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O JIOKAJIbHOM MOBEJEHUU OTKPBITBIX JJUCKPETHBIX OTOBPAKEHUI
KJIACCOB OPJINYA - COBOJIEBA

The paper is devoted to the study of mappings with unbounded characteristic of quasiconformality and, in particular, of
mappings with finite distortion extensively studied in recent years. We obtain theorems on equicontinuity of families of
mappings that belong to the Orlicz-Sobolev class for n > 3, and have finite distortion. To do this, we also investigate
some auxiliary classes of mappings, namely, we study the relationship between the so-called lower (Q-mappings and some
inequalities of the capacity type.

Jlany po0oTy HpHCBSUCHO BUBYEHHIO BiTOOpaXXeHb 3 HEOOMEXEHOIO XapaKTePHCTHKOIO KBa3iKOH(QOPMHOCTI, 30KpeMa Bi-
J0OpaskeHb 31 CKIHUCHHUM CIIOTBOPEHHSM, I1I0 aKTHMBHO BUBYAIOThCS MPOTAIOM OCTaHHBOTO 4acy. OTpUMaHO TEOPEMH Ipo
OZIHOCTal{Hy HENepepBHICTh CiMel BiZoOpakeHsb, siki Hanexarh kiacy Opiiua—CoboneBa npu n > 3 1 MalOTh CKiHYCHHE
CHOTBOpPEHHSA. J{JI1 TOCATHEHHS IIi€i METH IapaielbHO TOCIIIKYIOThCS AesKi JOTIOMIXKHI KJIach BioOpaxxeHb, a caMme, BHB-
YaEThCSI B3a€EMO3B’ 30K MK TaK 3BaHUMH HIDKHIMHU (Q-BiZOOPaKCHHSIMH i ESIKUMH HEPIBHOCTSIMH €MHICHOTO XapakTepy.

1. BBenenue. J[lanHas cTarhs MOCBSIIEHA M3YYEHHIO CBOWCTBA PABHOCTEIIEHHOW HEMPEPHIBHOCTH
OJTHOTO TOJIBUA OTOOPaKCHUH C KOHEYHBIM HCKa)KEHHEM, aKTHBHO HM3Y4YaeMBIX IOCJICIAHEE BpeMs
(cm. [1], a Taxke [2, 3]). Kak Obu1o mokazaHo B OJHOW M3 COBMECTHBIX padOT aBTOpa, CEMEWcTBa
romeomopdpm3moB kimacca Opnrga— CoboneBa ¢ KOHEYHBIM HCKaXEHHUEM SIBIISIOTCS HOPMaJIbHBIMA
(pPaBHOCTENEHHO HEIMPEPBHIBHBIMU) TP ONPENEICHHBIX JOTOJHUTEIBHBIX YCIOBHAX Ha XapaKTepH-
CTHKY KBa3MKOH(QOPMHOCTH OTOOPaKEHHIA U KOJTHMYECTBO BBITYCKAEMbBIX STUMH OTOOpaKEHUSIMH 3Ha-
yeHuit (cMm., Hanpumep, [4], Teopemsl 7, 9 u cnenctBue 13). OmHako, Kak OKa3anoch, TpeOOBaHME
roMeoMOp(HOCTH B (OPMYIHPOBKE YHMOMSHYTHIX PE3yJABTaTOB B W3BECTHOM CMBICIE HE SIBISIETCS
MPUHIUIHAIBHBIM, IOCKOJIBKY, KaK Oy/IeT moKa3aHo B HacTosllel paboTre, MpH HEKOTOPHIX (IOBOJIBHO
€CTECTBEHHBIX) YCJIOBHSX Ha CEMEHCTBO OTOOpaKEeHUt, yCIIOBHE TOMEOMOP(PHOCTH MOKHO OTOPOCUTD
Y 3aMEHHUTH €r0 TPeOOBaHUEM, YTO KaX10€ OTOOpaKEHHUE SIBJISETCS JIUIIH OTKPBITHIM U AUCKPETHBIM.
[Ipu 5TOM TOTIOTHUTENHHO HAJIATaeTCs YCIOBUE OTPAaHMYEHHOCTH (PyHKIIMH KPaTHOCTH paccMaTpHBa-
eMOro ceMmelicTBa oToOpakeHuid. B manHOW paboTe OyayT cOpMYTHpPOBAaHBI U TOAPOOHO JOKa3aHBI
pe3ynbTaThl MOAOOHOTO XapakTepa.

Kak u B ciryqae romeomMopr3MOB, HcciieJoOBaHNE OTKPBITHIX JUCKPETHBIX OTOOpaKeHHH KIIAaCCOB
Opnuua — CobosnieBa ONMmUpaeTcss Ha WX CBI3b C TaK HAa3bIBAEMBIMH HW)KHUMH ()-0TOOpaKESHUSIMH,
B CBSI3U C yeM B pa0oTe pa3BHMBAeTCs MapajljielbHas BCIIOMOTaTelbHas TEOPHsI WX HCCIIECHOBAHMSL.
[lonarus u 0603HaYEHNS, BCTPEUAIOIINECS B HACTOSIIEH paboTe, MOTYT OBITh HaiieHsI B padoTax [1 —
5], ¥ MOTOMY TIPEUMYIIIECTBEHHO OmycKatoTcsl. [[oHsATHEe eMKOCTH KOHAEHCaTOpa, MHOXKECTB EMKOCTH
HYJIb U T. 1., MOTYT OBITh HalieHbI, HapUMeED, B [6]. 3xeck u nanee h — xopaaibHas METpHUKaA (CM.
[7], ompenenenue 12. 1). Ilepefinem k GhopMyTHpPOBKE OCHOBHBIX PE3yABTATOB HACTOSIICH PabOTEHI.

JIitst 3aaHHBIX KOMIIAKTHOrO MHOKecTBa 2 C R”, HeyObiBatomeit ¢pyukimu ¢ : [0, 00) — [0, 00),

u3Mepumoii 1o Jlebery dynkuun Q@ D — [1,00] u uncna N € N 0603naunM cumBonoM Ry, o N,E

Ly

CEMEHCTBO BCeX OTKPBITEIX TUCKPETHBIX oTobpakenmit f: D — R™ \ E xmacca W7,

MMEIOIIHX
KOHEYHOe HcKaxeHue, Takux 4to N(f, D) < N u K, 8_1(33, f) < Q(x) nouru Beromy. CripaBesnsa

ciaeayronias TeopeMa.
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1260 E. A. CEBOCTBJIHOB

Teopema 1. Ilycmb n > 3, mozoa cemeiicmeo omobpadcenuii R, o N,E A6IAEMCA pasHocme-

NEeHHO HeNnpepuleHbIM 6 HeKOMOPOU (uxcuposantoi mouxke o € D, eciu cap B > 0, @) € Llloc(D),

00 ; ﬁ
1/ [go(t)] dt < oo (1)

u, kpome moeo, npu wekomopom g > 0, g9 < dist (zg,dD), evinonneno yciosue pacxooumocmu

uHmeepaia
Y
/ — =% )
0 taw, (1)
1
20e, KaK 00bIuHO, ry (1) 1= ———— / Q(x) dH™ L. B wacmnocmu, 3axmouenue meopemvi
Wn—1T |x—zo|=r

n—1
1 sersiemes npasunbbim, eciu g, (r) = O [log ] npu r — 0.
T

3mech U Janee paBHOCTENIEHHAs HENPEPBIBHOCTH MOHUMACTCS KaK MEXIY METPHYCCKUMH IpPO-
crpanctBamu (X,d) = (D, |- |), tme D — obnacts B R", a | - | — eBKIHIOBa METpHKa, |x — y| =

~ \/Z:ﬂ(yii%)a t = (1,..,%), ¥y = (Y1,...,yn); (X', d) = (R*, h), e R* =

= R"U{o0}, h — xopnanpHas merpuka. 13 kpurepus Apuena— Ackoiu (cm. [7], npemnoxenne 20.4)

BBITEKAET CIEAYIOIIEe YTBEPKICHHE.

