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T-RADICAL AND STRONGLY T-RADICAL SUPPLEMENTED MODULES

We define (strongly) t-radical supplemented modules and investigate some properties of these modules. These modules
lie between strongly radical supplemented and strongly @-radical supplemented modules. We also study the relationship
between these modules and present examples separating strongly ¢-radical supplemented modules, supplemented modules,
and strongly @-radical supplemented modules.

BusHaueHo MOHATTS (CHIBHO) {-paJMKalbHUX JAONOBHEHHUX MOJYJIIB Ta BUBYCHO JESKI BJIACTHBOCTI LuX MoayiiB. Tcki
MOJIYJIi JIE)KaTh MiX CHJIBHO PaJIMKAIbHIMH JOTIOBHEHUMH Ta CHIIBHO (B-paJiKaIbHUMH JIOTIOBHEHHMHU MOAYJISIMU. Takoxk
BUBUYCHO CIiBBiIHOMICHSS MK UMM MOIYJISIMH Ta HAaBEICHO MPUKIAIN, UI0 BIIAUIAIOTH CHIBHO -paJuKaJIbHI JOTIOBHEHI
MOJLyJIi, JIONOBHEHI MOy Ta CHJIBHO B-paJiuKajbHi JOMOBHEHI MOJIYII.

1. Introduction. Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be aring and M be an RO—module. We will denote a submodule N of M by N < M.
Let M be an R-module and N < M. If L = M for every submodule L of M such that M = N+ L,
then N is called a small submodule of M and denoted by N <« M. Let M be an R-module and
N < M. If there exists a submodule K of M such that M = N + K and N N K = 0, then
N is called a direct summand of M and it is denoted by M = N & K [14]. Rad M indicates
the radical of M. A submodule N of M is called radical if N has no maximal submodules, i.e.,
N = Rad N. M is called a hollow module if every proper submodule of M is small in M. M
is called /ocal module if M has a largest submodule, i.e., a proper submodule which contains all
other proper submodules. Let U and V' be submodules of M. If M = U + V and V is minimal
with respect to this property, or equivalently, M = U +V and UNV <« V, then V is called a
supplement [5, 9, 16] of U in M. M is called a supplemented module if every submodule of M has
a supplement in M. A module M is called amply supplemented if V contains a supplement of U in
M whenever M = U + V [14]. Clearly every amply supplemented module is supplemented. M is
called [7, 10, 11] ®-supplemented module if every submodule of M has a supplement that is a direct
summand of M. Let M be an R-module and U, V' be submodules of M. V is called a generalized
supplement [2, 13] of U in M if M = U +V and UNV < RadV. M is called generalized
supplemented or briefly GS-module if every submodule of M has a generalized supplement and
clearly that every supplement submodule is a generalized supplement. M is called a generalized ®-
supplemented [6, 10, 11] module if every submodule of M has a generalized supplement that is a direct
summand in M. A submodule N of an R-module M is called cofinite if M /N is finitely generated.
Note that M is called w-projective if whenever M = U + V then there exists a homomorphism
f: M — M such that f (M) CU and (1 — f) (M) CV [14].

Lemma 1.1. Let M be an R-module and N, K be submodules of M. If N+ K has a generalized
supplement X in M and N N (K + X) has a generalized supplement Y in N, then X +Y is a
generalized supplement of K in M.

Proof. See [6], (Lemma 3.2).
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Lemma 1.2. [If'V is a supplement in a module M, then RadV =V N Rad M.

Proof. See [3] (Corollary 4.2].

Lemma 1.3. Let M be a w-projective module and K, L be two submodules of M. If K and L
are mutual supplements in M, then K "L =0 and M = K & L.

Proof. See [14] (41.14(2)).

2. T-sum and T-summand.

Definition 2.1. Let M be an R-module, U and V' be two submodules of M. M is called t-sum
of U and V if U and V are mutual supplements in M., ie, M = U +V, UNV < U and
U NV « V. Having this property of M is called a t-decomposition of M, U and V are called
t-summand of M. (see also [8]).

Theorem 2.1. Let M be an R-module. M is an amply supplemented module if and only if for
every U < M there exists a t-decomposition M = X +Y of M such that X < U and UNY K Y.

Proof. (=) Let M be an amply supplemented module. Consider any submodule U of M. Since
M is amply supplemented module, then M is supplemented module. So U has a supplement Y in
M. Inthiscase M =U+Y and UNY K Y. Since M =U +Y and M is amply supplemented
module, Y has a supplement X in M such that X < U. Therefore M is t-sum of X and Y.

