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OIEHKHA TOYHOCTU KOHEYHOJ3JEMEHTHOT'O METOJA
INIETPOBA -T'AJIEPKNHA ITP1 UHTEI'PUPOBAHNN
OOJHOMEPHOI'O CTAIMOHAPHOI'O YPABHEHUA
KOHBEKINN-IND®D®Y3NN-PEAKIINN

The accuracy and convergence of the numerical solutions of the stationary one-dimensional linear convection-diffusion-
reaction equation (with Dirichlet boundary conditions) by the Petrov — Galerkin finite-element method with piecewise-
linear basis functions and piecewise-quadratic weighting functions are analyzed and the error estimates of the method are
obtained in some norms depending on the choice of a collection of stabilization parameters.

[TpoananizoBaHO NMUTAaHHS TOYHOCTI Ta 3015KHOCTI YUCIOBOI'O PO3B’SI3KY CTALlIOHAPHOTO OJJHOBUMIPHOT'O JIIHITHOTO PiBHSIHHS
KOHBeKUiT-auy3ii-peakuii (3 rpaHMuyHUMU ymMoBamu Tumy [lipixnie) ckiHueHHoejaeMeHTHUM metopoM I[lerposa — ["anbop-
KiHa 3 KyCKOBO-JIiHIHUMU Ga3UCHUMU Ta KyCKOBO-KBAJ[paATUYHUMU BaroBumu (pyHkuismu. OTpUMaHO OLIHKM TOYHOCTI
METO/1y B KiJIbKOX HOpMax 3aJIeXKHO Biji BUOOPY HAbOpy CcTabii3ylounx napaMeTpiB BaroBux (pyHKILii.

BBenenue. B nHacrosimee Bpemst KoHeuHO3neMeHTHbIN MeTofl [lerpoBa—I'anepkuna (MIII') sBasi-
€TCs OJJHUM U3 HauboJiee YCHEIIHbIX MOAXOM0B K MOCTPOEHUIO CXEM UYMCIIEHHOIO PELIeHUs Pa3HO-
00pa3HbIX 3ajjay MaTEMATUYECKON (PU3MKHU, B OCOOEHHOCTH, 3a/la4y MOJIEJIMPOBAHUS MPOLECCOB KOH-
Bekuun-nuppysnn-peakym (KJP) [1-5]. OtTmernm, 4To K 3TOMYy KIIACCy OTHOCHUTCS OOIb-
IIMHCTBO MPOLIECCOB, PAaCCMAaTPUBAEMbIX B TMIPOJMHAMUKE WM MarHUTHOW rupipoguHamuke [4, 5], a
TakKe BCTPEYAIOIINXCS B XUMIUECKON MPpOMBIIIIeHHOCTH [1, 2]. B psime pa6or (em. [1-3,6-9], a
TakKe 0030p B [10]), NOCBALEHHBIX YHMCAEHHOMY pELICHUIO 3aj1ad KoHBeKuuu-guppysumn (KI),
YCIEUIHO NMPUMEHSINCh BecoBble (moBepouHble) pyHkuur MIIT Buna

Wi(x) = Ni(x)+ oW, (x), (1)

rae N;(x) — 6asucHas (mpo6nas) ¢pyukums MIII', cooTBeTCTBYyOIIAs Y37y CETKH C MHAEKCOM I,

0,; — HEKOTOpBIil HACTPOEUHbII1 TapaMeTp (CTaGUIM3MPYIONIHit mapameTp), a W; (x) BbIGHpaeTcs
TaKUM 00pa3oM, 4TOObI OOECIEUUTh CTAOMIN3UPYIOLMI 3(pheKT (M30aBUTHCS OT JIOKHBIX, HE UMeE-
OLMX (PU3UYECKOrO CMBICIIA OCLUIIISILUIA) B TOJYYaEMbIX YACJICHHBIX allPOKCUMALIUSIX.

Onenku ToyHoct MIII ¢ KyCOUHO-MHERHBIMA Oa3UCHBIMA U KYCOUYHO-KBaJPAaTUYHbIMU BECO-
BbIMM (pyHKLMsIMM Brfia (1) npu peleHnn OJHOMEPHBIX JIMHEHHbIX cTauuoHapHbIX 3afgad K] ¢ rpa-
HUYHBIMU yCJIOBUSIMU NepBOro popa [4] snepsblie Obuty nostydeHsl I'pucddpurcom u Jlopennom B [11],
npu 3ToM Koa(puuueHnTsl ypasHeHus K]l npepnosiaranuch NOCTOSHHBIMA M CUUTANIOCh, 4YTO
o; =o=const 20 B (1)He3zaBucumo oT I (cM. Takxke [3, 10, 12, 13] mo moBoyty 0630pOB TaHHOTO
cilyuas ¥ JanbHelmx uccnuenosanuil). CoOTBETCTBYIOIIMIA CIy4ail C HEOJUHAKOBbIMU MMapaMeTpaMU
o; (3aBucsawmmu oT [) B (1) TpynHee miid UCCeNOBaHUS U, BOSMOXHO, IO3TOMY HAMHOI'O MEHbILIE
myueH (cM. [3, 6, 10]). B craTtwee [10] uccnemoBanbl BOMPOCHl TOYHOCTH, YCTOMUYUBOCTH W CXOMM-
mocty MIII" npu pemeHnn cTayuoHapHbIX OAHOMEpHbIX ypaBHeHuil K] B 3aBucMMOCTH OT BbIOOpa
napamMeTpoB {0} , 000O6MIalOIIMEe U YTOYHSIIOIINE HEKOTOPbIe 60Jiee paHHUE Pe3yJIbTaThl B TAHHOM
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938 C.B. CUPUK

HanpasJieHnn (TIpUBEJEHHBIE, B TOM uncie, B [3, 6, 11 —13]). B nacTosimeit padote pe3ynbraTsl [10]
00001EHb] ¥ PaCIPOCTPAHEHBI HA CIIyYail CTAalMOHAPHBIX OAHOMEPHbIX ypaBHeHuilt KIIP (B Tom uuc-
JIe, KaK OT/EJbHbIA YaCTHbIN CIydail, oJay4YeHbl HOBble oueHKku TouHocTy MIIT nist ypasuenuin K],
yrounstoue oueHku u3 [10]). KoHkpeTHee roBops, B paboTe MOCTaBJEHbI CJEAYIOLIUE LEJu:
1) nosnydyenue oueHok KOHCTaHT JlagbrkeHckoi — babymku — Bpessu ang MIIT npu peuwienun ypas-
Henusi KIP (cooTBeTcTByIOLME ONpE/IeNiCHUs] PUBENICHBI B 11. 2); 2) MOJyYeHUE OLIEHOK TOYHOCTU
MIII" B npocTpancTBax H Uy L, nnsa ypaBHenusi K[IP (ocHOBbIBasCh Ha MCMOJIB30BAHUU PE3YJIb-
TAaTOB MPEAbIIYIIEro MYHKTAa, TEOPUM COOOJIEBCKUX MPOCTPAHCTB U TeopuM chjaiiHoB [14—18], a
TakKe oOuleit Teopun KoHeuHoaneMeHTHbIX MIID [19]). Moctuxkenue nepsoii nenu 0a3upyeTcst Ha
KCTOJIb30BAHMHU TO/IXO/Ia, NPEJIOKEHHOTO M3HayanbHo B [10] U CyllleCTBEHHO pa3BMBaeMOro B JlaH-
HOI1 paboTe.