Cneocmeue 1. B ycnosusx meopemvt 1 cemeiicméo omobpadcenuii Ry, o N,E A6IAEMCA HOP-
MATbHbIM CeMEUCMBOM OMOOPadCeHull, KaKk mMoabko yciogue (2) 6biNOIHEHO 8 KANCOOU MOUKe X
obnacmu D.

Cohopmynupyem elie OMUH BakHeHmid pesynsrat pabotsl. [Toustue FMO (,,KOHEYHOTO Cpefi-
HEro KolieOaHus”) MOeT ObITh HaljeHo B MoHorpaduu [3] (pasa. 6.2). MMeer Mecto cremyromas
Teopema.

Teopema 2. [llpu n > 3 cemeticmeo omobpadicenuti R, o N,E A6IAEMC pAGHOCMENEHHO Henpe-
puienvim 6 mouxe xog € D, eciu cap E > 0, gvinonneno ycnosue (1) u, kpome mozco, Q@ € FMO(xo).

W3 Teopembl 2 Ha OCHOBaHUM NMPUBEIEHHOTO BBIIE KpUTEpUs Aplena— ACKONIN BBITEKAET Cleny-
oIIee YTBEPXKICHHUE.

Cneocmeue 2. B ycrosusax meopemvt 2 cemeticmeo omobpadicenuti Ry, o, N, E AGNAEMCL HOPMATb-
HbIM cemelicmeom omobpaicenuil, kak monvko ycnogue Q € FMO(xg) évinonneno 6 kasicooi mouxe
ro obnacmu D.

2. llpenBapuTenbHble CBeleHHs. B JaHHOM ITyHKTE 00CYXXTalOTCSl Pa3lIMYHbIE HE CBS3aHHBIC
MEXIy COOOM BOIPOCHI, KAXKIBIH U3 KOTOPHIX SIBISICTCS BCIIOMOTATEIHHBIM DIIEMEHTOM IIPH JIOKa-
3aTeNIbCTBE OCHOBHBIX PE3yJbTaToOB pabOThl. BeTpeuaromnmecs HME ONpeeNeHus] MOBEPXHOCTH U
MOIIyJIsl CEMEUCTB TIOBEPXHOCTEH MOXKHO HalTH, Hanmpumep, B [3] (1. 9).

Crenyromuii knacc oroOpaxeHH TpencTapisieT cobolr 0600eHne KBa3UKOH(POPMHBIX 0ToOpa-
KEHUH! B CMBICIIE KOJBIIEBOTO OMpeieeHns o [ epuHTy U OTIeNbHO UCCIeAyeTC s pa3IMYHbIMHU aBTO-
pamu (cm., Hanpumep, [3], miasa 9). [ycts D u D’ — 3amanuble o6mactu B R, n > 2, x¢ € D\ {oc}
uQ: D — (0,00) — u3mepumas 1o JleGery dyukumst. Bynem rosoputs, uro f: D — D' — nuocnee

n
Q-omobpadicenue ¢ mouke o, XKak Tombko M (f(2:)) > inf cextadm 25/ P @) dm(x)
DﬂA(E,EQ,LEo) Q(x)
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ams kaxgoro konbua A(e, €9, 20), €0 € (€,do), do = sup,cp |2 — 20|, tae L. obo3nauaer cemeii-
cTBO Bcex nepeceueHuit cdep S(xo,r) ¢ obmacteto D, r € (g,e0). [Ipumepbl TakKuX 0TOOpaKEHHI
HECJIOKHO YKa3aTh (CM. TeopeMsl 3, 4).

Crenyroiee yTBep:KACHHE JaXke i HECKOIBKO Oosiee 0OIIero ciaydvas ,,p-TIOYTH BCEX MOBEPX-
HOoCcTel” mpu n — 1 < p < n mpuBeneHo B padbote [8], oqHAKO, COACPKUT HEOONBITYI0 HETOYHOCTD
B cBoell (opMynupoBKe (B HEil Hy)XHO, BOOOLIE TOBOPS, MPEAIOIOKHTE U3MEPUMOCTh MHOXECTBA
E C R, cocrosimiero u3 Bcex r > () TakuX, 4T0 HEKOTOPOE CBOMCTBO P MMeEeT MECTO OTHOCHTENIBHO
cdepst S(0,7)), ¥ MOTOMY TPUBOAUTCS HUXKE MOTHOCTBHIO.

Jlemma 1. [lycmov xog € D. Eciu nekomopoe ceoticmeo P umeem mecmo 015 noumu écex cgpep
D(zg,7) := S(xo,7) N D, 20e «noumu 6cex» NOHUMAemcs 6 cMubiciie MOOVIs CEMeUCME No6epX-
Hocmell, u, kpome mozo, muodcecmeo F C R, cocmoswee uz ecex r > 0 maxux, umo ceoucmeo
P umeem mecmo omnocumenvro cghepvr S(0, 1), aeisemcs usmepumvim no Jlebezy, mo P maxoice
umeem mecmo 05 noumu écex cpep D(xo,r) omnocumensho aunetinoi mepor Jlebeea no napamem-
py r € R. O6pamno, nycmo P umeem mecmo ons noumu ecex cpep D(xg,r) := S(zo,7) N D
omuocumenvHo aunetinou mepol Jlebeza no r € R, moeda P makoice umeem mecmo 015 noumu 6cex
nosepxrnocmeti D(xq,r) 1= S(xg,7) N D 6 cmbicie mooyns cemeiicme nosepxHocmel.

Joxazamenscmeo. Heobxooumocmo. TlycTh HEKOTOpOEe CBOWCTBO P mMMeeT MeCTO JUIS TMOYTH
Bcex cep D(xg,7) := S(x0,7) N D, THE «IIOYTH BCEX» MOHMUMAETCS B CMBICIC MOIYJIS CEMEUCTB
noBepxHocTeil. [Tokaxkem, uTo P Tarke HMeeT MeCTo AJis mouTth Beex chep D(xp, r) M0 OTHOLICHHIO
K mapametpy r € R.

JlocTaTtouHO paccMOTpPETh Clyyaid, korga obiacts D orpanuueHa. [IpeamonoKxum, 4To 3aKiTroUe-
HHE JIEMMBI HE SBJISIETCS TPaBUIIbHBIM. [10CKOIBKY MHOXKECTBO £ M3 yCIIOBUSI JIEMMBI SIBIISICTCS H3ME-
pumbim 1o JleGery, To Haiinercs cemeiictBo I' cdep D(xq, ), A KOTOPOro CBOHCTBO P BBIMOIHEHO
B CMBICIIC TIOYTH BCEX MOBEPXHOCTEH OTHOCHUTEIHHO MOJIYJNS, OJHAKO HAPYIIAETCS Ui HEKOTOPOTO
MHOXXECTBa HHJIEKCOB 7 € R MOJOKUTEIBHONW MEPHI.