(<) Consider any submodule U of M and let M = U + V. By hypothesis, there exists
a t-decomposition M = X +Y of M suchthat X < UNV and UNV NY <« Y. Since
M =X+4+Y and X < UNV <V, then the modular law, V = X + V NY. So we have
M=U+V=U+X+VnNnY =U+VnNY. Also by hypothesis, there exists a t-decomposition
M=S+Tof Msuchthat S <VNY and VNYNT KT.Since S<VNYand M =5+T,
then by modular law, VNY = S+ V NY NT. Moreover, since VNY NT <« T, we get
M=U+VNY=U4+S+VnNYNT=U+S.Inhere,since UNS <UNVNY <Y, then
UNS <« M. Since S is a supplement in M, then U NS < S. That is, U has a supplement S in M
such that S < V. Therefore M is amply supplemented.

Definition 2.2. Let M be an R-module and {U;};cr be a collection of submodules of M. If for

every 1 € I, U; and Zkel @ Uy are mutual supplements in M, then M is called t-sum of the
—?

collection {U;},.; . (see also [8]).

Lemma 2.1. Let M be a w-projective R-module and a t-sum of U and V. Then U NV =0
and M =U@&V.

Proof. Clear from Lemma 1.3.

The following result generalizes Lemma 2.1 which is easly proved.

Corollary 2.1. Let M be an R-module and {U;};cr be a collection of submodules of M. If M
is -projective and a t-sum of the collection {U,;};cr, then M = @;c1Us;.

Proof. We take any k € I. Hence U}, and Z'e[ k) U; are mutual supplements in M. By the
icl—

Lemma 2.1, we have U, N (Ziel_k Ui> = 0. Therefore M = @®;c1U;.

Lemma 2.2. Let M be an R-module and V' be a supplement of U in M. T is a supplement of
K in'V with K,T <V ifand only if T is a supplement of U + K in M. (see also [8)]).

Proof. (=) Let T be a supplement of K in V. Consider any submodule 7} of 7' with
U+ K+Ty =M. Since K,T <V, U+ K+T, = M and V is a supplement of U in M, then
we get K + 17 = V. Since T is a supplement of K in V, then 77 = T. So, T is a supplement of
U+ K in M.
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(<) Let T be a supplement of U + K in M. Consider any submodule 77 of T with K +T; = V.
Weget M =U+V =U+ K+ Ti. Since T7 < T and by the assumption, we can write 17 = T.
Therefore 1" is a supplement of K in V.

Lemma 2.3. Let M be a t-sum of U and V. If K is a supplement of S in U and L is a
supplement of T in V, then K + L is a supplement of S+ T in M (see also [8]).

Proof. Since U is a supplement of V in M and K is a supplement of S in U, by Lemma 2.2, K is
a supplement of V4.5 in M. Hence (V+S)NK < K. Similarly, we can prove that (U+T7)NL < L.
Then (S+T)N(K+L) < (S+T+K)NL+(S+T+L)NK = (U+T)NL+(V+S)NK < K+1L,
andby M =U+V =S+K+T+L=S+T+ K+ L, K+ L is a supplement of S+ 7T in M.

Lemma 2.4. Let M be a t-sum of U and V, and L, T < V. Then V is a t-sum of L and T if
and only if M is a t-sum of U + L and T', and M is a t-sum of U + T and L (see also [8]).

Proof: (=) Let V be a t-sum of L and 7. Since T is a supplement of L in V and V
is a supplement of U in M, then by Lemma 2.2, T is a supplement of U + L in M. Then
(U+ L)NT <« T. Similarly, we can prove that (U +T)NL < L. Then by UNV « U,
U+L)NT <UNL+T)+LnU+T) =UnV+U+T)NL <« U+ L. Since
U+L)NT<<T,(U+L)NT<U+Land M =U +V =U + L + T, then by Definition 2.1
M is a t-sum of U 4+ L and T Similarly, we can prove that M is a t-sum of U 4+ T and L.

(=) Clear from Lemma 2.2.

Corollary 2.2. Let M be a t-sum of Uy,Us, ..., Uy. If K; is a supplement of T; in U;, i =
=1,2,...,n, then K1 + Ko+ ...+ K, is a supplement of T1 + 15+ ...+ 1}, in M (see also [8]).

Proof. Clear from Lemma 2.7.

Corollary 2.3. Let M be a t-sum of Uy,Us, ..., Uy. If U; is a t-sum of K; and T;, i =
=1,2,...,n,then M isa t-sumof K1+ Ko+ ...+ K, and Ty + 15 + ... + T, (see also [8]).

Proof. Clear from Corollary 2.2.

Corollary 2.4. Let M be a t-sum of Uy, Us, ..., U,. If K; is a supplementin U;, i = 1,2,...,n,
then K1+ Ko+ ...+ Ky, is a supplement in M (see also [8]).

Proof. Clear from Corollary 2.9.