1. IocTraHoBKa 3aa4H, CyLIeCTBOBAaHUE U €UHCTBEHHOCTh pelieHus ciiadoi ¢opmMel Kpae-
BOM 3apa4yu. PaccMoTpum KpaeByro 3agauy /sl cTaqoHapHoro ypasHenust KJ1P

2
L= k0 = )
dx dx2

Ha otpe3ke x €[0; 1] (u(x) sBisieTCSt ICKOMOW HEW3BECTHOW (PyHKIMEN, a KO3(ppuIMeHTsl K ,
c 1 f(x) 3amaHBI) C OMHOPOAHBIMU TpaHMYHBIMU ycnoBusmu 1-ro poma: u(0) =u(1)=0 (#eomgHo-
POJHbIE IPaHUYHbIE YCJIOBUSI MOXKHO NPUBECTU K OfHOpPOAHbIM [4]). Bypmem cuutaTh, 4yTO npaBas
yacTh ypaBHeHus (2), T. e. f, mpunagmexut L,[0; 1], a koadpduumentst k& u ¢ pus ynpo-
IIEHNST BBIKJIAIOK TIOJIOKUM MOCTOSIHHBIMU. [IJ1s1 ompefiesieHHoCTH NoJioXkuM, uto k>0 u ¢ =20
(nocaenHee (pu3MyUECKM COOTBETCTBYET MOTJIOLICHUIO BEIIECTBA BCJEJCTBUE IMPOLECCOB PEaKLNH,
WJIM Ke CTOKY Teruia [1, 4, 5]).

nst ckansipHoro mpowmsBefieHnss U HOpMbI B [,[0; 1] wmcnomb3yem obosnavenust (-, )y U

|| . ||0 cootBeTcTBeHHO [14, 15]. Takxke Oynmem ucnonb3oBaTh npoctpaHcTBa Cobosesa [14, 15]
H™0; 1] u H{'[0;1] — nononwernmss C[0; 1] u C§™[0; 1] (umpexc 0 BHu3y o3Hauaer, uTo

| S 12
HocuTenb mpuHagnexut unrtepsany (0; 1)) mo Hopme |[ul| = (J.O D o<i<m (d'u/dx"y* dx

Ansa  ¢yHkumii  u3 H™[0; 1] OyfneM TakXke UCMNOJb30BaTh MOJYHOPMbI |u|m

1 1/2
= (jo (d™ujdx™)* dx | . Wssectro (cM. [14, 151), uro aus dyskumii u3  HY[0; 1] Hopma |- ||1

SKBUBAJICHTHA MTOIYHOPME | - |, .

s 3ammcu cnabout popmel [2, 3, 6, 7, 11] paccmaTpuBaeMoil KpaeBol 3ajjaud BBeJeM OWIIN-
Heitnyto dopmy a(u, v) = a;(u, v)+ar(u, v), e aj(u, v)= W', v'+kv)y (Guecb u’ =dujdx),

a,(u, v) = (u, cv)y. Tormga cnabyro hopMmy 3aaun MOXKHO TIPEICTABUTH B BUJIE

HaTU U € H(l)[O; 1] Takoe, uTo Ayt moboro v € H(l) [0; 1]

Bemonasiercst  a(u, v) = (f, v)q . 3)
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Jemma 1. Jlan Ouaunetinoii popmor  a(u, v), paccmampusaemoii Ha H(l)[O; 1] x H(l)[O; 1],

CNPABEOAUBDL CACOYIOUUE YMBEPHCOCHUSL:
1) cywecmeyem Cp= \/1+ k2/(47'c2) +en 2 >0 makoe, 4mo 04 M0ObIX U € H(l)[O; 1] u

Ve H(l) [0; 1] ebtnoansemcs

la(u, v)| < Cylul,|v];: 4)

i |a(u,v)| '
2) inf 0. 17 SUPyemipo: I a] o], 2 1

3) Oas w6020 v#0 cnpasedauso sup |a(u,v)| > 0.

ueHY[0; 1]
Hoxazameavcmeo. [lokaxem cHauyana nyHKT 1 nemmbl. B ctatbe [11] fokazano, 4yTo auis Jo-

obix ue HY[0;1] u ve H)0;1] sbmomnsercs lay(u, v)| < \/1+k2/(4n2)|u|1|v -

JlaHHAsi KOHCTaHTa HENPEPBhIBHOCTH SBISETCS 3[€Ch Heynydmaemon. Tenepb u3 HepaBeHcTBa Ko-
K — byHsikoBckoro u HepaseHcTBa Ppujpuxca (¢ HeyJydniaeMoi KoHcTanTon) [17, 18]

npuyeM

wlly, < 7' |w|, Vwe Hpl0; 1] (5)
nMeemM

lau, v)| < [ay(u, v)|+|ay @, v)| < |au, v)|+cllull,|[v]]|, <
< (\/1+k2/(4n2)+cn_2)|u|1|v|1.

Hokaxem Tenepb nyHkTbl 2 U 3. Tlockonbky — ay(u, u) =| M|12 v ay(u,u)= c||u||(2) , OTCHOa

ciegyer, 4yTo

2
infosup ALy el 1+c||”“§ >
weH0: 11yemdro; 1wl [V, wemiiosn |ulf ueH[0; 1] |ul;
Hanee,
2 2 2
sup |a(u,v)| = [a(v,v)| = |v|]] +c|v|j 2 |v]] >0 Vvz0
ueH}[0; 1]

(HOCTAaTOYHO BOCNOJIB30BATHCS 3KBUBAJIEHTHOCTBIO || . ||1 u ||1 Ha H(l)[O; 1] nnu HepaBeHCTBOM
Dpuppuxca).

Jlemma mokazaHa.

Caeocmeue 1. U3 semmvr 1, a maxice AUHEHHOCMU U 0PAHUYEHHOCMU QYHKYUOHANA

F)=(f, v)y npasoii vacmu 3adauu (3), 8 cury 06obwennoi meopemot Jlaxca— Muavepama (cm.

[19, c. 112], meopema 5.2.1) caedyem cywecmeosarue u eOUHCMBEEHHOCMb pelueHus 3aoaqu (3).

ISSN 1027-3190. Ykp.mam. swcypn., 2015, m. 67, Ne 7
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Jlemma 1 TakKe macT BO3MOKHOCTH B SIBHOM BHJE€ HAXOUTH KOHCTAHTHI B allPUOPHBIX OLEHKAX
npu oueHuBaHuu norpemHocty MIIT.
2. Annpokcumanus kpaeBoit 3agauu MIII'. Cuuraem, uro Ha otpeske [0; 1] 3amana cucre-

Ma PaBHOMEpPHO OTCTOSIIMX ToueK (y3noB) Xx;, i=0,...,N+1,cmarom h=x;,1—%;, xo=0,
Xy41 =1. C KaXapM y3JI0OM X; CBSIDKEM HETPEpPHIBHYIO KYCOUYHO-JIMHENHYIO0 (DUHUTHYIO Oa3UCHYIO
¢dyukmmro  N;(x); oHa paBHa HYJIO 3a mpefenamu X;_| < X < X;;|, JIAHEHHA HA 3JEMEHTax
[xi_1;x;], [x;5x;41] ¥ paBHA equHULE B TOUKE X; . B KauecTBe COOTBETCTBYIOLLEN Y311y X; CETKU

BecoBol (pynkumm W;(x) wucrmoas3yeM Kyco4yHo-KBajpaTuuHble (pyHkuym Buaa (1), rme pyHKuus

