SHAOTONM3MOM p C A X B, ecnu (a,b) € p. MHOXECTBO BCEX MpPaBbIX
Hyneil nonyrpynmsl Ft(p) Oynem obo3Ha4dath uepes L, T. e.

L = {(¢1,92)|Et(p) (1, p2) = {(v1,2)} }-

MOo’KHO MOKa3aTh, 4T0 L COCTOMT M3 BCEBO3MOKHBIX SHIOTOMM3MOB BHAA (4, ¢p), T€ (a,b) € p, u
00pa3syeT ABYCTOpOHHHIT uaean B monyrpymmne Et(p).

Yepes ¢, 0003HaYNM TaKoe IpeoOpa3oBaHUe MPOU3BOIBHOIO MHOXecTBa M, Takoe uto M =
= {z,y}, rae x # y. 3aMeTHUM, 4TO €CIU Y, = @, < T = Y, TO 3TO HECHPABEIINBO [T MPEOOPa30-
BAaHUM BHIA Q. MOXHO IOKA3aTh, 4TO ((Pgp, Pc) — SHAOTOIU3M OTHOIICHHUS p, eciu (a, ¢), (b, ¢) € p,
¥, aHAJIIOTUYHO, (g, PVpe) — DHIOTOMN3M OTHOLICHUS p, eci (a, ¢), (a, b) € p. ITycts Eta(p) — MHO-
’KECTBO BCEX IHAOTOMU3MOB oTHomieHust p C A X B Bupa (@ap, pc) Wik (@q, ppe). ClipaBeminsa
CIIeLyromIast IeMMa.

Jlemma 1. [[ns mio6ozo g € Et(p) svinonnsemes yciosue

g € Eta(p) & |L-g| = 2.
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Hoxazamenvcmeo. 1lycts g € FEto(p) — npousBonbHblil sHg0TOmM3M. Ecin g = (¢ap, ©c), TO
ULt 1F060T0 SHAOTONU3MA (g, ¢y) € L uMeem

(¢aripe), ecmn € apy),
(0w 0y (@abr pc) = 7 7° a
(v, pc), ecmn x € by .

Takum o6pazom, |L - g| = 2. Aranoruuso, eciit ¢ = (Qq, Pbe), TO TaKKE |L - g| = 2.

Iycte teneps |L - g| = 2 mns Hexotoporo g = (p1,¢2) € Et(p). 3ameTuM, 9T0 ecit paHr
KaKoro-mbo u3 mpeoOpa3oBaHUil ¢ WM gy HE MEHbIIe 3, T0o L - g COCTOMT HE MEHee 4eM W3
3 anemenroB. B camom nene, mycte Ap; = {a,b,c,...}, tne a,b,c,... — MoHapHO pasIHYHbBIC

JJIEMEHTBL, U T € agol_l. [Tockonbky p — 3¢ dexTnBHOE OMHAPHOE OTHOIIEHUE, TO HAWJEeTCS TaKoW
aneMeHT y € B, uto (x,y) € p. Torma (¢4, ¢y) (91, 92) = (Pa, z), THE 2 = ypo. Takum obpazom,
(pasz) € L - g. Auanornano, (¢p, . )(pe, @) € L - g, n Torna |L - g| > 3, B T0 Bpems Kak
|L - g| = 2. CnenoBarenbHo, MPeoOPa30BaHUsl @1 M 2 UMEIOT PAHT HE OOJbIIe YeM 2, MPUYEeM IO
KpaiiHel Mepe OTHO W3 3THUX MPeoOpa30BaHUN UMEET paHT 2.

[Mpeamonoxum, 4To 1Ist SHAOTOMM3MA g = (1, 2) TPEOOPa3OBaHUS ] U Yo UMEIOT paHr 2.
Iycts Ap1 = {a, b}, a By = {c, d}. Tak xe, Kak U BbILIE, MOXKHO [I0Ka3aTh, 4T0 (Pq, ¥z ), (Pb, Py) €
€L-g,me z,y € {c,d}. Domycrum, uto = # y. Torna

L-g={(pa:pc), (po: pa)} mmn L-g={(¢a,pa) (Pp,%c)}-
Eemn L+ g = {(¢a @e), (¢, 9a)} To 11 Beex (9, 0,) € L, 7. 0. a1 meex (1, v) € p
u€a<pf1:>v€cg051 u uebgoflivédcpgl.

