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REPRESENTATIONS FOR THE GENERALIZED INVERSES
OF A MODIFIED OPERATOR *

30BPA’KEHHSA Y3ATAJIBHEHUX OBEPHEHUX OIIEPATOPIB
I MOANPIKOBAHOI'O OITEPATOPA

Some explicit representations for the generalized inverses of a modified operator A + YGZ are derived under some
conditions, where A,Y, Z, and G are operators between Banach spaces. These results generalize the recent works about
the Drazin inverse and the Moore — Penrose inverse of complex matrices and Hilbert-space operators.

3a MeBHUX YMOB BCTAHOBIICHO JEAKI SBHI 300pa)KeHHs y3arajlbHCHUX 00CPHEHHUX OMepaTopiB it MOAM(IKOBAHOTO omepa-
topa A+ YGZ, ne A,Y,Z ta G — oneparopu Mixk GaHaxOBHMH IpoctopaMu. L{i pe3ynbTaTd y3arajibHIOIOTh OCTaHHI
po6otu mono Matpunk [pasina Ta Mypa — [leHpoy3a, 00epHEHHX J0 KOMITIEKCHIX MaTPHUIlb Ta ONepaTopiB y riIbOepTOBOMY
HpOCTOPi.

1. Introduction. Let H, K and L be arbitrary Banach spaces. We use B(H, K) to denote the set of
all linear bounded operators from H to K. Set B(H) = B(H, H). For an operator A € B(H, K), the
symbols N(A) and R(A) will denote the null space and the range of A, respectively. An operator
B € B(K,H), B # 0, is an outer inverse of A, if BAB = B holds. The outer inverse B of A
with the prescribed range 7' and the null space S is uniquely determined and it is denoted by A(T% ?9
Some results concerning the outer invertible operators on Banach spaces are presented in [5].

An element a of a unital Banach algebra A is said to be hermitian, if || exp (ita)|| = 1, for all
t € R. If A is a C*-algebra, then a € A is Hermitian if and only if a is self-adjoint.

The Moore— Penrose inverse of A € B(H, K) is the operator B € B(K, H) which satisfies
(1) ABA=A, (2) BAB=B, (3)AB isHermitian, (4) BA is Hermitian.

Recall that according to [7] (Lemma 2.1), there is at most one Moore —Penrose inverse and it is
denoted by Af. If A is a linear bounded operator between two Hilbert spaces, then A' exists if and
only if R(A) is closed (see [1]).

Let W € B(K, H) be a fixed nonzero operator. An operator A € B(H, K) is called Wg-Drazin
invertible, if there exists some B € B(H, K) satisfying

(5) BWAWB =B, (6) AWB=BWA, (7)A— AW BW A is quasinilpotent.

The Wg-Drazin inverse B of A is unique, if it exists, and denoted by A*W [3]. If H = K,
A€ B(H) and W = Iy, then B = A? is the generalized Drazin inverse, or Koliha - Drazin inverse
of A [6]. The Drazin inverse is a special case of the generalized Drazin inverse for which A — A’B
is nilpotent instead of A — A?B is quasinilpotent. Obviously, if A is Drazin invertible, then it
is generalized Drazin invertible. The group inverse is the Drazin inverse for which the condition
A — A?B is nilpotent is replaced with A = ABA. We use A% to denote the group inverse of A.
Denote by (5) the equality AB = BA and by (6) the condition A — ABA is quasinilpotent.
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If 6 € {1,2,3,4,5,6} and B satisfies the equations (i) for all ¢ € §, then B is an J-inverse of
A. The set of all §-inverse of A is denote by A{d}. Observe that A{1,2,3,4} = {AT}, A{2,5,6} =
= {A9} and A{1,2,5} = {A7}.

The generalized inverses and its applications are very important in various applied mathematical
fields like numerical analysis, singular differential equations, singular difference equations, Markov
chains, etc.

The Sherman — Morrison — Woodbury formula (or SMW formula) [8, 10] related to the inverse of
matrix, i.e., the formula (A +YGZT)™ 1 = A7 — A7'Y(G~' + ZTA71Y)~1ZT A~ is an useful
computational tool in applications to statistics, networks, structural analysis, asymptotic analysis,
optimization and partial differential equations. Deng [4] considered the more generalized case of
the SMW formula when A and A + YGZ* are not invertible operator. Precisely, some conditions
under which the SMW formula can be represented in the Moore — Penrose inverse and the generalized
Drazin inverse forms for Hilbert space operators are investigated.

Wei [9] and J. Chen, Z. Xu [2] have discussed the expression of the Drazin inverse and the
weighted Drazin inverse of a modified square matrix A — C'B. These results can be applied to update
finite Markov chains.

In this paper, we will prove that Sherman—Morrison — Woodbury formula has the analogous
result concerning the d-inverse of a modified operator A + Y GZ between Banach spaces, where
d C {1,2,3,4,5}. Under some conditions, we will show that the Wg-Drazin inverse of a modified
operator A + Y GZ exists and can be represented in terms of generalized SMW forms if and only if
the Wg-Drazin inverse of the initial operator A exists. As a consequence, some results of Deng [4],
Wei [9] and J. Chen, Z. Xu [2] are obtained.