Bceneacreue peryasipHocT Mepbl Jlebera my Haiigercs 6openeBckoe MHOKecTBO B C R Takoe,
ato my(B) > 0 u cBoiictBo P Hapymaercs st mout Bcex r € B. Ilycts p: R™ — [0,00] —
nonyctuMasi GyHKuus Ui cemeiictBa ['. YuurteiBast, uto B GopeneBo, MOKHO CYHTATh, 4yTo p = 0
Bie F = {z € D:3r € B: |x — xy| = r}, NOCKOIBKY B 3TOM Clly4ae MHOXECTBO F, OUEBHJIHO,
6openeso. I1o HepaBencTBy [enbaepa

n—1

[t @ amte) < | [ @) dnto) [ am)
FE FE FE

U, CcIeIoBaTelbHo, B ciIy TeopeMmbl @younu (cM. [9], mi. III, reopema 8.1),

/P"(:C) dm(z) > </Epn1(x) dm(J:))U > (ma(B)) =

! (o)™

1u1st Hekotoporo ¢ > 0, . e. M(I") > 0, 4T0 MPOTHBOPEUUT HPEAIIOIOKCHHIO JIeMMBI. [lepBast 4acTh

JeMMBI 1 moka3zaHa.

Hocmamounocmy. Tlycts P ¥MeeT MeCTO JUlsl IOYTH BCEX 7 OTHOCHUTENIBHO Mepbl Jlebera u Bcex
COOTBETCTBYIONHX 3TUM 1 cep D(xg,r), r € R. ITokaxem, uto P TakKe BBIIOIHACTCS IJIsI IOYTH
Bcex moBepxHoctei D(xg, ) := S(zo,7) N D B cMbICIIE MOZYIISI CEMEHCTB MOBEPXHOCTEH.
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1262 E. A. CEBOCTBJIHOB

O6o3naunm uepes I'y cemeiicTBo Beex mepecedenuit D, := D(xzg,r) chep S(zp,r) ¢ obmacTsio
D, nna xoropeix P He umeer Mmecrta. Ilycts R 00o3HauaeT MHOXeCTBO Bcex 7 € R Takmx, 4rto
D, € Ty. Ecmu mi(R) = 0, o mo teopeme Oybunu nomydaem m(E) = 0, tne E = {z € D:
|x — x9| = r € R}. Paccmorpum dyHKimio pp: R™ — [0, 00|, onpeneneHHy0 CHMBOJIOM 0O TPH
x € F ¥ I00TpeieNICHHYO HyJIEM B OCTaIbHBIX TOUKax. OTMETHM, 4TO HaimeTcst Gopernesa QyHKIHsA
p2: R™ — [0, 0o], coBmaaromas moutu Beroay ¢ p1 (em. [10], pasa. 2.3.5). Takum o6pasom, M (Iy) <

psdm(x) = / pldm(z) = 0, cnemosarensro, M (T'g) = 0.
E E

Jlemma 1 mokasana.

Crenyrolee yTBEP)KIACHHE MOXKET OBITh JIOKAa3aHO aHAJOTHYHO Teopeme 9.2 B [3] m moromy
OITyCKaeTcH.

Jdemma 2. IIyemv D, D' C R", 29 € D\ {00} u Q: D — (0,00) — uzmepumas no Jlebezy

Gynxyus. Omobpanxcenue f: D — D' asnaemcs nuscnum Q-omobpadsicenuem 6 mouxe Ty mo20a

€0 d
u moavko moeoa, koeoa M(f(X.)) > / m Ve € (0,e0), €0 € (0,dp), e0e, kax u
€ n—1

sviute, Y. 0bozHauaem cemelicmeo écex nepecevenuti cpep S(xg,r) ¢ obnacmeio D, r € (e,&),
1

|Qlln-1(r) = </D( )Q"l(x)d/l> T

W3 nemmsbl 7.4 [3] BBITEKAeT CIPABEIIMBOCTD CICAYIOMICH JIEMMBL.

Jdemma 3. Ilycmo Q: D — [0, 00] — usmepumas no Jlebeay ynxyus, Q € L

loc

(D), onst npous-
gonvnbix 0 < 11 < 1o < dist (xg, 0D) nonacaem E = (B(xo,rg), B(xg,r1)> , A= A(ry,re,m0) =

={x € R":r; < |z — x| < r2}. Tocoa ecau emxocmv konoencamopa
7(B) = (£(Bwo,r2), f (Blao,m)) )

omKpwimMo2o Juckpemnozo omoobpasicenus f: D — R™ yooeremesopsiem yciosuio

Wn—1
cap J(E) < 221, G)
"2 dr
20e I = I(xg,71,72) 300aemcs coomnowenuem I = I(xg,11,72) = / ————, Mo maxice
"orggy (1)
cap £(E) < [ Qe (fa — o)) dm(z) 0
A

02151 110601 HeompuyamenvHou usmepumou no Jlebezy gyuxyuu n: (r1,r2) — [0, 00|, yoosremsops-
roweti yciosuio

r2

/n(r)dr =1. (5)

T1

Nmeer mecTo caenyromiee npemiokeHue (cM. gsemmy 2.6, ri. 111 [6]).

Mpennoxenne 1. [lpeononoocum, umo E — xomnaxkmmuoe cobcmeennoe nOOMHONCECNEO R»
maxkoe, umo cap X > 0. Toeoa ons kasxcooco a > 0 cywecmeyem maxoe HOLOAICUMENbHOE YUCTLO
0 > 0, umo cap (W\ E, C) > 4, 20e C — npouseonvhwiii konmunyym 6 R™ \ E maxoti, umo
h(C) > a.

JlokaxxeM Terepp clenyrolee BaXHOE YTBEPKICHHUE.
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Jdemma 4. Ilycmv D — obnacme 6 R, n > 2, E C R" — xomnaxmmnoe mHodicecmso nono-
arcumenvroti emxkocmu, Q: D — [0, 00| — usmepumas no Jlebezy gynxyus, §q r(ro) — cemeticmeo
omKpuImbIX Ouckpemuvix omobpaxcenuti f: D — R"\ E. yooeremeopsiowux 6 mouke xog € D
yenosuio (4) ons mobbix 0 < 11 < ro < dist (zg, 0D) u mobou HeompuyamenbHoOU UIMEPUMOTL NO
Jlebezy gynxyuu n: (ri,r2) — [0,00], 013 Komopoii umeem mecmo ycaogue (5). IIpeononoxcum,
umo

/ Q@)™ (1 — zo]) dm(x) = 0 (I"(e, 20)) , ©)
e<|z—xzo|<eo

20e ) (t) — nexomopas neompuyamenvras uzmepumas no Jlebezy @ynxkyus makas, ¥mo npu HeKo-
mopom € € (0,e0) 6binonneno yciosue

0< I(z,20) = /w(t)dt <00 Vee(0e]). )

Tozoa cemeticmeo omobpadxcenuti FQ g(To) paBHOCMENEHHO HENPEPLIBHO 6 MOYKe I().
Hokazamenscmeo. Tlonaraem £ = (A, C), e

A = B(zo,e0), C = B(xo,¢).
PaccmotpuM cemeicTBO u3MepuMbix GyHKmit 1) (t) = 1(t)/1(g, ), t € (&, €p). 3ameTum, 9To 15t
Beex € € (0,£() BBINOIHEHO PaBEHCTBO h ne(t) dt = 1. Torna, mo onpexnenenuo kiacca §Q, g (o),
ans moboro f € §g p(xo) ue € (0,¢)) Meem

! / Q@) - "(|z — o) dm(z).

