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SLANT LIGHTLIKE SUBMERSIONS FROM AN INDEFINITE
ALMOST HERMITIAN MANIFOLD ONTO A LIGHTLIKE MANIFOLD

IMOXMJII CBITJIONIOAIBHI 3AHYPEHHSA 3 HEBU3HAYEHOTI'O
MAWKE EPMITOBOI'O MHOT'OBHJIY B CBITJIONOAIEHUIA MHOT'OBH/I

We introduce slant lightlike submersions from an indefinite almost Hermitian manifold onto a lightlike manifold. We
establish existence theorems for these submersions. We also investigate the necessary and sufficient conditions for the
leaves of the distributions to be totally geodesic foliations in indefinite almost Hermitian manifolds.

BBezneHO MOHATTA MOXWINX CBITIONONIOHMX 3aHYPEHb 3 HEBU3HAYEHOTO Maike epMiTOBOIO MHOTOBHY B CBITJIONOAIOHUIH
MHOTOBHJ. JloBEIEHO TEOpeMHM iCHYBaHHS UL TaKWX 3aHypeHb. BHBUEHO HEOoOXiIHI Ta JOCTaTHI YMOBH Ul TOTO, IIOO
JICTKU PO3NOALTIB OyiM MOBHICTIO T€0AC3MYHUMH PO3IIapyBaHHIMH B HEBH3HAYCHUX Maike epMITOBHX MHOTOBHIAX.

1. Introduction. Riemannian submersions between Riemannian manifolds were studied by O’Neill
[6] and Gray [5]. Later Watson [14] defined almost Hermitian submersions between almost Hermitian
manifolds. Semi-Riemannian submersions were introduced by O’Neill in [7]. It is known that when
M and B are Riemannian manifolds, then the fibers are always Riemannian manifolds. However,
when the manifolds are semi-Riemannian manifolds, then the fibers may not be semi-Riemannian
manifolds. Therefore in [10], Sahin introduced a screen lightlike submersion from a lightlike manifold
onto a semi-Riemannian manifold and in [11], Sahin and Giindiizalp introduced a lightlike submersion
from a semi-Riemannian manifold onto a lightlike manifold. As a generalization of almost Hermitian
submersions, Sahin [12] introduced slant submersions from almost Hermitian manifolds onto Rieman-
nian manifolds. The geometry of lightlike submanifolds has extensive uses in mathematical physics,
particularly in general relativity [3]. Also, it is well-known that semi-Riemannian submersions are
of interest in physics, owing to their applications in the Yang—Mills theory, Kaluza—Klein theory,
supergravity and superstring theories [1, 2, 4, 13]. Moreover, we obtained nonexistence of totally
contact umbilical proper slant lightlike submanifolds of indefinite Sasakian manifolds in [8]. Thus
all these motivated us to club the theory of lightlike submersions with slant submersions. In this
paper, we introduce slant lightlike submersions from an indefinite almost Hermitian manifold onto a
lightlike manifold. We establish existence theorems for such submersions. We also investigate the
necessary and sufficient conditions for the leaves of the distributions to be totally geodesic foliation
in indefinite almost Hermitian manifolds.

2. Lightlike submersions. The used notations and fundamental equations for lightlike submer-
sions are refereed from [11].

Let (M, g) be a real n-dimensional smooth manifold where ¢ is a symmetric tensor field of type
(0,2). The radical space Rad T, M of T,,M is defined by

RadT,M = {£ € T,M: g(§,X)=0 VX € T,M}.

The dimension of Rad T, M is called the nullity degree of g. If the mapping RadTM : x €¢ M —
— Rad T, M defines a smooth distribution on M of rank 7 > 0, then Rad T'M is called the radical
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distribution of M and the manifold M is called an r-lightlike manifold if 0 < r < n, for detail
see [3].

Let (M, g1) be a semi-Riemannian manifold and (Ms, g2) an r-lightlike manifold. Consider
a smooth submersion f: My — Mo, then ffl(p) is a submanifold of M; of dimension dimM -
dim M, for p € Ms. The kernel of f, at the point p is given by

Ker f, = {X € T,(M)): f.(X) =0},
and (Ker f,)* is given by
(Ker f)r ={Y € T,(M1): ¢1(Y,X) =0 VX € Ker f. }.

Since T,,(M;) is a semi-Riemannian vector space therefore (Ker f.)* may not be a complementary
to Ker f, so assume A = Ker f, N (Ker f,)* # {0}. Thus we have the following four cases of
submersions.