CrnenoBarennHO,
pN (agol_l X dg02_1) =g u pN (bgol_l X ccpgl) = .

IMostomy p C (agol_1 X cg02_1) U (bcpl_l X dcpgl) U, CJIeloBarellbHO, p He cBas3Ho (mm. 2.1), 4ro
[POTHBOPEYUT CBS3HOCTH OTHOIIEHHS p. AHAJIOIMYHO MOXKHO MOKa3arb, yto B ciaydae L - g =
= {(@a, vd), (b, pc)} Taxxke Bo3HMKaeT mpoTuBopeure. Takum oOpasoM, = y. ClienoBarensHo,
(Pasd)s (b, pa) € L - g nmm (@a,c), (pp, o) € L - g. B mepoM ciyuae, eciiv yd4ecTb, 4TO
Apy = {a,b}, ms v € dp, * naiizercs sneMent u € ap] ' Wi u € by ', uto (u,v) € p, MOITOMY
(¢aspd) € L-g nmn (pp,pq) € L - g, HO TOrma B moboM ciydae |L - g| > 3, 94T0 HEBO3MOKHO.
AHAIOTHYHO HEBO3MOXEH CIydaid, Koraa (pq, @), (¢p, vc) € L - g. Takum 006pa3om, JOKa3aHO, YTO
npeoOpa3oBaHus 1 U o HE MOTYT OJHOBPEMEHHO UMETH paHr 2. CienoBarebHO, OTHO U3 IPe0d-
pa3oBaHuii 1, 2 UMeeT paHr 1, a gpyroe — panr 2. [Toatomy g = (@ap, ©c) WM g = (Pa, Ped), T. €.
g € Ety(p).

2.3. lyers g,9" € Eta(p),g # 9 v g = (Pab, ve)s § = (Pa, Pbe); — TPOU3BOIBHBIE DHIOTO-
mu3Mbl oTHOUICHNs p C A x B. OnpeienM OTHOLICHHMS SKBUBAICHTHOCTH €4 U €4 CIEAYIOLIUM
oOpa3oM:

(z,y) €Eeg & Tpap = Ypap U €9 C AXA,

(z,y) Ecg © Tppe =Yppe U eg € B X B.
Jist kaxoro g, g’ € Eto(p) nomoxum

Ety=g-Et2s(p)\L un Ety =g - Ety(p)\L.
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JlemMma 2. Cnpagednusvl pagHOCUNbHOCIL:
h e Ety < h=(puy, 0:) &ep = €4,
heFEty < h= (pz, SOyz) &ep, = Eg'-

Hokazamenscmeo. Ilycts g = (pap, 9c) U h € Etgy, Torna cymectByeT Takoil sneMeHT [ €
€ Eta(p),uto h=g- f uh ¢ L. Ecnn f = (i, y2), 10

(Paripy) u (z,y) €p, ecmn c€yp,),
nu

h = (Qpaba 900) : (Spaca Spyz) = (SOabCPza @c@yz) = 1
(¢z, ¢2) (x,2) €p, ecmm c€ zp,;),

T.¢. h € L, uro nporuBopeunt ycnosuio h € Ety. Ecin f = (pzy, ©2) , T0 h = (Qab, Pe) (Pay, 02) =
= (PabPay, p-) - Ecmm (a,b) € €5, T0o mubo h = (¢z,¥-), ecmm a € xgo;yl, mbo h = (py, @),
ecim a € ynp;yl, T. . h € L, uto npotuBopeunT ycnosuio h € Etg. Iostomy (a,b) ¢ €5 n Torna

h = (PapPay, =) = (Pay, P-) . OUEBUIHO, UTO £}, = £.
[ycts Teneps h = (@uy, 02), €n = £4. okaxem, uto h € Et,. lycts h' = (Yyy 1), toe

a A\{a

Yoy = < e} ) , Torma h = g - b/, cnenoBarensHo, h € Ety. AHAIOTUYHO TOKA3bIBACTCS
& Y

BTOPOE YTBEP)KICHUE JIEMMEI.

2.4. Ha mHOXecTBe L 3aJaaM OTHOIICHHS 3KBHUBAJICHTHOCTH £1 U £9, IIOJI0XHB

((Pur ) (Ppspg)) €1 u=p 1 ((PusPv), (Pp;Pg)) €25 v =0q.