2. Results. In the first theorem of this section, we consider the generalized inverse of a
modified operator A + Y GZ and, under certain circumstances, we get that A’ € A{d} if and only if
A — AYS'ZA € (A+YGZ){6} (6 C {1,2,3,4,5}). Thus, the generalized inverse of operator
A+ Y(GZ is expressed in terms of generalized SMW formula. Notice that, we do not assume that
S’ and G’ are the generalized inverses of S and G, respectively, that is, S’ and G’ can be arbitrary
operators.

Theorem 2.1. Suppose that A € B(H,K), A’ ¢ B(K,H), Y € B(L,K), Z € B(H,L) and
G, G, S € B(L). Let B= A+YGZ and S = G + ZA'Y.

(@) If 6 C{1,2,4} and
ZANA=Z, YSSGZ=YGZ YSGGZ=YSZ, 2.1)

then A’ € A{6} if and only if A" — A'’YS'ZA" € (A+YGZ){6}.
(b) Ifd c {1,2,3} and

AAY =Y, YGZ=YGSS'Z, YS'Z=YGG'SZ, 2.2)

then A’ € A{6} ifand only if A’ — A'YS'ZA" € (A+YGZ){6}.
(c) If the conditions (2.1) and (2.2) hold, then A" € A{5} if and only if A’ — A'YS'ZA' €
€ (A+YG2Z){5}.
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Proof. (a)If P=A"—AYS'ZA, by (2.1), we obtain
PB= (A — A'YS'ZAYA+YGZ) =
— NA+ AYGZ — AYS (ZAA) — A'YS(ZAY)GZ =
=AA+AYGZ - AYSZ-AYS(S-GGZ =
— AA+ AY (I - §'S)GZ — AYS(I, — G'G)Z = A'A.
So, A’ € A{4} if and only if P € B{4}. Since, from AA'Y =Y,
PBP = A'AP = A'AA" — A(AA'Y)S'ZA' = A/AA" — A'YS'Z A,
we deduce that A’/AA’ = A’ & PBP = P, ie, A’ € A{2} & P € B{2}. Further, by the equalities
BPB = (A+YGZ)A A= AANA+YG(ZA'A) = AANA+YGZ,

A" € A{1} is equivalent to P € B{1}.
(b) The assumptions (2.2) imply

BP = (A+YGZ)(A — AYS'ZA) =
= AA — (AAY)S'ZA + YGZA —YG(ZAY)S' ZA' =
—AA —YS'ZA —YGZA —YG(S—G)S'ZA =
= AA —Y(I, - GGS'ZA —YG(I, — SS"ZA' = AA.

Hence, A" € A{3} if and only if P € B{3}. The rest follows in the same way as in the proof of part
(a).

(c) Since PB = A’A and BP = AA’, we deduce that A’ € A{5} if and only if P € B{5}.

Theorem 2.1 is proved.

As an application of Theorem 2.1, we get the following result related to the ordinary inverse, the
outer inverse and the Moore — Penrose inverse.

Corollary 2.1. Suppose that the conditions of Theorem 2.1 are satisfied.

(a) Let T and S be subspaces of H and K, respectively, and let the equalities (2.1) or (2.2) hold.
Then there exists A%)S and A" = Ag?}sv if and only if (A + YGZ)&?’)S exists and (A + YGZ)%)S =
= A' — A'YS'ZA'. Furthermore, if AT exists, then (A+YGZ){ = APy — AT Y S'ZAT.
In addition, let the equalities (2.1) and (2.2) hold.

(b) Then there exists AT and A' = AT if and only if (A +YGZ)" exists and (A +YGZ)' =
= A" — AYS'ZA'. Furthermore, if A exists, then (A+YGZ)t = At — ATY S’ Z A,

(c) Then A is invertible and A’ = A=Y ifand only if A+Y GZ is invertible and (A+Y GZ)™! =
= A" — A'YS'ZA'. Furthermore, if A is invertible, then (A+YGZ) 1 = A=1 — A7y S'ZA-L.

Proof. (a) By Theorem 2.1, A’ € A{2} is equivalentto P = A’ — A’Y S'Z A" € B{2}. Observe
that R(P) = R(PB) = R(A’A) = R(A’) and N(P) = N(BP) = N(AA") = N(A’). Thus,
A= AP, & P =By

The statements (b) and (c) follows directly from Theorem 2.1.

In the following theorem, we consider the explicit expression for the Wg-Drazin inverse of a
modified operator A + YGZ.