)< ——
cap f (&) < Tn(z. 20)
e<|z—zo|<eo

U3 ycnosust (6) momywaem cap f (£) < afe) mwwst Beex € € (0, ), tae a(e) — 0 mpu ¢ — 0.
Bribepem mpousBosbHO uncio a > 0. s storo wmcia Haiigercs ducio 6 = d(a), s KOTOPOTro
BBITIOJIHEHO YCIIOBHE TPEIOKEHUS | OTHOCHTEIBHO MHOXKECTBA F, COOTBETCTBYIOIIETO YCIOBHIO
aemmsl 4. Toraa s yncna § = J(a) Haiigercs takoe €, = £4(a), 4TO

cap f(£) <d Ve €(0,e4(a)). (8)

Ucnons3ys cooTHomieHue (8), momydaeM

cap (@\E, f(B(xo, 5))) < cap (f (B(xo, 70)) f(B(xo, 5))) <6
npu £ € (0, ex(a)) .

Torma u3 mpemioxenust 1 crnemyer, uro h ( f (B(CE(], e))) < a. OKOHYATEILHO, A JIF0OOro

a > 0 cymiecTByer Takoe £, = £,(a), 4To

n(f (B@o ) <a,

kak ToJbKo € € (0, £4(a)).

Jlemma 4 nokaszana.

ITockomeky ycmoBus (6), (7) B o0meM ciydae dpe3BBIYAHHO 3aTPYIHUTCIBHBI IS MPOBEPKH,
0C00EHHO BXKHBIM MOXET OKa3aThCsl CIICAYIONIEe YTBEPKACHHUE, B KOTOPOM OIHCaHBI Hanbomuee 000-
3pUMBIE YaCTHBIC CITy4au STUX COOTHOIICHUH.

ISSN 1027-3190.  Vkp. mam. ocypn., 2016, m. 68, Ne 8§



1264 E. A. CEBOCTBJIHOB

3. OcHoBHas JemMma. Vcnonb3yemble HibKe cBeeHus, Kacawouuecs emxocta C[D, E, F'| napsr
MHOXXeCTB F, F' oTHOCHUTENBHO oOnacTu [, MOkHO Haith B pabore B. Ilmmepa [11]. s gucia
n’ =n/(n — 1) onpenenum BeaTHUUHY

Mu(®) = it [ pVam(o), ©)
pEadmy

R
7€ 3amuch p € adm X 03HauYaeT, uTo p — HeoTpuIarenbHas oopeneBckas ¢pyHkuus B R™ Takas, 4yto

/ pdH" 1 >1 VoeX. (10)
oNR

3amMeTuM, 4To corsiacHo pesyabrary Llumepa

MTL/(E) = C[G7 Co, Cl] ~1/n=1) ) (11)
cM. TeopeMy 3.13 [11]. 3ameTum Takxke, yTO cornacHo pesyisrary lllnbika
M(T(E, F, D)) = C[D, E, FJ, (12)

cM. teopemy [12]. [JanpHeimue uccaenoBaHusl paOOTHl OMMPAIOTCS HA JBE BAXKHBIC B3aHMMOCBSI3U:
YKa3bIBa€TCsl B3aUMOCBSI3b HIDKHUX (-0TOOpaXkeHU U OTOOPaKEHHI, YIOBIECTBOPSIOMINX OIEHKAM
(3), a 3arem B3auMocCBsI3b KitaccoB Opnuda—CoOosieBa ¢ HIKHUMH (Q-0ToOpaxkeHusmMu. [1oqoOHbIe
B3aMMOCBSI3U Hal/ICHbI HAMU, TIPaBJ/Ia, TOJIBKO MPU JOMOIHUTEIHHOM HPEAIONI0KEHUN OTKPBITOCTU U
JIUCKPETHOCTH OTOOpa)XKeHUH paccMaTprBaeMbIX kiaccoB. (M3ydenue Ooree oOmiero cirydas He OTHO-
CHUTCS K ONIDKAWIIMM LEISIM JTaHHOTO MCCIICOBAHUS U, BEPOSTHO, TPEOYyeT MOAXO0B, CYLIECTBEHHO
OTIIMYHBIX OT MOAYIBHOW TexHukwu.) Clemyromias jJeMMa SBISIETCS HanOoiee BaKHBIM JIEMEHTOM
JTaJIbHEMIIIEr0 U3JI0KEHUS.

Jemma 5. Ilyems g € D u Q: D — [0, 00| — nokaneho unmeepupyemas 6 cmenenu n — 1 6
D ¢yuxyus. Ecau f: D — R — omkpuimoe duckpemmuoe nudichee Q-omobpadicenue 6 mouke o,
mo f yooenemeopsem oyenxe
cap f(E) < 7o
20e E — konoencamop suoa E = (B(xg,12), B(x0,71)), Wn—1 — niowaos edunuunoti cghepoi 6 R™,
q. (r) — cpeonee snauenue gynxyuu Q"' (x) nao cgepoii |x — xo| = r u I* = I*(xo,71,72) =
B / "2 dr
= _

g, (1)

Hoxazamenvcmeo. Ilycts xg € D, 0 < 1 < ro < dist (zg,0D). be3 orpanndeHns: 06UHOCTH

MOYHO CUHTaTh, uTO f(I() # 00. 3adukcupyem ¢ € (r1,r2) U paccmorpum map B(zg, ). [lonaraem
Co = 0f(B(zo,72)), C1 = f(B(x0,71)), 0 = 0f(B(x0,¢)). Ilockonbky B(xg,T2) — KOMIAKT B
D, wnaiinercs taxoii wap B(xo, R), uto f(B(zo,r2)) C B(zo, R). [lonaraem G := B(xg, R).

ITockonbKy f HempepbIBHO U OTKpBITO, f(B(z0,7r1)) — KOMIAKTHOE HOAMHOXECTBO MHOXECTBA
f(B(zo,€)) Tak xe, kak f(B(x,c)) — xommakTHOe moamHOXecTBO f(B(xo,72)). B wacTHOCTH,
f(B(zo,71)) NOf(B(zo,€)) = @. lycrs, kak u Bpie, R = G\ (CoUC1) u R* = RUCyU (Y,
torma R* := (G. 3amerum, uro o pasgenser Co u C] B R* = (G. JlelicTBUTEIBHO, MHOXKECTBO 0 N R
3aMKHYTO B R, kpome Toro, iycte A := G\ f(B(zo,¢)) u B = f(B(xg,¢)), Torna A u B OTKPBITHI
BG\o, CyCA CiCBuG\o=AUB.
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IMycth 3 — cemeiicTBO Bcex MHOXkeCTB, otaenstomux Cy or C7 B (. [ToCcKoNbKy ISl OTKPBITHIX
orobpaxenuit Jf(0) C f(00), rne O — xomnaktHas nogodnacts D, nomydaeM Of(B(xg, 7)) C
C f(0B(xg, 1)), r € (0,dist (xg,0D)).