W, (x) onpenensiercs cepyroumm o6pasom [3, 10, 11, 13, 20]:
W ((x; — x)/ h), x € [xi_1; X1,
W) = | =W (@ =0)/h). x € lgixial,
0. x &[5 X1,

a W) =3M1—-L). OCOGEHHOCTH MOCTPOCHNS PA3NYHBIX BECOBBIX (YHKIMIl 1 TPeGOBaHMS K

HUM nipuBesieHs! B [20, 21]. O6o3HaunM cumBostamn @, u ¥, KoHedHOMepHBIE MOANPOCTPAHCTBA
MPOCTPAHCTBA H(l) [0; 1], sBasrouMecs: JWHEWHBIMA OOOJIOUKAMM COBOKYIHOCTEHN Oa3MCHBIX

{N; (x)}fil u BecoBbiX {W; (x)}f\il ¢yHKUMIA cOOTBETCTBEHHO. PaccmaTpuBaemMas 37€Ch KOHEYHO-
ajieMeHTHasl annpokcumanus Iletposa — anepkuna pewenus 3ajaun (3) uMeeT BUJL

maHo (Ol Oy ... 5 ocN)T € RN; Hatitm  u;, € @), Takoe, 9TO

a(uy, N; +o,W.") = (f, N;+o,W, )y, i=1,...,N. (6)

OCHOBHbBIM CpEJICTBOM INMPU OLEHUMBAHUM MOTPELIHOCTU aNMpoKCUMaluK peleHus 3agauu (3) pe-
[IeHreM TpuOIKeHHON 3aaun (6) sBisieTcst ciemyromasi Teopema [3, 11, 13, 22] (o6o0menHas
nemma Cea; okazatesibcTBO npuBesieHo B [11, 13]; cm. Teopemy 3.1 B ctatbe [11]).

Teopema 1. ITycmsb svinoanaiomes caeoyrowue ycaosusa: 1) @, u V¥, sasaaomca xoneuno-

. a(u,v
MEPHbIMU NOONPOCMPAHCMEAMU H(l) [0; 1] maxumu, umo ¢, (h) = infeq, SUPy ey, H >0
ul,|v
1vh
oasn awooix veW,, v#0 sup,co, |a(u,v)| >0; 2) ue H(l)[O; 1] — eduncmeernnoe peuwienue

3aoauu (3). Toz20a 3aoaua (6) umeem eOUHCMBEHHOE peuieHue Uy, KOMopoe y008AemMBEOpAem

oueHKe
C .
lu—up|, < |1+ . inf |u—wyl, 7
C2 (h) WhE(Dh
20e C; — KoHcmaHnma HenpepwvleHocmu 04 popmvt a(u, v) (cm. aemmy 1).
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B ouenke (7) Benmuuuna inf,,, cp, |u—wy |l ¢pukcupoBaHa npu BeIOpaHHOM TpocTpancTBe D),

Y 3aBHUCHUT JIMIIb OT anmpOKCUMUPYIOMKX CBOMCTB @) (CM. HMXKE I0Ka3aTeIbCTBO TEOPEMBI 3), HO

HE 3aBUCUT OT {Oci}fil . Bemuumna c¢,(h), Ha3piBaeMas KoHcTaHTOU JlamppkeHckol — babymiku —
Bpess3u [13, 3, 6] (B HEKOTOPBIX MCTOYHUKAX TUM TEPMHUHOM HA3bIBAIOT TaKXe U JIFOObIE OLEHKU
cHM3y Mt ¢ (h), oM. [13]), oka3biBaeT CyIIeCTBEHHOE BIMSHIE HA TOYHOCTD U cxopumocTs MIIT B
H' u L, , ee posb npu uccaegoBaHuu TouyHocTu U cxogumoctu MIIT™ o6ecyxnaercs B [3, 10, 11,
13]. W3 ompenenenust BenuuuH c(h) u C; ciemyeT HepaBeHCTBO c5(h) < Cp. OtMmeTum (CM.
BBEJICHNE), UTO BIIEPBbIC OLEHKYU CHU3Y ISt ¢ (h) (puist 3amau K]I w mpm ycnoBum O; = O = const >
2 0) Obum nonyuensl B [11] (cm. Takke [13]), npuyem HaiifleHHbIE TaM OLIEHKH SIBJSIIOTCSH ,,KBa3U-
ONTUMAJBEHBIMEI (HEYJTydllaeMbIMUA B HeKOTOphIX ciyudasix [11, 13]). Koncranta C; HaiijieHa B
semMe 1 B SIBHOM BUJIE€, UTO, B CBOIO OUepe/ib, TaeT BO3MOKHOCTE B SIBHOM BHE (4 HE TOJBKO ACUMII-

ToTnuecku mpu h — 0) onenuBarh cBepxy norpeumHocts MIIIT B momyHopme | B [10] 661

. |1 .
YCTaHOBJICHBI OIIEHKM CHU3Y sl C(h), BKiIIOUaromue B cebsl (Kak YacTHBbIC CIIy4au) M3BECTHBIC

aBTOPY OLIEHKU, OJIyYEHHbIE pAHEE IPYTUMHU UCCIIEIOBATENSIMU (KAK /1JI CIy4YaeB C HEO[MHAKOBBIMU
Ol; , 3aBUCSALUMMU OT MHfIEKCA I, TaK W, B TOM YMCIIE, JAlOlUe , KBa3UONTUMalbHble” OUeHKH [11,

13] B yacTHOM ciy4ae npu O; = o =const 20). Yem OGonpmeit 6yner BenmmunHa cp(h), Tem
MeHbIIEel OyIeT MOrPeIHoCTh | — Uy, |1 B (7), MO3TOMY NIpM MOJTyYE€HUN OLEHOK CHU3Y [ist  Cp(h)

yeM 0oJibllIEeN O BEJIMUMHE SIBJSIETCS TaKas OUEHKa, TEM OHA OY/IeT CUJIbHEE U ,,Jiyullle” B YKa3aHHOM
CMbICJIE (110 OTHOLUEHUIO K APYTYM OLUEHKAM CHU3Y, MEHBLIUM IO BEJIMYUHE, YEM IaHHAS OLEHKA).

Onpepenenune 1. byoem 206opums, umo eeautuna c(h) pasHomepHo omoenerHa om HyAs, ec-

au cywecmaeyrom €>0 u hy >0 makue, umo oan aobozo0 h € (0; hy] evtnoanaemca co(h) = €.

Jlemma 2. Jlaa npouseoabubix

N N
u(x)= Y u;N;(x) €@y, v(x)=» vWi(x)e¥,
j=1 i=1

cnpasedauso  a(u, v)=v! Ay , |u|12 =ii! By, |v|12 =v1Cyy, 20e ii=(upuy;..;uy) €eRY,

V= V5 .. vN)T e RN (unoexc T — 3Hnak mpancnoHuposanus), a mampuup. A,, B, u
C, pasmepa N XN  npedcmasasiomca nossemenmuo caeoyrouum obpazom (1<i< N,
I<j<N):

—1/h—(1+0;)k/2+ch(1/6+;/4), j=i—-1,
2/h+ko; +2ch/3, j=1i,

(Apdij = (3
R+ (= 0)k/2+ ch(/6— 0y /4),  j=i+],

0, li—j|>1,
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—1/h, |i—j|=1,
(Bp)i,j = 4 2/h, J=1, )
0, li—j|>1,
—(1+ 300 )/, |i-j|=1,
(Ch)ij = 1Q+607)h,  j=i, (10)
0, li—j|>1.

oka3ameabcmeo [AHHON JIEMMBbI MOJYyYaeTCsl MyTEM HEMOCPEJICTBEHHOTO TMOJCUeTa MHTErpa-

JIOB, BXOJSIIIUX B BbIpaskeHus st a(u, v), u|12 " |v|12 .