[ycts g,9' € Eta(p), g # g v g = (Pab, pc) > § = (Pa, Pbe) — TPOU3BOIBHBIE HAOTOMH3MBL. C
TIOMOILBIO SHIOTONM3MOB ¢ M ¢’ ONpEJeINM Takue OMHApHbIC OTHOLICHHS 1)y U 7y Ha L, uto A

TOOBIX (Qu, Pu) 5 (¢p,@q) € L

((Sow (Pv) ) ((ppﬂ (pQ)) €Ny = E|f€E1fg (L : f = {(‘Pu, 307)) ) ((ppa (Pq)}) )

((Pus 90) s (9ps2q)) € g Ipremry, (L ' = {(us o) s (ps g)}) -

Toraa cripaBe/iuBa CleAYIONIas JIeMMa.

Jlemma 3. Ilyemo g,g' € Eta(p), g # ¢ u g = (abs ¢c) s § = (Pas Pec) - Toz0a 1y = e,
’I’}g/ =£1.

Hokazamenscmeo. I1yctb g = (@ap, ¢c) 1 ((Pu, Yv), (¢p, q)) € 1g, TOTA CYLIECTBYET TAKOMH
snemeHT f € Etg, uto L- f = {(¢u, ¥v), (¢p, ¢q)} - Hockonbky g = (@ab, Pc) , TO, COITACHO JIeMMe
w3 . 2.3, f = (@ary, o) 1 118 M060TO0 (g, y) € L

(¢l L), ecm z€dy,,,
(0zs Py) (Parvs o) =9 7777 ey
((plﬁ Spc)7 eI T € b Soa'b"

B cuity npou3BOIBHOCTH (g, ¢y) € L umeeM L - f = {(¢ar, 0') , (@1, )} . Taxum obpazom,
{(pars per) s (v 0e)} = {(Pus 00) 5 (09, 0q) } &

(ars 0er) = (Pus Pv) & (pr, ) = (0, ©q)

<~
((Pa’vﬁpc’) = ((va()oq) & (@b’a@c’) = (‘Puv%pv)

=0v=q.
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Hrax, ((¢u, ¥v), (¢p, Pq)) € €2 H, CHENOBATEIBHO, 1)y C £3.

ITyctb Teneps ((¢u, ¥v) , (¢p, Pq)) € €2, TaC ¥ = q. ITockonbky (p, v) = (p, q), T0 (P, v), (u,v) €
€ p. Tak kaKk g = (Pap, Pc) » TO f = (Pup, Pv) —dHAOTOIMM U f € Et,. AHAIOTHYHO IPEABITYLIEMY
umeeM L - f = {(¢u, ¢v), (¢p, v)} . YuursiBas, uto v = g, umeeM {(@u, ¥u), (¢p,pq)} = L -
- f. Ho torma ((¢u, ¥v), (¥p,¢q)) € ng. CnenoBarensro, e C 1)y. AHAJOTHYHO MOXKHO J0Ka3aTh
CIIPaBeNIMBOCTH BTOPOTO YTBEPXKACHUS B clydae, Koraa ¢’ = (©q, ©be) -

OueBuHO, 4to eciu g,h € Eto(p) ung # np, TO WM 1)y = €] U N, = €2, WA 1)y = €2 U
Nh = €1-

3. XapakTepuzyeMocTh OUHAPHOTO OTHOIIIEHHSI MOJYrpynnoii suxoronu3moB. 3.1. PaccMoT-
pum ¢akropmuoxectBa Ly = L/ey u Ly = L/ey. Onpenenum takoe GuHapHOe oTHOmIeHHE p* C
C Ly x Ly, uto p* = {(g*,7%) ’ g€ L}, e g' u g* — KIacchl SKBUBAICHTHBIX 2IIEMEHTOB COOT-
BETCTBEHHO TI0 €1 U €2, COJEPIKAIIME FIEMEHT ¢ B KA4€CTBE MPEACTABUTEIS.

Jlemma 4. bunaproe omuowienue p* u30MonHO OMHOULEHUIO .