Case 1: 0 < dimA < min { dim(Ker f,),dim(Ker f,)=}. Then A is the radical subspace
of T),(My). Since Ker f, is a real lightlike vector space therefore complementary nondegenerate
subspace A in Ker f, is S(Ker f,) and we obtain

Ker f, = ALS(Ker f).

Similarly
(Ker f.)* = ALS(Ker f.)7t,

where S(Ker f,)* is a complementary subspace of A in (Ker f,)*. Since S(Ker f,)* is nondegen-
erate in T},(M1), therefore we get

T,(My) = S(Ker f.) L(S(Ker f*))l7

where (S(Ker f.))* is the complementary subspace of S(Ker f.) in T,(M;). Since S(Ker f.) and
(S(Ker f,))* are nondegenerate therefore we have

(S(Ker f,))- = S(Ker £, L(S(Ker £.)5)*.
Then from [3], we can construct a quasiorthonormal basis of M; along Ker f, therefore we obtain

9(&, &) = g(Ni, Nj) =0, 9(&, Nj) = 045,
g(Wavfj) :g(WaaN]) :01 g(WOvaﬁ) :€a5a57

(1
where {N;} are smooth lightlike vector fields of (S(Ker f.)*)*, {&} is a basis of A and {W,} is
a basis of S(Ker f,)*. Denote the set of vector fields {N;} by ltr(Ker f.) and consider

tr(Ker f.) = ltr(Ker f,) LS(Ker f.)*.

Using (1), it is clear that ltr(Ker f,) and Ker(f.) are not orthogonal to each other. Denote V =
= Ker f,, the vertical space of 7),(M;) and H = tr(Ker f,), the horizontal space then we have

Tp(Ml) = Vp D Hp.
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Definition 2.1 [11]. Let (M1, g1) be a semi-Riemannian manifold and (Ma, g2) an r-lightlike
manifold. Let f: My — My be a submersion such that:

(a) dim A = dim{(Ker f.) N (Ker f,)*} = r, 0 < r < min { dim(Ker f,), dim(Ker f,)*};

(b) f« preserves the length of horizontal vectors, that is, g1(X,Y) = g2(fu X, fY) for X, Y €
eI'(H).

Then f is called an r-lightlike submersion.

Case2: dimA = dim(Ker f,) < dim(Ker f,)*. Then V = A and H = S(Ker f,)* L
L ltr(Ker f,) and f is called an isotropic submersion.

Case 3: dim A = dim(Ker f,)* < dim(Ker f,). Then V = S(Ker f,) LA and H = ltr(Ker f,)
and f is called a coisotropic submersion.

Case 4: dim A = dim(Ker f,) = dim(Ker f,)*. Then V = A and H = ltr(Ker f,) and f is
called a totally lightlike submersion.

We need the following theorem to define slant lightlike submersion from an indefinite almost
Hermitian manifold onto a lightlike manifold.

Theorem 2.1. Let f: My — M be an r-lightlike submersion from an indefinite almost Her-
mitian manifold (M, g1,J1), where g is a semi-Riemannian metric of index 2r to an r-lightlike
manifold (M, g2). Let JA\ be a distribution on M such that AN J/ = 0. Then any complementary
distribution to JA & J ltr(Ker f,) in S(Ker f,) is Riemannian.

Proof. Assume that Jltr(Ker f,) is invariant with respect to J therefore 1 = g({,N) =
= g(J§,JN) = 0, for any £ € I'(Rad(Ker f,)) and N € T'(ltr(Ker f.)), which leads to a
contradiction. Also Jltr(Ker f.) does not belong to S(Ker f,)*, since S(Ker f,)* is orthogonal
to S(Ker f,), therefore 0 = g(J¢,JN) = g(§, N) = 1. Thus Jltr(Ker f,) is distribution on M.
Moreover J ltr(Ker f.) does not belong to A, if JN € T'(A) then J2N = —N € I'(JA) which is
a contradiction. Similarly Jltr(Ker fi) does not belong to JA. Hence J ltr(Ker f,) C S(Ker f.)
such that JA N Jltr(Ker f.) = {0}.