Corollary 2.5. Let M be a t-sumof Uy,Us, ..., Uy,. If K; is a t-summand of U;, i = 1,2,...,n,
then K1 + Ky + ...+ K, is a t-summand of M (see also [8]).

Proof. Clear from Lemma 2.4.

Let M be an R-module. We say that M is called cofinitely t-generalized supplemented module
if every cofinite submodule of M has a generalized supplement such that it is a supplement in M.

Theorem 2.2. Let M be a t-sum of collection of {U;},.; . If for every i € I, U; is cofinitely
t-generalized supplemented, then M is also cofinitely t-generalized supplemented.

Proof. Let K be any cofinite submodule of M. Since M = Zie[ U;, then there exist
11,%2,-..,ip € I such that M = K +U;; +U;, + ...+ U;,. By Lemma 1.1, clearly, K has
a generalized supplement V;, + Vi, + ... + V; in M such that V;, is a supplement in U;, for
1 <t < n. By Corollary 2.4, we get V;, +V;, +...+V;, is a supplement in M. Therefore M is a
cofinitely ¢-generalized supplemented.

Lemma 2.5. Let M be a t-sum of collection of {U;},.;. Then Rad M = Zie] Rad U; (see
also [8]).

Proof. Clearly Ziel RadU; < Rad M. Let x € Rad M. Since z € M = Ziel Rad U;,
there exist 41,%2,...,%, € [ and x;, € U;,, t = 1,2,...,n such that * = x;, + x4, + ... + x4,
Suppose that some submodule S of U;, for 1 <t < n with Rx;, + .5 = U;,. In here, we can show
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that Ra;, + S + Zig_{it}
since S < U;, and U, is a supplement of Z

U; = M. Since Rr <« M, we have S + Z,el i) U; = M. Moreover,
1 —1%t

A .. U; in M, then we can write S = U;,. Hence
el—{is}

Rx;, < U, then z;, € Rad U;,. Therefore Rad M < Z'e[ Rad U;.
(2
3. (Strongly) T'-radical supplemented modules.

Definition 3.1. Let M be an R-module. If the radical of M has a supplement such that is a
t-summand in M, then M is called t-radical supplemented module, that is, there exist K, L < M
such that M = Rad M + K, RadMNK <K< Kand M=K+ L, KNL<K K, KNL <K L.

Definition 3.2. Let M be an R-module. If every submodule of M containing the radical of
M has a supplement that is a t-summand in M, then M is called strongly t-radical supplemented
module. That is, for every submodule K of M with Rad M C K, there exists a t-summand L of M
such that M = K+ L, KNL < L.

Lemma 3.1. Every supplemented module is strongly t-radical supplemented.

Proof. Let M be a supplemented module and let Rad M < U < M. So U has a supplement
V in M. Since M is supplemented, V has a supplement V' in M. Hence V and V' are mutual
supplements in M. Therefore V is a t-summand of M. This means that M is strongly ¢-radical
supplemented.

In the last of this section, we will give an example of a strongly ¢-radical supplemented module
that is not supplemented.

Lemma 3.2. Every radical module is (strongly) t-radical supplemented.

Proof. Let M be a radical module. Clearly M has the trivial supplement 0 in M. Hence M is
t-radical supplemented. Since M is the unique submodule containing the radical, M is a strongly
t-radical supplemented.

By P (M) we denote the sum of all radical submodules of a module M. It is clear that, for any
module M, P (M) is the largest radical submodule.

Corollary 3.1. For every R-module M, P (M) is strongly t-radical supplemented.

Proof. Since Rad P (M) = P (M), the proof is complete.

Lemma 3.3. Let M be (strongly) t-radical supplemented module. Then M has a t-summand
which is radical.

Proof. By hypothesis, there exists V, V' < M such that M = RadM +V, RadM NV <« V,
M=V+V, VNV «Vand VNV <« V. Now we prove that Rad V' = V. Since Rad M NV =
= RadV, RadV <« V. Note that Rad M = RadV + Rad V. So, M = V 4+ Rad V. Applying the
modular law, V' = RadV + (V N V) . Since VNV « V, then RadV = V. Therefore V is a
radical ¢-summand.

Recall that a module M is called reduced if P (M) = 0.

Lemma 3.4. Let M be a reduced module. If M is (strongly) t-radical supplemented, then
Rad M <« M.

Proof. Since M is (strongly) t-radical supplemented, there exists V, V' < M, such that M =
=RadM+V,RadMNV «Vand M =V4+V, VNV <V, VNV « V. Since Rad M NV =
= RadV, RadV < V. By Lemma 3.3, we have Rad V' = V. Since M is reduced, P (M) = 0.
Hence we get M =V.

Lemma 3.5. Every module M with Rad M < M is t-radical supplemented.
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Proof. Let M be a module with Rad M <« M. We assume that M = Rad M + N for some
submodule N of M. Since Rad M <« M, then M = N.