Joxazamenscmeo. Onpenenum otobpaxenus f1: L1 — Au fo: Lo — B, TONOXHUB IS TPOU3-
BOJILHOTO d1eMeHTa g € L, t1e g = (¢4, 0y) , G- f1 = z 1 G2 f2 = y. Yoeaumes, uto §' fi He 3aBucuT
or BEIGOpa mpescTasutens B knacce g'. Iyers g! = hl. Torma (g,h) € €1, tae g = (¢u, ¢y), @
h = (¢u,¢y) . CONIACHO ONPENENCHAI0 SKBUBATICHTHOCTA £1, MIMEET MECTO PAaBEHCTBO T = .
[ostomy §' fi = h'fi = x. AHanoruuso, §2f, He 3aBUCHT OT BEIGOpA NPEJCTABUTENS B KJIacce §>.
MOoKHO TIOKa3aTh, €CJIU y4ecTh d((EKTUBHOCTD p, 4TO oToOpaxkeHus fi u fo — OuekTuBHbBI. Tenepb
Jutst TO0BIX G € Ly u g5 € Lo umeem

2

=53 =7") =

QI

(91.93) € p* < Fger (7
S Jawrep (9= (02, 0y) &g1 = (02, 0y ) &g2 = (s 0y)) &

A El(at,y)ep (g = (‘Pma@g) &g%fl = l'&g%fQ = y) Al (g%flagng) € p.

3.2. Tlycts h, h' € Ety(p) u np # npy. Honoxum L) = L/ny,, a LYy = L/ny. Onpenennm Takoe
6unaproe otHomenne p' C LY x Ly, uro p' = { (g',5?%)|g € L} , mne g* m §> — knaccs1 oxBuBaneHT-
HBIX BJIEMCHTOB COOTBETCTBEHHO 110 7)g U 1)), COACPIKAILME HIEMEHT g B KaueCTBe pecTaBuTess. 13
mn. 2.4, 3.1 cnenyer, uto p m3oronHo p' mmm p'~!. Takum 06pa3zoM, HCIONB3YS TONBKO OIEPAIHIO
YMHOXKEHHUS, B OJTyrpymie Ft(p) MOKHO BOCCTAHOBUTH OTHOLIEHHE 0 C TOYHOCTHIO 10 U30TOIH3MA,
4T0 (PAKTHYECKH O3HAYAET CIIPABELTMBOCTH MPHUBEIECHHONW HMYKE TEOPEMBI, Ui KOTOPOW B mil. 3.3
JAETCS PSIMOE JIOKA3aTENBCTRO.

3.3.

Teopema 1. Ilycme p C A X B u p/ C A’ x B' — npoussonvivie s¢hghexmuenvie cessnvie
omnowenus. Eciu nonyepynnet Et(p) u Et(p') usomoppuul, mo 6unapnvie omnowenus p u p' wiu p
u p'~ usomonnui.

Hoxazamenscmeo. Ilycts otoOpaxenue 0 : Et(p) — Et(p') — usomopdusm nonyrpymist Et(p)
B Et(p'). Hootomy (mm. 2.2) LO = L' u Ety(p)0 = Eta(p'). Iycts g = (g, 0yz) B h = (Quv, Pw)
— IPOHU3BONIBHBIC YIEMEHTHI MHOKeCTBA Eto(p). Torna Ety0 = (g- Eta(p)\L)0 = g8 - Eta(p/)\L' =
= FEtg9 n, ananorudso, Et,0 = Etpg. Iockonsky g6 # h, 1o B nomyrpymne Et(p') (. 2.4)

/ /
MNgo = €1, a Tho = €9,
nin
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g = €3, & Mo = E1.