Denote the complementary distribution to JA & J ltr(Ker f,) in S(Ker f,) by D. Then for a
local quasiorthonormal frames on M, {&1,...,&, J&1, ..., J&, N1,... N,y JNy, ..., JN,} form an
orthonormal basis of A @& JA @ ltr(Ker f,) @ J ltr(ker f,). Now define {U1, ..., Uz, V1,...,Var}
as

1 1

U1=f2(£1+N1), U2=\ﬁ(€1—N1),
Us = 12(§2+N2>, Uy = 12(£2—N2),
Unr = (& + M), Usp = —(& — Ny)
2r—1 \/§ r r)y 2r — \/§ r r)y
V1—12(J§1+JN1), V212(J51—JN1)7
v = 12<J£2 LNy, Vi 12(J§2 — TNy,
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1 1
V2 V2

Hence Span{¢;, N;, J&;, JN;} is a nondegenerate space of constant index 2r, that is, A & JA @
@ ltr(Ker f,) @ J ltr(Ker f,) is nondegenerate and of constant index 2r on M. Since

Vér—l = <J§T+JN7’)7 V2r (Jgr_JNr)

index(T'M;) =
= index(A @ ltr(Ker f,)) + index(JA @ Jltr(Ker f.)) + index(D_LS(Ker f1)),

therefore we have 2r = 2r 4 index(D L S(Ker f;})), this implies that D L S(Ker f;) is Rieman-
nian and hence D is Riemannian.

Theorem 2.1 is proved.

3. Slant lightlike submersion. Since geometry of lightlike submanifolds has extensive uses
in mathematical physics therefore as a generalization of holomorphic and totally real submanifolds,
slant lightlike submanifolds of indefinite Hermitian manifolds were introduced by Sahin in [9] as
below.

Definition 3.1. Let M be an r-lightlike submanifold of an indefinite Hermitian manifold M of
index 2r. Then M is a slant lightlike submanifold of M if the following conditions are satisfied:

(A) Rad(TM) is a distribution on M such that J RadTM NRad(T'M) = {0}.

(B) For each nonzero vector field tangent to D at p € U C M, the angle (X)) between JX and
the vector space D), is constant, that is, it is independent of the choice of p € U C M and X € D,,
where D is complementary distribution to J Rad T M & J ltr(T M) in the screen distribution S(TM).
This constant angle 0(X) is called slant angle of the distribution D. A slant lightlike submanifold is
said to be proper if D # {0} and 6 # 0, g

Thus using Theorem 2.1 and the definition of slant lightlike submanifolds, we can define slant
lightlike submersions from an indefinite almost Hermitian manifold onto a lightlike manifold as
below.

Definition 3.2. Let (M, q1,J) be a real 2m-dimensional indefinite almost Hermitian manifold,
where g1 is semi-Riemannian metric of index 2r, 0 < r < m and (Maz, g2) an r-lightlike manifold.
Let f: My — Ms be an r-lightlike submersion. We say that f is a slant lightlike submersion if the
following conditions are satisfied:

(C) JA is a distribution in Ker f, such that AN JA = {0}.

(D) For each nonzero vector field X tangent to D, the angle 0(X) between JX and D is
constant, where D is complementary distribution to JA & J ltr(Ker f.) in S(Ker f).

Hence we have

T,My =V, dHy =
={A L (JA® Jltr(ker f,) LD} @ { f(D)LpuLltr(Ker f.)},

where 1 is the orthogonal complementary subbundle to f(D) in S(Ker f,). Let f be a slant lightlike
submersion from an indefinite almost Hermitian manifold (M, g1, J) onto an r-lightlike manifold
(Ma, g2), then any X € V), can be written as

JX = X + wX, )
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where ¢ X and wX are the tangential and the transversal components of J X, respectively. Similarly
for any V' € H,, we get

JV = BV +CV, 3)

where BV and C'V are the tangential and the transversal components of JV, respectively. Denote by
Py, P>, Q1 and Q2 the projections on the distributions A, JA, Jltr(ker f.) and D, respectively.
Then we can write

X=PX+PX+QX+QX @)
for any X € V,. Applying J to (4) we obtain
JX = JPX + JPX + ¢Q2X + wQ2 X +w@1 X (5)
for any X € V,. Then clearly

JPX = 6P X €T(JA),  JPX =PRX €T(A), wPX=0, wPX =0,
$»Q2X € T'(D), w@:X €T(f(D)), ¢Q1X =0, w@1X € (ltr(Ker f,)).