— r
Mycts p"~' € ade ) f(B(xzg,7)) B cmbicie cootHomenus (10), torma p €
r=rq
€ adm LJr2 0f(B(xp,7)) B cMbicne cootHomenns (9.11) [3]. TlockonbKy (BCIeacTBHE OTKpHI-
r=rq

toctn otobpaxenus f) mmeer mecro Biirouenue Of(B(xo,r)) C f(S(zo,r)), momydaem, duro
T

p € adm | | ’ f(S(xo,7)) u, cnenoarensHo, B cuity (9) nmeem
r=rq

My(Z) >Mn/<U8f (o, 7 >>Mn/<Uf (o, 7 )

r=ri r=rq
( U £(S(ao,r ) (13)
r=ri
Opnaxo, cornacuo (11) u (12),

. 1
M%) = G Co, e 1

Mycts I'f(p) — cemelicTBO Beex KpuBbIX s koHzeHcatopa f(E) B obosnavenusx [6] (mpemtoxe-
Hue 10.2, m. II). [Tycts Takxe I’ }"( B) 0003Ha4YaeT ceMecTBO BCeX CHPAMIISIEMbIX KPUBBIX CEMENHCTBa
I'f(). Torna 3ametum, yto cemericTea F}( B M I'(Cy, C1,G) MMErOT OMMHAKOBBIC CEMEICTBA JIOIy-
cTUMBIX MeTpuK p H, 3Hauut, M (T y(g)) = M(I'(Co, C1, G)). U3 (14) u [6] (npennoxenue 10.2,
1. 1) momygaem

1
M H(E) = ——— 15
STy =
OxonuarenbHo, u3 (13) u (15) ciexyer HepaBeHCTBO
1
cap f(E) < — (16)

M (U7 #(SGo,)

[To nemme 2 ¢ yaerom (16) mmeem

1 _ Wn—1
ro dr n—1 — Jxn—1"
</r1 I Qllnl(r)>
YTO U JIOKa3bIBAET JEMMY 5.

4. BzanmocBs3b kiaaccoB Opanya — Co6osieBa ¢ HIGKHUMHA (Q-0TOOpa:keHHAMHU. Pesynprarsl,
copmymrpoBaHHEIE HUXKE, TTO3BOJSIOT HcclenoBaTh kiacckl CoboneBa u Opmuda— Cobornesa, 1o-

cap f(E) <

MyCKAIOIUE HAMYME TOYCK BETBJICHHUSA. B wacTHOCTH, HMKE OyJeT yka3aHa B3aUMOCBSI3b HIDKHUX
Q)-otobpakeHnit ¢ kiaaccamu CoboreBa VVl})C1 Ha IUTOCKOCTH.

[Ipexkae Bcero omnwmiieM B3auMOCBA3b KiaccoB Opinua—CobolieBa ¢ HIDKHUMH () -0TOOpakeHU-
saMu 1ipu i > 3. MimeeT MecTo clenyroillee yTBepKIACHHUE.
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Teopema 3. Ilycms D — o6nacmes 6 R", n > 3, ¢: (0,00) — (0,00) — neybwisaioujas gynx-
yus, yoosremeopaiowasn ycrosuio (1). Eciu n > 3, mo xaxcooe omxpvimoe ouckpemuoe omoopa-
acenue f: D — R™ ¢ koneunvim uckadicenuem kiacca I/Vlif maxoe, umo N(f, D) < oo, sagisiemcs
HudicHum Q-omobpadicenuem 6 kaxcooti mouxe xo € D npu Q(z) = N(f, D) - Ko(z, f), 20e enew-
nsst ounamayus Ko(x, f) omobpascenus f 6 mouxe x onpedenena coommowenuem (1.15) [3], a
kpamnocme N (f, D) — coomnowenuem (8.20) [3].

/lokazamenbcmeo TOIHOCTHIO aHAIOTUYHO JJOKA3aTeIbCTBY TEOpEMBI 5 [4] U TOTOMY OITyCKaeTCsl.
OTMeTuM, 9TO KaK IMOKa3bIBAaeT TeopeMa IMPHUBEACHHAS HIDKE, IPH N = 2 CBsI3b KiaccoB Opimya—
CobosieBa ¢ HIDKHUMH ()-OTOOPaKCHHUSIMHU 3HAYMTENBHO 0OJiee MPOCTa, YeM B MPOCTPAHCTBEHHOM
ciayvae. Ilycte D C C. Hna xomiuiekcHo3HauHod ¢yukumu f: D — C, 3agaHHOH B 007acTH
D C C, umerome#t 4acTHbIC MPOM3BOAHBIC MO X M ¥ MPH IOYTH BCEX z = & + iy, MojaraeMm
af:fE: (fx+ify)/2 Haf:fz = (fx*ify)/z

Teopema 4. Kaocooe omxpwvimoe ouckpemnoe omobpavicenue f: D — C xoneunoco uckaice-
HUs K1acca VV&)C1 maxoe, umo N (f, D) < 0o, agnsiemes HuscHum (Q-omoodpasicenuem 6 npousBoibHOU
mouke zg € D npu Q(z) = N(f, D)K,(z), 20e K,(z) onpedeneno coomnowenuem

K - il
1—|p(2)]
w(z) = pp(z) = fz/f. npu f. # 0 u p(z) = 0 — 6 npomusnom ciyuae.

Jloxazamenscmeo. 3ameTHM, 4TO f = 0 g, g — HEKOTOPBIA TOMEOMOPHH3M, & ( — aHATIUTH-
gyeckast Qynkuus (cm. [13], n. 5 (III), . V). CrnenosarenbHo, otoOpakenue [ nuddepeHuupyemMo
mo4ytu Bcrony (cM., Hanpumep, [14], teopema 3.1,§3, mi. III). Ilycte B — GopeneBo MHOXKECTBO
Bcex Touek z € D, rue f umeer nonubiid quddepenunan f'(z) u J(z, f) # 0. 3amernm, uro B
MOXeT OBITh IPEJCTABICHO B BHUJIE HE 0OJIee YeM CUETHOTO OObeIMHEHHS OOpPEIeBCKHX MHOXKECTB
By, 1 =1,2,..., Takux, uto f; = f|p, ABNAIOTCS OMIMIIIMIEBBIME ToMeoMopdu3Mamu (cm. [10],
[myskTer 3.2.2, 3.1.4 u 3.1.8]). be3 orpanudeHus OOIMIHOCTH, MOXKEM CUWTaTh, YTO MHOXECTBa B
nonapHo He nepecekarrcs. O603HAYMM TaK)Ke CUMBOJIOM B, MHOXECTBO BceX Touek z € D, rae f
uMmeet nonHbli auddepenimat, onnako f'(z) = 0.

ITockonbKy f MMeeT KOHeyHO uckaxenue, f'(z) = 0 jist moutu Beex Todek z, rue J(z, f) = 0.
Taxkum 00pa3oM, COrIACHO MOCTPOCHHUIO M YYHUTHIBAsI H3JI0KEHHOE, MHOXKecTBO By := D \ (B B.)
uMeeT Hyseyto Mepy Jlebera. Crenoparensho, o Teopeme 9.1 [3] H1(ByN'S,) = 0 aia nourn
BCeX OKpyxkHOcTel S, := S(z9,7) ¢ HeHTpoM B Touke 2o € D, tne H ', xak 0ObHO, JTHHEHHAS
Mepa Xaycmopda, a ,,ouTH BeeX™ cleqyeT MOHUMATh B CMBICIIE MOJYJISI CEMEHCTB KPUBBIX. 3aMETHM,
yro dynxuus (r) := H1(By N S.) usmepuma mo JleGery B cuty Teopembl DyGuHM, Tak uTO
mHOxkecTBO F = {r € R: H1(ByN S,) = 0} usmepumo o Jlebery. B takom ciyuae 1o jemme 1 u
HY(ByNS,) =0 mns nouru Beex 7 € R,