JIoImycTHM, 4TO 7)g9 = €] M 1pe = 5. JlokaxeMm, uto p u p’ u30TOnHEL. ONpeneInM ynopsiodeH-
HYIO Tlapy otoOpaxkenuit (71, me), tne m1: A — A’, amo: B — B’. Ilycth 2 € A — IPOU3BOIBHBIA
a7eMeHT. B cuity 3¢(deKTHBHOCTH p HaiifeTcst Takodl anmeMeHT y € B, urto (x,y) € p. Tak kak
(x,y) € p, 10 (Pa, py) € L. IIycTh (0, 0y)0 = (0ur, 9y ), TE (Par, pyr) € L. Honoxum xmy = 2.
VYo6eaumcs, uto x7m) HE 3aBHCUT OT BhIOOpa siemeHTta y. Ilycth z € B — Takoi mo0oil apyroit
sneMeHt, 4to (z,2) € p. Torma (g, ¢.) € L n ((¢z,vy), (Y2, 92)) € €1, a €1 = 1. [losTOMY
((¢ar, 04+ (s 021)) € Mgo, ThE (P11, 021) = (Pa, =) 0. TTOCKOIBKY 799 = €}, T0 ' = 2. OT106-
paxenue 7, OuekTuBHO. JleficTBuTensHO, 1ust modoro 2’ € A’ B cuny sddexruBroCTH p HaligeTcs
Takoii anement y € B, uro (2,y') € p'. Hycts (pur, ¢y ) 07! = (oo, py). Torma zm = 2’ n
CIOPBEKTHBHOCTb OTOOpaXkeHus 71 HokasaHa. Ilycte xmp = 2m; = 2. CiemoBarensHO, HaWmyTCs
Takue (0o, @y), (92, 0y,) € L, 910 (@02, 0) 0 = (par, 0y) 1 (02,04,) 0 = (02, yr) . Tak Kak
(s y) s (0arspyr)) € 1, ael =mgo, 10 (02, 0y) , (02, 0y7) € €1, THC €1 = 1. TOOTOMY T = 2
¥ OMEKTUBHOCTH OTOOPaKEHHS 7] JOKa3aHa. AHAJOTHYHO OMPEAEIsIeTCsl OHEKTHBHOE OTOOpaKeHHE
T B — B'. Ecmnt (¢g, ¢y) 0 = (¢ar, o), Tae (901, ¢y) € L', T0 nonaraem ymy = y'. DnemeHT
y' € B He 3aBHCHT OT BbIOOpa Takoro snementa = € A, uro (z,y) € p. Takum obpaszom,

(‘Pwa Soy)e = (SOxm, @yﬂz)

st mo0bIX (z,y) € p. Temepb mist mobbIx © € A ny € B umeem

(wvy) € p = (‘va@y) SR (@Iﬂ'pgpyﬁz) S L/ = ($W17y7r2) c Pl7

T. €. OMHAPHOE OTHOLIEHHE P U3OTOIHO OTHOLIEHHIO p'.

ITycTs Teneps 1y = €5, Npg = £}. [lokaxem, 4to p u p'~' u3oTomHEI. ONpPENETHM YIOPSIOICH-
HyI0 mapy otoOpaxenuit (71, m2), tne m: A — B', my: B — A’. Ilycts € A — NpOM3BOIBHBII
anemeHT. B cmty sbdextuBHOCTH p Haiijercst Takodl sneMeHT y € B, uro (x,y) € p. Tak kak
(2,9) € p, 10 (¢a,py) € L. Tyets (02, 0y)0 = (Pur, 0y ), ThE (P, 0y) € L. Tonomnm amy = y'.
Y6emumcst, 9TO x| HE 3aBUCUT OT BBIOOpa snemeHTa y. Ilycte z € B — Ttakoii ir000i1 mpyroi
sneMeHt, 4to (z,2) € p. Torna (vu,¢.) € L u ((¢z,9y), (Y, ¢2)) € €1, a €1 = 1y. Torna
((ar, 0y) s (s 021)) € Mgay ThE (o, 02) = (P p2) 0. Hockombky 19 = €h, 10y = 2/. U

B oTOM ciydae zm; = 2’ = 1. [lokaxewm, 4To OTOOpaKeHHe T OMEKTHBHO. JIEHCTBUTENBHO, JIst

1

moboro y' € B’ B cuny s¢pdexruBroctu p’ Haiinercs takoit ' € A’ uro (z',y') € p'. Torma
(¢, o) € L' Tyets (0, 0) 071 = (0, 0yr) , TOTIA (037, 0y) € L. HooTOMY 271 = ¥/
Takum 00pa3oM, 0TOOpaXKEHUE 71 CIOPBEKTHBHO. IlycTh Teneps xm) = zm = y'. DTO 3HAYMUT, YTO
Haiiytes Takue (0r, 9y) s (P2, 0yr) € L, 910 (9, 0y) 0 = (0ars pyr) 1 (02, 097) 0 = (021,01 -
Tax kax ((ar,0y) . (02, 0y)) € b ach = ng, 10 (P2, 0y) . (02,0y7)) € €1, TE €1 = 1)y
[Mo3ToMy = = 2 M GMEKTMBHOCTb OTOOPaXKEHHMSI 7| YCTAHOBJIEHA. AHAJIOTHYHO ONPEENSIETCS OHEK-
THBHOE OTO6paxeHue o : B — A, Ecmnt (¢g, 0y) 6 = (02, 0y ) » 1€ (90, ¢y) € L', T0 mONaraem
ymoy = . Torga mis Beex © € A u y € B takux, uro (x,y) € p,

(s @y) 0= (‘Pym‘%cm) .