Therefore we can write
(f)X = gZ5P1X + ¢P2X + ¢Q2X

Since the geometry of Riemannian submersions is characterized by O’Neill’s tensors 7 and A.
Therefore Sahin [11] defined these tensors for lightlike submersions as

TxY = hV, xvY + vV, xhY, (6)
AxY = vV xhY + hVxvY, 7

where V is the Levi— Civita connection of g;. It should be noted that 7 and A are skew-symmetric
in Riemannian submersions but not in lightlike submersions because the horizontal and vertical
subspaces are not orthogonal to each other. 7 and A both reverses the horizontal and vertical
subspaces and moreover 7 has symmetry property, that is

TxY = Ty X. (8)

Using (6) and (7), we have the following lemma.
Lemma 3.1. Let f be a slant lightlike submersion form an indefinite almost Hermitian manifold

(My, g1, J), where g is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (M, g2).
Then

i) VgV =TyV +vVyV,

(i) Vy X =hVy X + Ty X,

(iii)) VxV = AxV +vVxV,

(iv) VxY =hVxY + AxY
SJorany XY € I'(tr(Ker f.)) and U,V € I'(Ker f,).

Using (2) and (3) with Lemma 3.1, we obtain the following lemma.
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Lemma 3.2. Let f be a slant lightlike submersion form an indefinite almost Hermitian manifold
(M, q1,J), where g is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (Maz, g2).
Then

(Vxw)Y = CTxY — TxoY,  (Vx@)Y = BTxY — TxwY, )
where
(VXw)Y = hVXwY — wVXY, (de))Y = VVX(Z)Y - (Z)VVXY

Sfor any X,Y € (ker f).

Theorem 3.1. Let [ be a lightlike submersion from an indefinite almost Hermitian manifold
(M, q1,J), where g is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (M2, g2).
Then f is a proper slant lightlike submersion if and only if

(i) J(Itr(Ker fy)) is a distribution on M,

(ii) for any X € I'(Ker f.) there exists a constant A € |—1,0] such that

$?Q2X = AQ2X. (10)

Moreover, in this case, A\ = — cos? 0.

Proof. Let f be a slant lightlike submersion then JA is a distribution on S(7'M ). Hence using
Theorem 2.1, J(ltr(Ker f.)) is a distribution on M;. Next the slant angle between JQ2X and D,
is constant and given by

COSO(QQX) _ Q(JQQXa ¢Q2X) . g(QgX, ¢2Q2X) an

[TQ2Xl6Q2X]  @2X[16Q2X]
On the other hand, cos #(Q2X) is also given by

_ |9@2X]|
|JQ2X |

cos 0(Q2X) (12)

Hence using (11) and (12), we obtain

9(Q2X,¢*Q2X)
|Q2X|? .

Since the angle A((Q2X) is constant on D therefore we have ¢?@Q2X = AQ2X, where A = — cos? 6.
Conversely (i) implies that JA is a distribution on S(Ker f.)). Hence using Theorem 2.1, any
complementary distribution to JA & J ltr(Ker f,) in S(Ker f,) is Riemannian.

Theorem 3.1 is proved.

Corollary 3.1. Let | be a proper slant lightlike submersion from an indefinite almost Hermitian
manifold (M, g1, J), where g1 is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold
(Ma, g2) with slant angle 0. Then, for any X,Y € (Ker f.), we have

cos? 0(Q2X) =

91(¢X, ¢Y) = cos” 691 (X, Y), (13)
g1(wX,wY) =sin®Ag; (X,Y). (14)
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Theorem 3.2. Let [ be a lightlike submersion from an indefinite almost Hermitian manifold
(M, q1,J), where g is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (Maz, g2).
Then f is a proper slant lightlike submersion if and only if

(i) J(Itr(Ker fy)) is a distribution on M

(i) for any vector field X tangent to My, there exists a constant v € [—1,0] such that

BwQ:X = vQ2X, (15)

where v = —sin® 6.
Proof. Let f be a slant lightlike submersion, then J(ltr(ker f)) is a distribution on M. Next,
applying J to (5) and using (2) to (4), we obtain

—X=-PX-BPX+ ¢2Q2X —|—w¢Q2X + Bw@1 X + Bw@s X,
comparing the components of the distribution D both sides of the above equation we get
QX = ¢*Q2X + Bw@» X, (16)

hence using (10), we obtain (15). Conversely, using (15) and (16), we have ¢2Q2X = — cos? Q2 X.
Hence proof follows from Theorem 3.1.

Further, we prove that the orthogonal complement subbundle x of fD in S(Ker f,)* is holo-
morphic with respect to J and we obtain its dimension.

Theorem 3.3. Let [ be a lightlike submersion from an indefinite almost Hermitian manifold
(M, g1, J), where g1 is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (Maz, g2).
Then p is invariant with respect to J.