PaccmoTpuM pasbuenne MHoxecTBa D, := B(z0,£0) D\ {20}, 0 < g9 < dp = sup,¢p |2— 20|,
Ha CYETHOE YHCJIO KOJBIEBBIX CerMeHTOB Ay, k = 1,2, ... . IlycTh () — BCIIOMOTareIbHasT KBa3HH-
30MeTpusi, oToOpakaromas Ay Ha MPIMOYTOILHUK Ay, Takoii, uto JIYTH OKPY)KHOCTEH 0TOOpakaroTes
Ha OTpe3ky mpsmbIX. (Hampumep, MoxHO B3aTh B KauecTBe i (w) = log(w — 2p), w € Ay.) Pac-
CMOTPHM CEMEHCTBO 0TOOpaxeHuit g, = f o @,;1, g . A — C. 3ameTumM, 9TO g) € I/Vlf)cl (cm. [15],
pazn. 1.1.7), otkyna, B yacTHocTH, g € ACL (cM. [15], Teopemsr 1 u 2, m. 1.1.3, § 1.1, . 1). ITo-
CKOJIbKY a0COJIOTHAsI HEMPEPBIBHOCTH Ha (PUKCHPOBAHHOM OTpe3Ke BiiedeT [V -CBOWCTBO OTHOCHTEIb-
HO nuHeitHo# Mepbi JIeGera (cm., [10], pasna. 2.10.13), o H 1 ((growr)(BoNArNS,)) = H1(f(BoN
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N A NS,)) = 0 u, 3Ha4MT, BCIEATBUE MOMyaIMTUBHOCTH Mephl Xaycnopba H ! (f(ByN S,)) = 0
IUIst TOYTH Beex 7 € R.

Jlanee, nokaxem uto H1(f(B. N S,)) = 0 ans moutn Beex r € R. JleficTBUTeNbHO, MyCTh
Ok, gr M Ap Takue, Kak ompeneieHo Bbime, A, = {2 € C: 2z — 29 = re"?,r € (rp_1,7),0 €
€ (Yr—1,vr)}, m Sk(r) — gacts chepsr S(zg,r), MpuHALIEKAMAsS CHEPHICCKOMY CerMEeHTY Ay,
T.e., Sp(r) = {z € C: 2 — 29 = re™, o € (Yr_1,¥x)}. Tlo nocrpoenuio ), orobpaskaer Si(r)
ua cerment [(k,r) = {z € C: z = logr +it,t € (Yr_1,v). lpumensist Teopemy 3.2.5 [10], mbI
0JTyYaeM, YTO

H gk (on(Ba 1 Sk(r))) < / N (s 9o on(Ba 01 Su(r)))dHly —

9k (Pr (BxNSk (1))

_ / gL (r + te)|dt = 0
ok (B«NSk(r))

st IouTH Beex 7 € (11, 7%). W3 usnoxkennoro Boume ciueayet, uto H 1 (f(B. N Sk(r))) = 0 mns
nouTH Beex 7 € (ry_1, 7). BeaenTsue nonyaaautusHocTH Xaycnophosoit mepst H L (f(B.NS,)) = 0
JUTS TIOYTH BceX r € R, 9T0 1 TpeOoBaIoCh YCTAaHOBHUTD.

ITycts I' — cemeiicTBO Beex mepecedeHuit OKpy:kHoCTel Sy, 7 € (€,€0), €0 < dp = SUpP,ep |2 —
— 29|, ¢ obmacteto D. [lnst 3amannoi nomycrumoit ¢yrkunn p, € adm f(T'), p. = 0 Bre f(D),
nonaraem p = 0 BHe D u Ha By, kpome TOTO,

p(z): = p(f()If'(2)l mpn z€ D\ By.

s pukcuposannoro muoxectsa D)F € f(I'), D = f(S, N D), 3amerum, 410
o0
Dy =J S nB)Jf(S-nB.),
=0

H, ClIeJIOBaTeNIbHO, T oyt Beex 1 € (0, &)

1< [pwid =Y [ N@.S 0By
Dy =0 ¢(s,nBy)
+ / N(y, Sy N Ba)p«(y)dH 'y (17)

f(5-NBx)

YuurteiBas nokazaHHoe BbImre, u3 (17) momydaem

o
1< [t =Y [ NS 0B an'y (1)
Dy =lsinm)
1uist moutd Beex 1 € (0, gg). Paccyskmast mokycouno Ha B;, i = 1,2, ..., cornacuo [10] (myskr 1.7.6

u Teopema 3.2.5), umeem
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/ pdA = / P (FEDIIF ()] dA =

B;NS;. B;NS,
= [ oL as [ e Sraa= [ opaa a9
BmST dA Ber f(BlﬂSr)

muist moute Beex 1 € (0,20). U3 (18) u (19) ¢ yuerom nemmsr 1 crenyer, uro p € extadmT.
Hcnonp3yst 3aMeHy MepeMeHHBIX Ha KaxiaoMm B, | = 1,2,... (cm., Hanpumep, [10], Teope-
Ma 3.2.5), a Takke CBOWCTBO CUETHOH aJMUTHBHOCTH HHTerpama Jlebera, moimydaem OIEHKY

z
/ 2 dm(z) < / N(f,D)ps«(y)dm(y), 4ro u 3aBepIuaeT 10Ka3aTebCTBO.
p Ku(2)
f(D)

5. loka3aTebCTBO OCHOBHBIX Pe3yJibTaTOB padoThl (TeopeMbl 1, ciaencTBus 1, Teopemsl 2 1
caencteus 2). Ilycts f € Ry, g N g, TOTMA B cuily TeopeMbl 3 oToOpaxkeHne f ABIACTCS HHKHUM
Q'-oTobpakeHHeM B IPOM3BOJIBHON Touke 2o € D mpu Q'(z) = N(f, D) - Ko(z, f). Iockonbky
M0 YCIOBHIO Kgil(:n, f) < Q(x) moutH BCrOTY, MO JeMMe 5 ISl MPOU3BOMBHBIX 0 < 71 < 79 <

< dist (xp,0D), E = (B (x0,72), B(xo, r1)> , 0ToOpaxkeHHe f yIOBIETBOPSIET TAKXKE OLICHKE

Wn—1
cap f(E) < Tn—1°
" dr 1 " n—1 "
rac I = I(CCO,T]_,T'Q) = i CLIO(T) = m Q (SU) dH 5 Q (117) =
T1 7’(],5?(;1 (7’) n— |gj—x0‘:r
= N""1(f,D)-Q(x). B cuiy 1emmbI 3 oTobpakenue f ylOBIETBOPIET HEPABEHCTBY

cap f(E) < / Q" (@) (jz — o) dm(z)
A

A = A(ri,re,z0) = {z € R":r; < |z — xo| < rg}, IpH NPOM3BOIBHON HEOTPULATEIBHON
mmepumoit o Jlebery dyukuun n: (r1,72) — [0, 00], yaoeierBopsromeii yciaosuio (5).

B Takom ciyuae mo nemme 3 oTobpakenue f NPUHANNEKHUT CeMeNCTBY oToOpakenuit §¢q k(o)
B 0003HAYCHUSIX JeMMbl 4. 3aMeTUM, YTO yCJOBHUS Ha (QYHKIHIO (), HANArarolmecs B KaXIOW W3
(hOpPMyYITUPOBOK OCHOBHBIX PE3YJILTaTOB PabOTHI (TeopeMsl 1, ciieAcTBUs 1, TeOpeMBl 2 U CISNCTBUS 2),
COBMAJIAIOT ¢ TOYHOCTHIO 10 TIOCTOSHHOTO MHOKHUTEN N™ L(f, D) ¢ ofHUM M3 COOTBETCTBYIOMIMX
ycinosuii [16] (nemma 8). OkoHuarenbHO, cemeiicTBO §¢» p(xo) SBISETCS HOPMANBHBIM B CHIY
7eMMBI 4, HO TOIJa Takke HOPMallbHO U ceMeiicTBo Ry, o v, E, ub0 mo nokasanHoMy R, o N.E C
C 3q7.5(zo).