Teneps ast moObIXx © € A uy € B umeeM

(2,9) € p& (P2, 0y) € L & (Pyry, Pum) € L' & (ymo,am) € p/ & (zm,yma) € P71,

T. €. GMHAPHOE OTHOIIEHHE p U30TOMHO OTHOIIEHHIO p' 1.
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3.4. Ilycts p C C x C' — npousBonbHOEe oTHOIIeHHEe Ha MHOxectBe C. [lomyrpymmy Bcex
3HAOMOPGHU3MOB OTHOILIECHHS p Oynem o603Hadath End (p). Takum o6pasom, 1uist iroboro ¢ € End (p)
n mobeIX z,y € C

(z,y) € p= (zp,yp) € p.

Iycts p C A X B — addekruBHoe oTHOLIECHHE, pudeM AN B = &, AU B = C. Toraa MOXHO
cuutatk, uto p C C' x C, u paccmarpusarh nonyrpynmy End (p).

Jlemma 5. [lycmv p C A X B — agpgpexmusnoe 6unapnoe omuowenue u AN B = &. Toeoa
nonyepynnet Et(p) u End (p) usomoppne.

Hoxazamenvcmeo. 11ycts (1, p2) € Et(p) — npousBonbHblii 3HA0TONN3M. C y4ETOM TOTO, YTO
AN B = @, onpenenuM npeodpazoBanue ¢ MHoxecTBa C' = A U B, NONOKHUB T = Y1, €CIH
r € A, vz = xpy, ecmu x € B. Torna

(z,y) € p= (zp1,y02) € p= (Tp,yp) € p,

T. e. ¢ € End (p). Onpenenum orobpaxenue 6 : Et(p) — End (p), monoxus (o1, p2)0 = ¢. Jlerko
HPOBEPUTH, YTO OTOOpakeHHe € GreKTUBHO. JIIsl 3aBepIICHHs TOKA3aTebCTBA OCTAIOCh ITOKA3aTh,
uto O sBIsIeTCs roMoMopdu3MoM. JeHCTBUTENBHO, IyCTh (1, ¢2), (1, 12) € Et(p) — npou3Bois-
HBIC SHIOTONM3MEL, (p1,2)0 = ¢, (V1,12)0 = 1. Iycts, nanee, ¢|,, (Y¢)|, — orpaHHIeHHS
npeobpasoBaHuil ¢ U 1y Ha MHOXecTBe A, a ¢|g5, (Y¢)|z — orpaHnueHus npeobpazoBaHuil U
1 Ha MHOXKecTBe B. Torma s moboro z € A nMeem

|y pla= (@ Yla) ola= (@ la) p=2p) =2 (o),

AHanorn4yHo, s aroboro y € B

y Yl el = Wvlg) ¢lg = (W dlg) e =y(We) =y (¥e)lg.
Takum obpazom, (V)| 4 = ], wly 1 (Vo)lp = ¥l ¢|p - Torma
((TMA ) WB) : (‘P‘A? SO’B))G = (WA ‘P‘A ) WB ‘P’B)e =

= ((W@)la> We)lp) 0 = o = (V][4 ¥lp) 0 (el elp)b-

3.5.

Teopema 2. Ilycmo p C A X B u p) C A’ x B' — npoussonvhvie s¢ppexmusnvie u cessnvie
bunapnvle omnowenus, 20e ANB =2 u A NB =3, unyeme AUB=CuA"UB' =C'. Ecu
nonyepynnot snoomopusmos End (p) u End (p') usomopduer, mo 6unapnie omnowenus p C C x C
up' C C" x C" usomopuel unu anmuuzomopuoi.