Caeocmeue 2. 3adaua (6) c600umcs K peueruo CUCmeMmbl AUHEHbIX YPAGHEHUIL C MAMPUUell
o F— . £ . T —
Ap, unpasoii yvacmero f=(f1; fos...; fv) » 20e fi=(f, W) .

3. IlonyyeHue OCHOBHBIX COOTHOIIEHMN s oueHuBanusA norpemuoctu MIII'. Ilycte || . ||
N = = = ~ _ pN
— CTaHjapTHas eBKIMOBA BEeKTOpHas HopMa Ha R" (r.e. ||X]|=4/(¥,X) npu Xe€R", e

0003HayaeM COOTBET-

(¥, ¥) — €BKIMOBO CKAIIPHOE MPOM3BEIEHNE). DTUM Xe cumBonoM || - |
CTBYIOILYIO MOJUYMHEHHYIO MATPUUHYIO (OMEPATOPHYIO) HOPMY IIPOM3BONILHON MaTpulbl A pasmepa
NxN: ||A]|=supjg|=]|AX[|. Emmuunyio marpuiy oGosnauaem uepes E. Torna sozapucpmu-
ueckoii nopmoii (JIH) matpuupl A HassiBator unciao [24, 251 W(A) = lim,_040 (||E+1A]|-1)/t .
B manpHetiem Oyaem moyib30BaThCs CeayommmMu cBoiicTBamu JIH mpon3BosbHOM MaTpUlbl A :
1) s moboro X e RY  momomnsiercst mepasencteo  —u(—A)||E| < ¥TAF = (A%, %) <
~112
< w(A)|x|
Topax [24,25];

, MPUYEM BEPXHAA U HUKHAS 'PAHULIBI HEPABEHCTBA JOCTUTalOTCA Ha HEKOTOPBLIX BEK-

2) AJs IPOM3BOJILHOM MaTpulpbl A = {q;, j}f\f j=1 CHpaBeJIMBa OLCHKA

1
W) s max ai,i+52‘ai,j+aj,i|
- J#i

(CBOMCTBO JJ0Ka3aHO B JieMMe 2 padoTsl [10]);
3) pmst mo6oro a =0 cmnpaBegymBo WW(aA) = all(A) (cM. [25]);

4) WA+ B)<uwA)+w(B), tne B — mrobast MaTpuia ofriHaKoBoro ¢ A pasmepa [25];
5) W(A) = max; ( A ( A+AD2 ) ) , e A; ( A+ATY2 ) — i -e COOCTBEHHOE YHCIIO MAaTPHIIBI
(A+a" )2 (om.[24,25)).

Bgepgem Bcnomorartenshbie MaTpuiiel D, B, Ay, M u A pasmepa N X N, KOTOpble HAaM

MOHANIOOSITCS B JAIbHENIIIEM TIPY HAXOXKJCHUH OLEHOK JIJIST BEMYUHbL C5 (h):
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—oyo, |i-j[=1, —ay, |i-jl=1, 23F0;, j=itl,
Di,j = 20(12 j=i, (AO)i,j = 20(,', j=i, Mi,j = 8/3, j:i,
0, li—j|>1, 0, li—j|>1, 0, li—j|>1,
B=hB, (cMm. Belpaxkenme (9), T. e. B — o9ro marpuna Bj,, HO 6e3 MHOXwurens 1/h),
kh ch?

A=B+ 7A0 + Ve M . Torpa matpuny A, wu3 (8) MOXHO TpeAcTaBUTh Kak Ay = (A;+A)/h,

rae Matpuna A; OmNpenensieTCs TaHHBIM COOTHOIIeHHEM (OHa KOCOCMMMETpUYHa, A = —AlT , Ha

[JIaBHOI JJMArOHAJIM Y Hee PaclOoIOXKEHbI HYJIM, HA BEPXHEH U HUKHEN MOJIMarOHANIIX — BEJIMYMHbI
tkh/2 cooTBeTcTBeHHO). MoOTHUBAIMS MPU BBEIEHUH TAHHOTO MPEACTABICHUSI COCTOUT B TOM, UTO B

MaTbLHEHIIIEM MBI CTOJIKHEMCSI C HEOOXOMMMOCTBLIO BBIUMCIICHUS W OICHWBAHWS BBIPAKEHWI THIIA
- - - - N
(ApX,X), HO B clty A = —AlT nmeeM (ApX,X)=(AX,X)/h VX € R" ,dro ynporaer aTy 3aj1a-

qy. OTMETUM TaKxXKe, 4TO JijIsl JHOOOro X € RN CIPaBEeIINBO By = (BX,X)>0 mpu X =0,

T. e. KBagpaTnuyHasi ¢popma (BX, X) TOJOXUTEILHO ompefielieHa (3TO CIEAyeT U3 JIeMMbI 2, CM.
Takxke [26]). CnekTp matpunbl B coctouT m3 Touek [26] k(jN )= 4sin2(1tj/(2N +2)), roe
I<j<N.

Jlemma 3. ITycme & — npoussoavhoe (Ho pukcuposannoe) Oelicmeumeavhoe wucao. To0a:

1) wuepasencmeo (AX,X)=E(BX,X) umeem mecmo (npu awbom X € RN) moz0a u MmoaAbKo
moz0a, ko20a ebinoanaemcs ycaosue —UW(—(A—EB)) 20 ;

2) ecau sbinoaneno ycaosue —U(—(A—EB)) =0, mo
(AZ,%) > &(B%,%)—W(—(A—EB)(B%, H)/A))  vieRY; (11)

3) ebinoansemcs nepasencmeo —\W(—(A —EB)) > Cap. 20e Cap onpedeasemcs kak

2 —
C,p = min 2—2§+khoc1+26h 1 2&—2—@(a1+a2)+ch2(1+0€2 al) ,
2 2 3 4
2 . — .
—min[2—2&+khoci+26h —1‘2§—2-@<ai_1+ui>+ch2(l+7‘*z “t—lj‘_
1<i<N 2 2 3 4

1 kh 1 o —0oy
— 5‘25,\—2—7(0ci+0ci+1)+ch2(§+%)D,

2ch® 1 kh 2(1 ocN—(xN_l)
2 — 28 + khoty + — 282 - Z(oy_ o)+ ch?| =N L
3 N 3 2‘ 3 2( N-1tOy)+C 3 2
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npu smom ecau —\W(—(A—EB)) =0 (045 ueeo docmamouno, umobul C 45 20), mo
(AZ,%) > E(B%, %)+ Cag(BE,%)/A)  vieR", (12)
4) ecau ebinoamneno ycaosue —\W(—(A—-EB)) <0, mo
(A%, %) > &(BX,%)—W(—(A—EB)(B%,)/MY) > &(Bx, %)+ Cap(BE,%)/MY)  VieRY.