6. Hexotopsie mpumepbl. OTMETHM, 4TO OrpaHHuYeHUs Ha QyHKIUIO (), comepkamuecs B Gop-
MYJIUPOBKaX OCHOBHBIX PE3YyJIBTATOB HACTOSINEH paboThl, HENb3s1, BOOOIIE TOBOPSI, 3aMEHUTh YCIOBH-
eM Q € LP Hu nis Kakoro (CKOJb YrofHO Oounbiioro) p > 0 u ams ar000# HeyObIBaroIed QyHKIMA
©(t). Jnst mpocTOThI paccMOTpuM cityyaid, korma D = B™, n > 2. Fmeer MecTo cieayrolee yTBep-
KJICHUE.

Teopema 5. IIyctb ¢: [0,00) — [0,00) — mpowusBosbHas HeyObIBaromas QyHKIHS. JIS Kax-
goro p > 1 cymectByror Qpyrkuus Q : B" — [1,00], Q(x) € LP(B™) n paBHOMEpHO OrpaHHYCHHAS
110C1€10BaTeIbHOCTE TOMEOMOP(PU3MOB ¢y, : B — R™ g, € I/Vlif (B™), uMeroIux KOHEYHOE HC-
Kkaxenne, Takux 4to K5 (2, gm) < Q(x), npm s10M cemeiictso {gm(2)}°_, He aBagercs pasHo-

CTCIICHHO HEIIPEPBIBHBIM B TOYKE T() = 0.
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Joxazamenscmeo. PaccmotpuM crnepyromuii npumep. 3adukcupyem uncna p > 1 U o €
€ (0,n/p(n—1)). MoxHo cunrath, 4T0 < 1 B CHIy NpPOM3BOJBHOCTU BBIOOpA p. 3amagum
MOCJIEIOBATEIFHOCTE TOMEOMOPGHU3MOB ¢y, : B” — R” caemyrormmm oOpa3om:

1+ |z|*

L ] B
]

14 (1/m)®

M‘x, 0<|z|<1/m.

(1/m)

3aMeTuM, YTO Kaka0e OToOpaKeHue g, nepesoaut map D = B" B map D’ = B(0,2) u nocnemno-

: 1/m < |z| <1,
gm(z) =

BATEJILHOCTD ¢y, MOCTOSIHHA TIpHU || > 1/m, a uMeHHo, g, (z) = g(x) npu Beex z: — < |z| < 1,
m

14 |x|*
m=12... ,r,ueg(x):—i_“’-w
x
1 1 @
3amerum, 410 g, € ACL(B"). [leiicTBUTENIBHO, OTOOpaKEHHs g%)(:z:) = W ",
m
m = 1,2,..., aBnsworcs otobpakenusamu kiacca O, ckaxewm, B mape B(0,1/m + ¢) npu mManbix
1 [0
e > 0, a oToOpaxkeHHs gg) (x) = 4|_|‘|r’ - & — oTobpaxenusamu knacca Cl, ckakeM, B KoJblle
x

A(l/m—¢,1,0)={z e R": 1/m—e < |z| < 1}

npu Mansix € > 0. OTciofa cienyert, 4T0 TOMEOMOPGU3MBI ¢y, SBISIOTCS JMIIINLEBEIMUA B B” U,
3HAUWT, ¢, € ACL(B") (cm., Haipumep, [7, c. 12], pasz. 5).

Janee, B kKaxm0i peryisapHoil Touke x € D oToOpakeHus g,,: D — R" BBYHCIUM BHEIIHIOIO
JIAJIATAII0 OTOOPAXKEHHS ¢, B ToUuke x. ComtacHo cooTHomeHuto (2.5), pasn. 2.1, o 1 [17] ans npo-
U3BOJIBHOTO oToOpakeHus f: D — R™, muddepeHnupyeMoro u HEBBIPOXKICHHOTO B TOUKe zg € D,
HaNIyTCsl CHCTEMBI BEKTOPOB €1, .. .,€Ep U €], ..., €y U HOIOKHTEIbHBIC Ynuciaa A1 (Zg), . .., An (o),
M(zo) < ... < A\py(x0) Takue, uro f'(xg)e; = Ni(zo)é; (em. [17], Teopema 2.1, tn. 1), mpu 310M

[T (0, )] = Mi(20) - An(0), I/ (@0)]| = Anlz0), Ko(zo, f) = An (o)

)\1(([30) e )\n(l‘o)
Ky ,,Hame” 0T06pa>KeHI/Ie Gm HUMECT KOHKPECTHBIU BUQ

() = f(x) = %pﬂz\), (20)

rne dynkms p(t): (0,p) — R HenpepsiBHa 1 auddepeHimpyema moYTH BCIOLY, TO BCE YKa3aHHbIC

. Ilockomb-

BBILIE OOBEKTHI, BKIIFOYAsi COOTBETCTBYOIIHE BEIHUUHBI \;, @ TAK)KE CHCTEMBI BEKTOPOB €;,, . .., €,
M€ ,...,€, , MOTYT ObITh BEIYMCICHBI HEMOCPEICTBEHHO. TOUHEE, HETPYIHO YOSAUTHCS, YTO B TOUKE
xo muddepeHIpyeMOCTr 0TOOpaKEeHNs f B Ka4eCTBE TIIABHBIX BEKTOPOB €, ...,€; W € ,...,C;

MOXKHO B3Th 1 — 1 JIMHEWHO HE3aBUCHUMBIX KacaTelbHBIX BEKTOpoB K cdepe S(0,7) B Touke xo,
e |xg| = r, 1 OAMH OPTOrOHANBHBIA K HMUM BEKTOp B yKa3aHHON Touke. COOTBETCTBYIOLINE TIaB-
HblE pacTsDKEHUs (Ha3blBa€Mble, COOTBETCTBEHHO, KACAMENbHbIMU PACTHAICCHUAMU WU PAOUATbHbIM

— — — _ o) — —
pacmsaxcenuem) paBHbl Ar(zo) = iy (z0) = ... = Ni,_,(x0) = 5 1 Ap(w0) == Ni,, = p'(7)
COOTBETCTBEHHO.
Hcxomst U3 M3JI0KEHHOYO, MOCKOIBKY KaXKI0e g, uMeeT Bua (20), moaydaem, 4To, BO-IIEPBBIX,
|z|* +1

Ko(z,9m) = 1 mpu x € B(0,1/m), Bo-BropsIx, mpu 1/m < |z| < 1 umeem A, (x)

x|

B z|®+1 ol +1\" ! B
nte) = alel ™, gl = L gl = (EE) T alafe

ISSN 1027-3190.  Vkp. mam. ocypn., 2016, m. 68, Ne 8§



1270 E. A. CEBOCTBJIHOB

1+ |z
KO(xygm) = Oc‘.%"a
1, 0<|z|<1/m.