)
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Theorem 2.2. Suppose that A, A’ € B(H,K), W € B(K,H), Y € B(L,K), Z € B(H, L)
and G,G',S" € B(L). Let B=A+YGZ and S =G + ZWAWY. If

IWAWA=2 YSSGZ=YGZ=YGSS'Z,
AWAWY =Y, YS'GGZ=YSZ=YGG'SZ,

then there exists AW and AW = A’ ifand only if (A+Y GZ)*W exists and (A+Y GZ)3W = A'—
~A'WYS' ZW A'. Furthermore, if AYW exists, then (A+Y GZ)3W =AW AW WY §' ZW ALV,

Proof. In the similar way as in the proof of Theorem 2.1, for T'= A" — AWY S ZWA’, we
obtain TWB = A/W A and BWT = AW A" implying AWA = AWA" & TWB = BWT. From
TWBWT = AWAWT, we get TW BWT = T is equivalent to AW AW A’ = A’. Also, we have

B—-BWIWB=A+YGZ - AWAW(A+YGZ)=A— AWAWA,

which gives B — BWTW B is quasinilpotent if and only if A — AW A’W A is quasinilpotent. So,
AW = A & BIW =T.

Theorem 2.2 is proved.

If H= K and W = Iy in Theorem 2.2, we obtain the next corollary concerning representations
for the generalized Drazin inverse and the group inverse of a operator on Banach space.

Corollary 2.2. Let A,A' € B(H), Y € B(L,H), Z € B(H,L) and G,G',S" € B(L). Set
B=A+YGZ and S = G' + ZA'Y. Assume that the equalities (2.1) and (2.2) hold.

(@) There exists A% and A’ = A? if and only if (A + YGZ)? exists and (A +YGZ)? =
= A — A'YS'ZA'. Furthermore, if A? exists, then (A +YGZ)% = A? — Ay S'Z A%,

(b) There exists A% and A’ = A% if and only if (A +YGZ)# exists and (A +YGZ)* =
= A — A'YS'ZA'. Furthermore, if A% exists, then (A +YGZ)# = A% — A¥Y S'Z A%,

(c) Ifd € {1,2,3,4,5,6}, then A’ € A{6} if and only if A’ — A'’YS'ZA" € (A+YGZ){5}.

Remark. In Theorem 2.1, Corollary 2.1, Theorem 2.2 and Corollary 2.2, if we assume that G’
is f-inverse of G and S’ is ¥-inverse of S, for 6,9 C {1 — 6}, then we obtain various formulas
for corresponding inverse of A + Y GZ. In particular, if G’ and S’ are the Moore —Penrose (or the
generalized Drazin) inverses of G and S, respectively, in Corollary 2.1 (or Corollary 2.2), we get as
a spacial case [4] (Theorem 2.2) (or [4], Theorem 2.4) for Hilbert space operators.

For G = G’ = I, in Theorems 2.1 and 2.2, we have the next results.

Corollary 2.3. Suppose that 6 C {1,2,3,4}, A € B(H,K), A € B(K,H), Y € B(L,K),
ZeB(H,L)and S’ € B(L). Let B=A+YZ and S = I, + ZA'Y. If

ZAA=7 AAY =Y, YS'SZ=YZ=YSSZ,

then A’ € A{d} ifand only if A — A'YS'ZA" € (A+YZ){d}.
Notice that [9] (Theorem 2.1) and [2] (Theorem 2.1) concerning the Drazin inverse and the
weighted Drazin inverse of complex matrices are particular cases of the following corollary.
Corollary 2.4. Suppose that A, A’ € B(H,K), W € B(K,H), Y € B(L,K), Z € B(H, L)
and S’ € B(L). Let B=A+YZ and S = I + ZWA'WY. If

IWAWA=2 AWAWY =Y, YS'SZ=YZ=YSSZ,

then there exists AW and AW = A’ if and only if (A+Y Z)2W exists and (A+Y Z)4W = A’ —
—~A'WYS'ZW A'. Furthermore, if AW exists, then (A+Y Z)4W = AGW _ ASWI Yy §' ZW AW
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If S is invertible and S’ = S~! in Corollaries 2.3 and 2.4, the following consequences recover
[4] (Corollaries 2.3 and 2.6).

Corollary 2.5. Suppose that 6 C {1,2,3,4}, A € B(H,K), A € B(K,H), Y € B(L,K),
Z €B(H,L), S"€B(L)and B=A+YZ. Let S = I, + ZA'Y be invertible and S’ = S~1. If

ZAA=Z, and AAY =Y,
then A" € A{S} ifand only if A’ — A'Y (I + ZA'Y) 1 ZA" € (A+Y Z){6}.
Corollary 2.6. Suppose that A, A" € B(H,K), W € B(K,H), Y € B(L,K), Z € B(H, L),
S"€B(L)and B=A+YZ. Let S = I, + ZWA'WY be invertible and S’ = S~1. If

IWAWA=2 AWAWY =Y,

then there exists AW and AW = A" if and only if (A + Y Z)*W exists and (A + Y Z)¥W
= A -~ AWY (I, + ZWA'WY) L ZW A'. Furthermore, if A*W exists, then (A + Y Z)2W =
= AW — ASWWY (I, + ZWAWY) "L ZW AW,
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