Hokazameavcmeo. Ilynkr 1 nemmsl caegyer u3 cpoiictsa 1 JIH, mpuMeHeHHOro K maTpuue
A—EB. JlokaxeMm myHKT 2 nemMmbl. B cuny cBorictea 1 JIH ((A—EB)X,X) = —(—(A — &B))||7c||2 )

Ouenum ||X|| B nanHoM HepasencTse. B cuiy nepasenctsa Ponest — Putua [23]  umeem
AMEIP < BEE) < ANV|ZF VieRY. (13)

Orcrofia nosTyYaeM OLEHKY (B?c,?c)/kg\],v) < ||55||2 1, KaK ciefcTre, HepasencTso (11). s gokasa-
TEJbCTBA MYHKTA 3 JIOCTATOYHO MpUMEHUTHL CBOMCTBO 2 JIH K Matpuue A —EB, BbINOJIHUB NpU
3TOM HECJIOXKHBIE, HO JIOBOJILHO TPOMO3/IKME BBIKJIAAKHM 1O MPHUBEJIEHNIO MOJIOOHBIX YJIEHOB B COOT-
BETCTBYIOILIMX BbIpaXK€HUsIX (CM. TakKe Joka3aTejbcTBO jemMm 3 u 4 B pabore [10]). Hepasen-
ctBo (12) npu sToMm cnepyeT U3 HepaseHcTBa (11). YTBepx/eHue MyHKTa 4 CIeAyeT U3 HEPABEHCTB
(A-EB)%,%) = —(—(A—EBY)||X|[* u ||F]]* < (Bx, %)/,

Jlemma noka3asa.

Caedcmeue 3. ITycmb & umeem 6uo

2
€ = 1+@+6h—¢, (14)
20e & u O — Hexkomopvie Oelicmeumeabtble uucaa. Toxda O BbINOAHEHUA YCAOBUA
—W(—(A—EB)) 20 us nynkma 2 aemmoi 3 u nepasencmea
L L. kh (BX,X) ch? (B%,%)
(Ax,x) 2 &(Bx,x)—ju(—(Ao—SB)) A —Tu(—(M—d)B)) A (15)

oocmamouno evinoanenus ycaosuti —\(—(Ag —0B)) 20 u —wW(—(M —0B))=0.

Hokazameavcmeo. W13 cpoiicts 3 u 4 JIH nony4yaem HepaBeHCTBA
—W(~(A—EB)) = —U(=kh(Ag —8B)/2 — ch>(M — 0B)/4) >
> —(kh | 2)(~(Ag — 8B)) = (ch® /4)(~(M = 9B)) = 0 .

Hepagsenctso (15) npu aTom crieyeT u3 HepaBeHcTBa (11).
3ameuwanue 1. Ouenku cHu3y anst Boipakenuii —W(—(Ag —O0B)) u —W(—(M —0B)) (u coor-

BETCTBYIOLIIHE IOCTATOYHbBIE YCIIOBHSI [JIsl BHIMIOJIHEHUSI HepaBeHCTB —W(—(Ag —0B)) >0 , —u(—(M -
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— 0B)) > 0) MOXHO MOJYYUTh U3 MyHKTA 3 JemMMbl 3, B3siB & B Buje (14) U (hOPMANIBHO MOJIOKUB
TaMm ¢=0 wmwm k=0 cooTBeTcTBeHHO (TOrAa Bhipakenne Cyp MACT UCKOMYIO OLEHKY CHH3Y).
OTMETHM, YTO YaCTHBIN CiTydyail MOfOGHOTO pofa IOCTATOYHBIX YCJIOBHI s MaTpuupel Ay (KoTo-

PBINl TAaKXKe MOSKHO TMOJTYYUTH OMUCAHHBIM BBIIIE CTOcOO60M 13 JeMmbl 3, monoxkuB B Cag ¢ =0 n

PacKpbIB MOJlyJIM CO 3HAKOM MUHYC) ObLI BbiBe[leH B padore [10] (cM. nemmy 4 B [10]).
Jemma 4. [Iycmov | — npousdeoavroe (Ho pukcuposanroe) oelicmsumeavHoe yucao. Toz20a:

1) wepasencmeo (DX,X)<y(BX,X) umeem mecmo (npu aiobom X € RN) mo20a u MoAbKO
mozoa, koezoa évinoanaemcs ycaosue —W(—(yB—D))=0;

2) ecau svinoareno ycaosue —W(—(yB—D)) =0, mo
0 < (D%, %) < y(B%,%)+W(—(xB- D)(B%, %)M vier"; (16)
3) evinoauaemca nepasencmeo —W(—(YB— D)) = Cpp, 20e Cpp onpedeasemcs kak

. 2% -20 —|x—on_ioy ],

Cpp = min{Zx—2oc12 ~|x - oo

lgg}v(2x—20€? —|X—0€i—10€i|—|X—0ﬁi0€i+1|)};

npu smom ecau —\W(—(yB— D)) 20 (018 uezo 0ocmamouro, umobwi C‘DB >0), mo
0 < (D%, %) < y(B%,%)—Cpg(BE,%)/AN)  vierR"; (17)
4) ecau evinoaneno ycaosue —UW(—(xB—D))<0, mo
0 < (D%,%) < y(B%,%)+W(—(xB - D))(BZ,%)/AMN) <
< x(B%,%)— Cpp(BZ,5)/ A" VieRN.

Hoxazameavcmeo. Tlyukt 1 nemmbl ciegyer u3 ceoiictBa 1 JIH. HepasenctBo 0 < (DX, X)

nokaszaHo B [10] (cm. nemmy 3 B [10]). IIyHKT 2 cnepyeT U3 HepaBeHCTBA
- = =112 = 7y /0 @)
((B - D)3,%) = ~u(=(xB - D))||3|[" > —u(~(xB - D))(BZ,)/AY)
(cM. oka3aTenbCeTBO JeMMbl 3). [l oKa3aTenbCTBa MyHKTA 3 JOCTATOYHO MPUMEHUTH CBOMCTBO 2
JIH x marpune B — D, nHepaseHcTBo (17) mpu atom crnenyert u3 (16). IlyHkT 4 ciemyeT u3 Hepa-

BenctBa —W(—(xB — D))||%|[* = —u(—(xB — D)(BE, %)/AN (em. (13)) mpu p(—(xB - D)) > 0.
Jlemma noka3zasa.

3ameuanue 2. Jlemma 4 o6o6maet temmy 3 u3 crateu [10]. B [10] Takske m3mosKeHbI cOOOpa-
2KEHU4 110 HOBOHy BbIGOpa HOHyCTI/IMI)IX 3HAUYEHUN Yncia X . HpI/I KOTOpOM HE HapymaeTcsl HepaBGH-

ctBo (DX,X) < y(BX,X) (B 4acTHOCTHM, TaM TOKA3aHO, UTO /ISl BBINOJIHEHHUS IAHHOTO HEpaBEHCTBA

HEOOXOIUMO, YTOOBI ) = MaX <<y oci2 ).
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4. IorpemrHocTts U cxogumocTh MIIT'. [JokaxkeM cCiemyIolyro TEOpeMy, JAIOILyIO OLEHKY Be-
mmauHbl ¢)(h) B Teopeme 1.