, I/m <zl <1,

3aMeTHM, 9TO TP KaxkJoM QUKCHPOBAHHOM 1M € N H HEKOTOPOM ¢y, > 0 IMEeT MecTo HepaBeHCTBO
g/, ()|l < ¢m, Kpome Toro, HeTpyaHO BHAETh, ut0 |Vgm ()| < n'/2 - ||g/ (x)|| npu mouTn Bcex
x € B". Torna BciencTBue HEyOBIBaHUS (GYHKIIHH (O

/ ([T gm(@))dm(z) < p(n2e)m(B") < oo
Bn

T. €. gm € WH¥(B™). 3ameTnM, 9T0 0TOOPaXKEHHUS ¢, UIMEIOT KOHEUHOE HCKAKEHHE, TIOCKOIBKY X

1 [ n—1
sKOGMAH MOYTH BCIOLY HE PaBeH HyJlio; kpome Toro, Kb ' (7, f) < Q(z), tie Q = <m> ,
C 2\"!
uQ(z) < W, C:= (a) . Takum oGpa3zom, morygaem
dm(zx)
J @@y am@ < e [ S
Bn n
/ dA h d
r
— P — P
=C / / [ [paln1) dr = wp—1C /r,n(n—l)(pa—l) . (21)
0 5(0,7) 0
Ldr
U3BecTHO, uTO MHTerpan [ := / —5 cxomures npu § < 1. Takum 06pasom, MHTErpajl B Ipa-
T
BOi yacTu coorHorerHus (21) cxomuTes, MOCKOIBKY mokasarens cremenu [ := (n — 1)(pa — 1)
yrosietBopsiet ycnosuto 5 < 1 npu o € (0,n/p(n — 1)).
Orcrona ciexyer, uro Q(z) € LP(B™). C npyroii CTOPOHBL, JIETKO BHAETH, YTO
lim |g(2)] = 1, 22)

xz—0

U g orobpakaet npokosotsiit map B™\ {0} Ha kombuo 1 < |y| < 2. Torma, coracHo (22), nony4aem
lgm(z)| = [g(z)| =1 Va:|z|>1/m, m=12,...,

T. €. CEMEHCTBO { g, }°°_, He SIBISETCSI PABHOCTEIICHHO HEIPEPHIBHBIM B HYIIC.

IpuBenem enle OJUMH UHTEPECHBIN, HA HAII B3IV, IPUMED, KACAFOUINICS BBIOJIHEHHS YCIOBHS
(2) B popMyIMpPOBKaX OCHOBHBIX YTBEPKAEHHUH paOOThI. XOTSA MBI K HE MOKEM B OYKBaJILHOM CMBICIIE
Ha3BaTh 5TO YCJIOBHE HEOOXOIMMBIM M JOCTATOYHBIM YCIOBHEM PAaBHOCTENEHHON HEMPEPLIBHOCTH
COOTBETCTBYIOIIIECTO ceMeicTBa oToOpakeHuH, ycinoBue (2), BCe ke, ABIICTCS YCIOBHEM, ,,0U3KUM”
K HEOOXOIUMOMY B CJIEAYIOIIEM CMBICIIE.

Teopema 6. Ilycmv ¢: [0,00) — [0,00) — npouseonvHas Heyowvisarowas Gyukyus u 0 <
< eo < 1. Jua kascoou usmepumoti no Jlebezy ¢ynxyuu Q: B" — [1,00], Q € Lioc(B"™), ma-

0 dt
Kotl, Ymo / ——— < 00, Halldemcs ceMelcmeo pasHOMEPHO O02PAHUYEHHBIX OMOOPAdCeHUl
0 n—1
. tgy" (1)
fm € VVlo’f (B™) ¢ koneunwimM uckadiceHueM co CreOVIOUUMU CEOUCMBAMIU:
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1) Kgfl(a:, fm) < @(:ﬁ), 20e — nexomopas usmepumas no Jlebezy ¢pynxyus, maxas, 4mo

qo(r) := Q(z)dH™ ' = qo(r) ons noumu ecex r € (0,1);

wn-1r"" S50
2) nocredosamenvHocms fy, He A615eMCA PAGHOCIENEHHO HeNnpepbIGHOLL 6 HYJle.
Joxazamenscmeo. OrnpenenuM NOCIEAOBATENFHOCTh 0TOOpakeHHd fp, : B” — R” cnenyromum

0Bpason: fun(w) = - pm(l2]), fin(0) := 0, rxe

||
; d 1
t
pm(r) = exp —/M s Gom(r) = m| l[ Qum(z)dA,
Q(zx), |z|>1/m,
Qm(z) =
1, lz] <1/m.

3amernm, uto f,, € ACL npu modom m € N u otroOpaxenus f,, nuddepeHmpyeMbl MoUTH BCIOILY
B B". CornmacHo W3M0XKEHHBIM MIPH 10Ka3aTeIbCTBE TEOPEMBI 5 COOOPaKEHUSIM

. p{ /1 dt } . p{ . /1 dt }
Xp 4 — —_— Xp 4 — —_—
ol tag (1) ol tag (1)

0,

|| 2| gy (|2])

£ (@)1 =

3ametum, uto J(z, f,) # O mpu mouTu Beex . IlokaxeM Temeps, uto o(|V fi(z)]) € L' (B").
Ucnons3yst Teopemy PyOuHH, HOTyYaeM

[ e @) dm(a) <
En
ep{ /1 dt
1 Py 1/ (n=1)
r t t
< [t 2@ dme) =y [t |t AEERSULH A
Bn 0
1/m 1
= Wp—1 /¢(T)dr+/¢(7“)d7” =wp_1(l1 + I2), (23)
0 1/m
{ /1 dt
expl — _
1/m 1 - 1/(n—1) +
roe 11 = (T)d?“, Iy = ¢(r)dr u w(r) = rnflgp n1/2 Zovm ( )
0 1/m
3ameTrM, Tpexae Bcero, uto I, < gp(nl/Qm) L_l < (p(nl/Qm) n I; <
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exp { — —_—
I

0
i dr < o(n'/?>m). B Takom ciyuae U3 coor-

1/m
< / =l | pt/2
0

r

Howenuit (23) cuexyer, 4to /Bn OV fm (@)]) dm(z) < 2wp_1 - o(n'?m), T e. o(|Vfm(z)]) €

< )(|x]) U, 3HAYUT, Kg_l(:r,fm) <
< qo(||) mpu mourn Beex = € B™. Tonaraem Q(z) := qo(|z|), Torma go(r) = qo(r) mwis mouTH Beex
r e (0,1).

3ameruM, 4T0 |fm(z)| < 1 mist Bcex m € N u, TakuMm 00pasoM, ceMeicTBO OTOOpaKeHHit
{fi(x)};2, paBHOMEpHO orpanmuenHo. OcTanock I0Ka3aTh, YTO MOCTPOSHHAS TAKHM 00pa3oM I0cIIe-
JI0BAaTEIbHOCTD OTOOPAXCHHH [, HE SIBISETCS PAaBHOCTCIICHHO HEHPEpBIBHON B Hyse. i mpowus-
BOJIBHO# TTOCIIEIOBATEIbHOCTH Ty, TAKOH, UTO [Ty | = 1/m, m = 1,2,..., umeeM |f,(2,)| > o,
e 0 He 3aBUCHT OT m. OKOHYATENBHO, Il HEKOTOPOIO YHCIIa ¢ M IPOU3BOIBHOTO JIEMEHTA IT0CIIe-
noBarenbHoCcTH 1/(m — 1), m = 2,3, ..., Haiinercs x,, € B" u anemMeHT ceMeiicTBa 0TOOpaKeHUI
fm € {fi(z)};2, Takue, uyt0 |z —0] < 1/(m—1) n, B 10 %€ Bpems, | frm (Tm) — fm(0)| > 0. Takum
o0pasom, cemeiicTBo oToOpaxenuit { fj(x)}7°, He sABIAETCA PaBHOCTENIEHHO HENPEPBHIBHEIM B HYJIE.

€ LY(B"). 3amerum, uto Ko(z, frn) = qé,/élnfl)(m) <q
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