Jokazamenvcmeo. JlokaxxeM BHayalie, 4To U3 U3oMopdusma 6uHapHbix otHommenuit p C C' x C
up C C'" x C' cnenyer ux mzoronusMm. B camom Jzese, mycTh OTOOPaXKEHHE ¢ — U30MOPPU3M
ounapubix otHomenuit p C C x C u p' C C' x C'. Tlokaxewm, uro Ap = A’. Jlns moGoro x € A
B ciity 30(EKTUBHOCTH p HANIETCs Takol sieMeHT y € B, uto (z,y) € p. Torma (zp,yp) € p'.
Hostomy zp € A', 1. e. Ap C A'. Tak kak ¢! — n3oMophu3M GHHAPHBIX OTHOMIEHHH p' U p, TO
B CBOIO ouepeab umeem A’ go_l C A. Torma A’ C Ay u, cnenosarensio, Ap = A’. AHanoruuso
By = B'. Ilyctb ¢| 4 u | — OrpaHHYeHHS OTOOPAIKEHHUS (0 COOTBETCTBEHHO HA MHOXeCTBax A U
B. Torma ¢|, : A— A'u ¢|g : B — B’ — GueKTHBHBIC 0TOOPAKEHHS U
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(z,y) € pe (wp,yp) €p' & (x@ly,y@lp) €,

T. €. (|4, ¢|p) — H30TONH3M OTHOMICHUI p U p'.
C mpyroit cTtopoHsl, myctb (¢1,p2) — M30TONH3M OMHAPHBIX OTHOIICHHH p u p'. Onpemenum
orobpaxenne ¢: C — C’ crenyroumm obpasom: must moboro x € C momaraeM ¢ = T ¢y,

ecn x € A, uzp =z p|g, ecmn x € B. ITockonbky 0ToOpaskeHus ¢|, U ¢|; OUEKTHBHBI, TO
0TOOpakeHHE ¢ Takke OymeT OMEKTUBHBIM U

(z,y) epe (oly,yelp) €p & (o, yp) €0,

T. €. (© — U30MOP(HU3M OTHOIIEHUH p 1 p.

AHAJOTUYHO MOXKHO ITOKAa3aTh, YTO W3 aHTHH30MOpGH3Ma OuHapHbix otHomeHuit p C C' x C' u
p' C C" x C' cinemyer ux aHTUM30TONKM3M, U HAO0OPOT.

Taxum o6pasom, ounapusie otHomenust p C C' x C' u p' C C' x C' n3oMophHBI UM AHTUHM30-
MOpP(QHBI TOT/Ia ¥ TOJBKO TOT/A, KOTJa OHM COOTBETCTBEHHO M30TOIHbI MM aHTHHU30TONMHEL. Terneps B
CHITy TeOpeMbl | MpeabIayIIe JeMMbI HMEEM

/—1 p o~ pl—l

~ A ~ ./
End(p)%End(p’mEt(p)zEt(p’):{ g @[ et

Hpumep. Ilycte a = {(1,3),(2,4)} — GunapHoe oTHomreHne Ha MHOXecTBax A = {1,2},
B ={3,4,5},a g ={(a,d), (b,d)} — na muoxecrax C = {a,b,c} u D = {d}.
Torma Ft(a) = {p;| <i <12}, tne

A= (06 5 3)) e (C D6 D)
2G00G35 (G D6 3)
e (26 s D) e (G 26 5)
A=l D)6 s ) (DG s D)
p= (G 06 3 3) e (G20 1Y)

—
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R (R 1 1) ERCE (R
o= (s D) @) = (G 0 0)
(o o) ==

w= (0 @) =G
o= (G5 ) (@) == (G0 D)

a b ¢
b a b

S
S
LR

Orobpaxenue 0 : p; — 1; — nzomopdusm nonyrpynn Ft(a) u Et(/), npu 3ToOM caMd OTHOILIE-

HUSL « 1 0 HEe W3OTOIMHBI M HE aHTUM30TONHBL. 3aMETHUM, YTO Teopema | He BBINONHACTCS, TaK Kak
OWHAapHBIC OTHOIICHUS (v U 3 HE SABISAIOTCS 3(PPEKTHBHBIMH.

I[Tycts Temeps o« = {(1,2)(1, 3)} — Gunaproe oTHOmIeHNe Ha MEOXKecTBax A = {1} u B = {2, 3},

8=

{(a,b), (¢,d)} — na muoxectBax C = {a,c} u D = {b,d}. Jlerko yOeAUTHCsI, YTO MOIYTPYIIIIbI

FEt(a) u Et() nzomopdHbL, HO OMHApPHBIE OTHOIICHHS v ¥ (3 HE W30TOIHBI U HE AHTHU3OTOIHBL.
3necy oTHOUIEHHA < M [3 3 (eKTuBHBI, HO TeopeMa | He BBINONHIETCS, TaK KaK OTHOIICHUE [3 He
CBS3HO.
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