Teopema 2. [Iycmb 6binoanaomcs ycaosusa nyHkmoa 2 @ aemmax 3 u 4. Toz0a

E-nC(A-EBAY"
J1+3(x (-8 - D))

ca(h) 2 Co(h) = (18)

, T Ay
Hokazameavcmeo. B cuiy nemmbl 2 umeeM ¢, (h) = min;_,y max; oT-

verN T2 I =
\/uTBhu \/vTChv

. il Ay
KyJa MoJlydyaeM HEpPaBeHCTBO ¢, (h) 2 min;_,n = = .
Jil BNl Cyii

(Apu,u) = (Aii,ﬁ)h_l , B, = W 'B, C, = h_l(B +3D) wunepasenctna (11) u (16), momydaem

Hanee, ucnosnb3ysi paBeHCTBA

T 4=
co(h) 2 mirllv u_Au >
ik 7T B! (B+3D)ii

> min (€ —n(—(A—EB)/AYii" Bii |
ier™ \[G" BiiJi” Bii + 3y + w(—((B — D)/AN )i’ Bii

Cokpaiiiasi 3ieCh YUCJIUTENb U 3HAMEHATENb HA I T Bii , Toamy4daem oueHky (18).

Teopema oka3zaHa.

Caeocmeue 4. 1. ITycmpb sbinoansiomcs ycaosus meopemvt 2. Mcnoabays nynkmot 3 aemm 3 u
4, oyenrxy (18) moxcrno ocaabumo, noayuus 0as cy(h) caedywouwjue ouenku CHU3Y:

Cz(h) > é"'éAB/}“g\I’V) (19)
J1+3(x (-8 - D)AY)
(A )
ey (h) > E-u-(A ~&B))/XN ’ (20)
\/1+3(X_CDB/7\'S\IIV))
5 A
e () > 2t Can/hy @1)

\/1+3(x—CN'DB/7»§\1,V)) .

2. Tpebosanue 6vinoaneHus nyHKma 2 aemmbt 3 8 popmyauposike meopemvl 2 MOICHO 3ame-
Humb mpebosanuem 8binoAHeHUs nyHkma 4 aemmot 3; npu smom 6yoem cnpaseoausa oyerra (18),

20€ 6 uucaumene npasoli wacmu 63amo evipaxcerue &— W(—(A - &B))/MN ) (uau e20 ouenka cHu3y

§+CAB/7L§N)).
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3. Bmecmo 8binoaHeHUs NYHKma 2 semmvlt 4 8 YCAOBUAX MeopeMbl 2 MOWHO nompebosamv
8bINOAHEeHUS NyHKmMa 4 aemmvt 4; npu smom cnpaseoausa oyeuwxa (18), 20e 6 3namenamene

NPAasoll wacmu 83amo 8blpaiceHue \/ 1+3 ( X+ W(—(xB - D))/?»YV ) ) (u/m €20 OueHKa ceepxy

\/1+3(X—GDB/X§N>)).

Hoxazameavcmeo. CnpaBenyuBocTh OUEHOK (19)—(21) HenmocpencTBEHHO CIENYET U3 OLEH-
ku (18) ¢ yuetom nyHkToB 3 nemm 3 u 4. OTMeTuM Takxke, 4To oueHku (19)—(21) MoxHO ycTaHo-
BUTH He3aBUCHMO OT (18), ciemyst JokazarenbCcTBy TeopeMbl 2 (HO BMecTo HepaBeHCTB (11) u (16)
WCTONb3Ys NpU JloKa3arenbcTBe HepaBeHCTBA (12) m (17) cooTBeTcTBEHHO). [y OKa3aTeabCTBa
MYHKTOB 2 U 3 CJAEJCTBUSI JOCTATOYHO MOBTOPUTH CXEMY [JOKA3aTENbCTBA TEOPEMBI 2 (TPUMEHSISI TPU
3TOM HEPABEHCTBA U3 NMyHKTOB 4 ieMM 3 u 4). OTMEeTuM, 4TO NYHKThI 2 U 3 CNeACTBUs 4 HE 3aBUCST

OfIH OT JIPYTOTr0, MO3TOMY €CJIM UX YCIIOBUS BBIMOHSIOTCS OMHOBPEMEHHO, JIJISl BEJMYUHBI  C5 (/)
UMEIOT MECTO COOTBETCTBYIOLUE OLEHKH.

3ameuanue 3. Ecnu & onpepensiercs BoipaxenueM (14) u cnpaBe/yinBbl yCIIOBHs CIEICTBYS 3,
To oueHku (18) u (20) MOXHO OCHabUTb, 3aMEHMB (OLEHUB CHU3Y) YMUCIUTENb BBIPAXKEHUEM
E—khw(—(Ag — 33))/(27»5\1,\’)) - chzu(—(M - (I)B))/(47u5\l,v)). B cBoro ouepenpb, JTH B mocseHeM BbI-
paKeHNM TaKXe MOXHO OLEHWTh CHU3Y (CM. 3amMedaHue 1), MOMyduB TakuM oOpazoM mist  c;(h)

emie Goisee ciabble oneHkn. OTCIOfIa, KaK YaCTHBINM ciayyail, mojoxuB ¢ =0 wu orbpocuB ciarae-
Mble ¢ JIH B uucaurene m 3HameHarene (YTO NMPUBEAET JHUIb K OrpyOJIEHUIO OLEHKU), MOJYYUM

oueHky ¢ (h) > (1+khd/2)//1+ 3y nns ypasuenusi KJI, BoiBenennyio B [10] (cM. Teopemy 2
B [10]).
Panee 6b110 ycTaHOBNIEHO (CM. caefcTBue 1), yTo pelieHue 3a1ayu (3) CylecTBYeT U eJUHCTBEH-

HO. [lokaxkeMm Tenepb TeopeMy, KOTopasi JaeT oueHKy TouyHocTH MIII' u Ha OCHOBaHMU KOTOPOIi
YCTaHABJIMBAETCS €r0 CXOAUMOCTD.

Teopema 3. ITycme u € H(l)[O; 1] ssasemcs pewenuem 3aoauu (3). Ipeonoaoxcum 0onoamu-
2r0y-
MeAbHO, UMmo U makxxce npuraosexcum npocmparcmsey H<[0; 1]. ITycmb ebinoanervt ycaosus

meopemvt 2 u  Cy(h)>0. Toz20a pewenue uy € @), 3adauu (6) cyuecmayen, eOUHCMEEHHO U

y606./l€I’H60pﬂ€m OYEeHKaAMm

) c o)
|u—up|, < (1+c2(h)]h|u|2 < (1+C0(h)}h|u|2. (22)

Hoxazameavcmeo. TlokaxeM, 4T0 SUp,co, |a(u,v)|>0 VveW,, v#0. [eicrBurensHo,

B cuiy ycnoBusi C(h) >0, nemMMsbl 2 1 TyHKTA 2 JIeMMbI 3 UMeeM HEPaBEHCTBA

sup |a(u,v)| = sup ‘ﬁTAhﬁ‘ > ‘VTA;,T/‘ > 3T A7 >
ued, ieR"

> h (&-n-(A-gB)AY ) B7.¥) > 0.

Takum 06pa3oM, Bce ycnoBusi TeopeMsbl 1 Teneps BbINOAHEHbl. OTCIOf|a NOJy4YaeM, UTO PELICHUE
uy € ®;, 3amaun (6) CymeCTBYET, EIMHCTBEHHO W YIOBJIETBOPsIeT oleHke (7). sl OleHKH BeIndn-

Hbl inf, cp, |u—wy, |1 BOCTIOJIb3YEMCSI TEM, YTO MPOCTPaHCTBO D), SBISETCS MPOCTPAHCTBOM WH-
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TEPHOJISIUUOHHBIX CIIJIAHOB MEPBOI CTENEHU, JIst KoToporo npu u € H 2[0; 1] cnpasepiuBa oueHKa
inf,, e, |u—wy|; < hlul, (cm.[26]). Orciopa nomydaem onerky (22).