Proof. Using (2), forany V € I'(1) and wX € I'(f(D)), we have g1 (JV,wX) = —g1(JV, ¢ X).
By virtue of Theorem 3.1, we get g1(JV,wX) = —cos?0g1(V, X) + g1(V,w¢X) = 0. Similarly
gi(JV,Y) = —q1(V,JY) =0 for any Y € I'(Ker f,). Also for any N € I'(Itr(Ker f,)) we have
g1(JV,N) = —g1(V, JN) = 0. Hence the proof follows.

Theorem 3.4. Let f be a proper slant lightlike submersion from an almost Hermitian manifold

(M7, g1, J) onto an r-lightlike manifold (M3, g2), where g1 is a semi-Riemannian metric of index

-2
2r. Then dim(u) = 2n —m + 2r. If p = {0}, then n = m 5 "

Proof. Since dim D = m—n—3r and dim S(Ker f;-) = n—r. Therefore dim y = 2n—m+2r.
Moreover M, is almost Hermitian manifold so its dimension m is even and hence dimension of p is

even.
Lemma 3.3. Let f be a lightlike submersion from an indefinite almost Hermitian manifold
(M{",g1,J), where g1 is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold

(M3, g2). Let {e1,...,em—n—3r} be a local orthonormal basis of D, then {cscbwey,...
..oy escOwepn_n_s,} is a local orthonormal basis of fD.
Proof. Since {ej,...,em_n—3-} be a local orthonormal basis of D and D is Riemannian

therefore using (14) we have
g1(cscfwe;, cscbwej) = csc? 0 sin? Og1(es, e5) = iy,

this proves the lemma.
Since for any Q2 X € T'(D), ¢Q2X € T'(D) therefore the distribution D is even dimensional.
Hence we have the following result similar to the above lemma.
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Lemma 3.4. Let f be a lightlike submersion from an indefinite almost Hermitian manifold
(M, g1,J), where g1 is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold
(M, g2). If {61,...7677173737'} are unit vector fields in D, then {e1,secfpey,ea,seclpes, ...
£+ Em=n=3r, S€C 9¢6m—121—3r} is a local orthonormal basis of D.

Theorem 3.5. Let f be a lightlike submersion from an indefinite almost Hermitian manifold
(M1, q1,J), where g is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (Maz, g2).
If w is parallel with respect to V, then we have

ToxdX = —cos*0Tx X, ToxdX = —TxX, and Tyx¢X =0, (17)

forany X e I'(D), X e T(ALJA) and X € T'(J(ltr(Ker f)), respectively.
Proof. Let w be parallel, then from (9) we have CTxY = Tx¢Y for X, Y € T'(TM).
Interchanging the role of X and Y, we get CTy X = Ty ¢X. Thus we obtain

CTxY —CTy X =TxoY — TyoX.
Using (8), we derive
TxoY = Ty ¢ X.

Then substituting Y by ¢X we get Tx¢>X = Tox»X. Thus using Theorem 3.1 with the fact that
#?X = —X, forany X € T(ALJA) and X = 0 for any X € I'(J(Itr(Ker £.)), (17) follows.

Theorem 3.6. Let f be a lightlike submersion from an indefinite Kaehler manifold (M, g1),
where g1 is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (Ma, g2). Then the
distribution V defines a totally geodesic foliation on M; if and only if

w(wVxoY + TxwY )+ C(Tx¢Y + hVxwY) =0

forany X,Y € V.
Proof. Let X, Y € T'(V) then using Lemma 3.1 with (2) and (3) we obtain

VxY =—-JVxJY = —J(Tx¢Y + vVxoY 4+ TxwY + hVxwY) =
= —(BTx9Y + CTx oY + ¢ovVx oY + wrVx oY + ¢TxwY + wTxwY +
+BhV xwY + ChVXwY).

Hence VxY € I'(V) if and only if w(vVx¢Y + TxwY) + C(Tx¢Y + hVxwY) = 0.

Similarly, we can prove the following theorem.

Theorem 3.7. Let f be a lightlike submersion from an indefinite Kaehler manifold (M, g1),
where g1 is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (Ms, g2). Then the
distribution H defines a totally geodesic foliation on M, if and only if

d(vVuBV + AyCV) + B(AyBV + hVyCV) =0

forany U,V € H.

Corollary 3.2. Let f be a lightlike submersion from an indefinite Kaehler manifold (M, g1),
where gy is a semi-Riemannian metric of index 2r, onto an r-lightlike manifold (Ms, g2). Then M;
is a locally product Riemannian manifold if and only if

wwVxeY + TxwY) + C(Tx oY + hVxwY) =0,
$(vVuBV + AyCV) + B(Ay BV + hVyCV) =0
Jor X, Y € T'(V) and U,V € T'(H).
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