An R-module M is called coatomic if every proper submodule of M is contained in a maximal
submodule of M. Note that Rad M is small in M for every coatomic Z-module M.

Corollary 3.2. Every coatomic module is t-radical supplemented.

The module rR is a maximal module if every nonzero ideal contains a maximal submodule. p R
is a left Bass module if every nonzero R-module has a maximal submodule; such rings are called left
Bass rings. R is left Bass ring if and only if for every nonzero R-module M, Rad M < M. Now,
we obtain the following result.

Corollary 3.3. Every nonzero module over the left Bass ring is t-radical supplemented.

By combining the Lemma 3.1 and definitions we have the following lemma.

Lemma 3.6. Let M be an R-module with Rad M < M. Then the following conditions are
equivalent.

(i) M is strongly t-radical supplemented,

(il) M is strongly radical supplemented,

(iii) M is supplemented.

The factor modules of a strongly ¢-radical supplemented module need not be strongly t-radical
supplemented in general. A module M is called distributive if for every submodules K, L, N of M,
N+ (KNL)=(N+K)N(N+ L) or equivalently NN (K +L) = (NNK)+ (NNL). For
distributive modules we have the following fact.

Lemma 3.7. Let M be a distributive strongly t-radical supplemented module and U be a
submodule of M. Then M /U is strongly t-radical supplemented.

Proof. Let V/U be any submodule of M /U with Rad(M/U) C V/U. From canonical epimor-
phism 7: M — M/U, we have (Rad M + U)/U C Rad(M/U). So Rad M C V. Since M is a
strongly t-radical supplemented module, then V' has a supplement which is a ¢-summand in M. Hence
there exists 7,7 < M suchthat M = V+T, VNT < Tand M =T+T, TNT < T, TNT < T.
Since T is a supplement of V in M, then (T + U) /U is a supplement of V/U in M/U. Now we
show that (7' + U) /U is a t-summand in M/U. From M =T + T, we get M/U = (T +U)/U +
+ (T'+ U)/U. Since M is distributive, we have [(I'+ U) N (T'+ U)]/U = (U + (T NT))/U. On
the other hand, (U + (T'NT))/U < (T +U)/U and (U + (I'NT))/U < (T' + U)/U. Therefore
MU is strongly t-radical supplemented.

Theorem 3.1. Let M be t-sum of My and Ms. If My and My are t-radical supplemented, then
M is t-radical supplemented.

Proof. Since M is t-radical supplemented module, then Rad M has a supplement V; which is
t-summand in M. Since M, is t-radical supplemented module, then Rad M> has a supplement V5
which is t-summand in Ms. From M, is a t-sum of M7 and M, by Lemma 2.5, we have Rad M =
= Rad M; + Rad Ms. By Lemma 2.3, V; + V5 is a supplement of Rad M = Rad M; + Rad M in
M. On the other hand, by Corollary 2.5 V; + V5 is a t-summand in M.

Corollary 3.4. The finite t-sum of t-radical supplemented modules is t-radical supplemented.

Lemma 3.8. Let R be a nonlocal commutative domain and M be an injective R—module. Then
M is (strongly) t-radical supplemented module.

Proof. By our assumption, we can write Rad M = M.

Over Dedekind domains, divisible modules coincide with injective modules as in Abelian groups.
Note that for a module M over a Dedekind domain R, M is divisible if and only if Rad M = M,
and this holds if and only if M is injective; see for example [1] (Lemma 4.4).
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Corollary 3.5. Every module over nonlocal Dedekind domain is a submodule of (strongly) t-
radical supplemented module.

Now we give examples for to separate the structure of strongly ¢-radical supplemented, supple-
mented and strongly é-radical supplemented module.

Example 3.1. Consider the Z-module Q. Since RadQ = Q, 1t follows that zQ is strongly
t-radical supplemented. But it is well known that 7Q is not supplemented (see [7], Example 20.12).

Example 3.2. Let R be a commutative local ring which is not a valuation ring. Let a and b
be elements of 12, where neither of them divides the other. By taking a suitable quotient ring, we
may assume that (a) N (b) = 0 and am = bm = 0, where m is the maximal ideal of R. Let F' be
a free R-module with generators x1,x2 and x3, K be the submodule generated by ax; — bxo and

R R R )
M = F/K. Thus, M = x};(@ :Ez? ):):3 = (RZ1+ R%3)® Rx3. Here M is not &-supplemented.
axry — 0x2

But F' = Rz @ Rxo @ Rxg is completely @-supplemented [7].

Since F' is completely @-supplemented, F' is supplemented. Since a factor module of a sup-
plemented module is supplemented, we have M is supplemented. By Lemma 3.1 M is strongly
t-radical supplemented module. But M is not strongly é¢-radical supplemented.
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