Teopema oka3aHa.
Caeocmeue 5. [lycmb seauuuna cy(h) pasnomepro omoesena om Hyas (04 23moz0 docma-

mouno, umobet Cy(h) 6bia pasnomepro omoeaena om uwyan). Toeda npu evinoaHeHuu ycao8ui
meopembt 3 u3 (22) nosyuaem |u—uh|1 =0(h) u ||u—uh||1 =0(h) (coomeemcmeenHo, u
|| — uy, ||0 =0(h)) npu h—0. Hcnoavzosas meopemy Coboaesa o eaoxcenuu [14, 15], maxace
ROAYUUM CXOOUMOCMb U, K U co ckopocmuto O(h) u 6 npocmpancmee C[0; 1].

5. Cayyail ¢ ogMHAKOBBIMM MapameTrpamMu O;. PaccMoTpum ciyuyaii, Korja Bce O; =
= a=const. Torma matpunpl Ay =oB, A= (1+kho/2)B+ (ch2/4)M , moaromy, 6epst & B Bu-
ne (14) (mpu 3 =0 ), moayuyaeM, 9ro HepaBeHCTBO (AX,X) = E(BX,X) CBOJUTCS K HEPABEHCTBY
(Mx,X)> 0(BX,X), a ycnosue —W—(A—EB))>0 — COOTBETCTBEHHO (UCIOJIL3Ysl CBOWCTBO 3
JIH) k ycnosuro —lW(—(M — ¢B)) =20 .

_ 1+2sin*(mh/2)

YrBepxkaenue 1. Yucao ¢=0d.= — ABAAEMCA MAKCUMAALHBIM HEOMPUYA-
3—3sin"(1th/2)

MEAbHbIM YUCAOM, NPU KOMOPOM 04 A06020 X € RN swinoansiemcs Hepasencmso (Mx,x) 2
> O(Bx,X). IIpu smom W—(M —¢B))=0.

Hoxazameavcmeo. O6o3naunm G =M — OB, Torma (GX,X) = (((G + GT)/Z))?,)?) >0 3k-
BMBaJICHTHO (B cuily HepaBeHcTBa Panes — Putua [23]) ToMy, 4TO Bce COOCTBEHHbIE YMCIIA MATPHULbI
(G+ GT)/ 2 wneorpunarenbHel. Ho matpmma (G + GT)/ 2  SBISIETCSI TPEXIMATOHAIBHON CUMMET-
pu4HON TemmueBoi Matpuueit [27]. g Takux MaTpul, COEKTP MOXKHO OMUCAThH B IBHOM BUjIEe (CM.

[27,c.304]). B pe3ynbrare mojy4nM, 9T0 COOCTBEHHBIE YKMCIA A j o (G+ GT)/ 2 UMEIOT BUJ,

A = %—2¢+2(%+¢)c0s(j—n), 1<j<N.

N+1
HepasenctBo Ay 20 IJIst MUHUMAaJbHOIO COOCTBEHHOTO 4qucia
s 2
Ay = 4 40+ ( 8 +40 ) sin’ ( Tt ) 9KBUBAJIEHTHO ¢ < 1+2 s1n2(fch/2) , OTKyja, MOCKOJIbKY
3 3 2 3—3sin“(1wh/2)

W(—(M — ¢B)) paBHO MakCUMaIILHOMY coOCcTBeHHOMY umnciay (—G — GT)/Z (coiicTBo 5 JIH), no-
nysny W(—(M — $B)=0 npn ¢ =0..

Y TBepKaeHUe 10Ka3aHO.

AHaJIOTUYHO, IOCKONbKY D = a2B , U3 JIeMMBbI 4 MOoIy4YaeM, 4TO B KAYeCTBE 7 MOXKHO B3SIThb
X = o?, npuyeM aHHOe 3HaueHue OyfeT MUHUMAJILHBIM, P KOTOPOM BBITIOJTHSIETCSI HEPABEHCTBO
(DX,X) < x(BX,X). Onupasich Ha 3TO, a TaKxKe Ha yTBepkjeHue 1 u To, uro JIH HyneBoit MaTpuub

paBHa HYJIt0, U3 oleHKU (18) monyyaem cienyrollee yTBEpKIACHUE.
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YTBepxkaenue 2. [lpu O; = o = const cnpaseoausa oyerHka

1+ khot/2 + ch*d. /4
J1+ 302

ca(h) 2 Co(h) = (23)

3ameuanue 4. Ormetum, uto st ypasaennst KII npu ¢ =0 omenka (23) coBmagaeT ¢ OLEeHKON
u3 pador [11, 13], koropasi, kak noka3ano B [11, 13], aBasieTcs ,,KBa3MONTUMAJILHOI B TOM CMbICIIE,

2,12
)

YTO NPU HEYETHBIX N WMeeT MeCTO TOUYHOE PaBeHCTBO ¢, (h) = (1+ kha/2)(1+ 3a . B cay-

yae ypaBHeHus1 KIIP 310, BoOOLE roBOpsl, HE OYIET UMETh MECTA, OIHAKO MOXKHO [I0Ka3aTh CJIEYIO-
ee yTBepXkjeHue (KoTopoe, TeM He MeHee, /s ypaBHenust K1 mpu ¢ =0 Bce eme Oyaer cBuje-
TEJNbCTBOBATH O ,,KBA3MONTUMAJLHOCTU OLEHKM (23), 060011asi TaAKUM 00pa3oM COOTBETCTBYIOLIME
pe3yabTathel [11, 13]).

YrBepxknenue 3. [Ipu neuemnom N u O; = O = const cnpasedsusa oyeHka

|1+ khot/2 + ch? /3|
er(h) < - . (24)
Ji+30
Hoxaszameavcmeo. Paccmorpum matputly F = A, — (14 kho/2 + chZB)Bh, me P — Heko-

Topoe (mojJiexaliee ONpefeseHuI0) NeCTBUTENbHOE Yuciao. Marpuua F sBISeTCS Tpexauaro-
HaJbHOH TEMJIMLEBOI MaTPULIEH, CIIEKTP KOTOPOI UMEET BUJ, (CM. J0KA3aTEJbCTBO YTBEpKAeHUs 1)

2ch k ch cho k ch cho
A= ——(1-3B)+2,|| =+ ————+chB || ——+—+——+chP | x
j= = (1=38) \/(2 6 4 CB)(z 6 4 CB)

x cos—2" | 1<j<N.
N+1

Orciofia BuauM, uto npu HeueThom N, j=(N+1)/2 u B=1/3 A; =0, orkyna cnepyer, 4to

det F =0 wu, COOTBETCTBEHHO, CYIIECTBYET I € R, g #0, ms koroporo Fiig =0. B cuny

‘ |57 Ayt o
JeMMbl 2 umeeM ¢y (h) = min; v max;_pn = — , OTKyjga s jmoboro u € R,
il B,i\vTC,
|57 Ayt o
u#0 mnomyyaeM oueHKy ¢3(h) < max;_ .y — = . B3sB U =1y w ucmonn30BaB pa-
il BiAv C,
BeHCTBO C) = WY (B+30°B), MOJIyYuM
2 =T p-
1+ kho/2+ch”/3 V" B

max

cr(h) < .
’ 4302 veRY a7 Big 5T By

ns nonydenus (24) ocTaioch NoKa3aTb, YTO MAKCUMYM B MOCJIEJHEM BbIPA>KEHUU PABEH E€IMHULIE.
JIns aTOro 3aMeTuM, YTO MaTpuua B  BISIETCS CUMMETPUYHON U MOJIOXUTEIBLHO ONpENIeJIEHHOM
(M. (13)), moaTOMY MOKHO BBECTH CKaJsipHOe TpomsBefieHwe [26] (X,y)p = (BX,y) u HOpMYy

|| %] |§ = (X,X)p . U3 nepasenctsa Koum — ByHsIKOBCKOro nomyyaem
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|57 Big| = |(Gio.%)s] < |ldiollyllPlly = b Big Vv By ,

MIpUYeM PaBEHCTBO JIOCTUTAETCS IPU V = Uy .

Y TBepKeHUe 10Ka3aHO.
3ameuanue 5. 1. B3siB npousBOAHYyIO MO O OT MpaBoy yacTu (23), MONTy4YNM, YTO MAaKCUMyM
npaBoyl 4yacTu OyeT JOCTUTHYT IIPU

2kh
O = Oy = ————— . (25)
T 124 3¢k,

st ypasuenust KII (¢ =0) dopmyna (25) naet usBectHblii pe3yiabrar o = kh/6 [11,13,21].

2. OrmetnM, uto BemmmunHa C1/Co(h) (m Ci/cp(h)) B (22),(23) sBIsieTcs OrpaHUYEHHON TIPU

k—+oo mmm ¢ —>+oo, ecrt o0 # (0 He 3aBUCUT OT k W ¢, a h — dukcupoBannoe. [leii-

c,  V1+30? . C,  4V1+302
= u lim._ o =—> .
Co(h) Tho Co(h) T h° .
DTO TakKe CIpaBe[inBo, Korja ¢ ompefessiercs depes (25). B aToM ciyuae cymecTByroT npefie-
¢ 3 - c, 4
Co(h)  mh T Coy mlnte.

6. CpennekBaapartuueckue ouneHkn u cxogumoctb MIII'. C nomompio HepaBeHcTBAa DPpup-

CTBUTEILHO, CYIIECTBYIOT Mpefenbl limy_ .,

ael limy_ o,

puxca (5) u3 (22) HenocpeACTBEHHO MOJYYaeM COOTBETCTBYIOLLYIO OLEHKY ||u —uh||0. OtmeTum

TAKKE, UTO CIEACTBUE 5 (KOTA BBINOJNHSIOTCS €ro yCJIOBHS) MOXKET NPEAOCTABUTH JIWLIbL NEPBbIi
nopsitok Tousoctt MIIT mo & 8 L,[0; 1], T.e. |lu—uy|l,=0(h) npu h— 0. B pansom

MyHKTE MPEACTABJIEHbl YTOUYHEHHbIE CpefHeKBajpaTnueckue oueHku g MIII.  Jokaxkem cHa-
yaja JIeMMYy, XapakTepU3UPYIOIIYyI0 WHTEPIOJSIIMOHHBIE CBOMCTBA mpocTpancTBa W,  BecoBbIX
hyHKUUIA.

Jemma 5. /las npouseoavHoil pyHKkuuu v € H(l)[O; 11NH 2[0; 1] cywecmsyem eourncmeenuas
dynxyua vy, €Yy, unmepnoaupyrowan v 6 yzaax x;, 0<i<N+1. Ilpu smom ecau avinoa-

HAIOMCA YCA08UA NYHKMA 2 AeMMbl 4, MO Cnpaseodiusa oyeHKkd

lv=vs|, < (1+\/3(x+u(—(XB—D))/x§§V)))h|v|2+|v|1\/3(x+u(—(xB—D))/x§{,V>). (26)

Hoxaszameavcmeo. IlepBblil yHKT JIeMMbl HEIIOCPEJCTBEHHO ClE[yeT U3 olpefeseHus Oa3uc-

N
HbIX ¥ BECOBbIX (DYHKUMI; MPU 3TOM vV, (X) = 2,‘: | v(x;)W;(x). B cnny (1) nmeem npepcrasienue

~ ~ _ N _ N %
vi(x)=u,(x)+ep(x), tne iu,(x)= ijl V(XN ;(x), ep(x)= ijl v(x;)o ;Wi (x) . Boruncnsis
2 _ T =
HETIOCPE/ICTBEHHO MHTETPAJIBI, KK B JIEMME 2, IOJIyYaeM PABEHCTBO | ¢, |1 =v' (3/h)Dv, B KOTOPOM

BekTOp V = (V(x7); ...; v(xp ))T . Tenepb, npumeHsisi IeMMbI 4 1 2, TOJIy4aeM HEPABEHCTBO
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2 ~ - — — ~ |2
lenli = 77 G/mDV < 3(x+n-(B—DY/AY )5 By = 3(x+u-(xB—DY/AY ) iy

ITockonbKy iy(x) sBISETCS KyCOYHO-JMHEMHBIM MHTEPHOJSUMOHHBIM CIUIAHOM i v(x),

cnipaBejmBa ouerka |v—i,|, < h|v|, (cm. [26]). Ilpumensis Teneps JaHHOE HEPABEHCTBO, HEa-

2 ~ 12
BEHCTBO TPEYTOJIbHIKA M MOJTyYEHHOE BbIlIe HEPABEHCTBO MEXNY |ep |, m |d|] , momyuaem nepa-

BCHCTBaA

|V_Vh|1 < |V_’Zh|1+|eh|1 <

<[v—dig, +y3(x + B~ DAL ) iy, <

<fv=dgl, +([v=anl, +1v, )3 (x+ne-GB - DIAL") =

= (1+\/3(x+u(—(xB—D))/7»5§V)))Iv—ﬁhh +

+ \/3(x+u(—(xB—D>)/W))|V|l =

< (1+\/3(x+u(—(xB—D))/x§§V)))h|v|2 + \/3(x+p(—(xB—D))/x5§V>)|v|1.

Caeocmeue 6. 1. Ecau 6 ycaosusx semmbl 5 nompeb6osampv 6blNOAHEHUS YCAOBULL NYHKMA 3
aemmbl 4 (¢ —W(=(yB— D)) =20), mo us nepasencmea (26) MOHCHO NOAYHUUMb HEPABEHCINBO

v, < (1+Js(x_éDB/x%V>))h|v|2+|v|l\/3(X—6D3/x§§V>).

2. Ecau 8 nemme 5 nompe608amv 8bINOAHEHUA YCAOBUIL NYHKMA 4 nemmbl 4, MO 8bINOAHAEMCA

V=], < (1+\/3(x+u(—(xB—D))/7~§N)))h|v|z +

+ 1ol B+ B - D™ <

= (1+\/3(X_CDB/>”EN)))h|V|2 +|V|1\/3(X_CDB/7»§N)) ‘

IHEIHHOC CJIEACTBUE MO2KHO N10Ka3aTh, CJACYysd CXEME T0Ka3aTEJILCTBA JIEMMbI Su nUCcnoJab3ys npu

3TOM COOTBETCTBYIOLUUI MYHKT JIEMMbI 4 /ISl YCTAHOBJIEHUS] HEPABEHCTBA MEX[Y (17TD17)/h u

\7TB;,\7 . Ucnonw3yem memmy 5 miist ouenku Tounoctd MIII'B L, .
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Teopema 4. [Iycmo vinoanenst ycaosus meopemst 3. Toz0a cnpasedausvt oyeHKU

h +

C = (N)
= unlly < cl(l+Cz(h)j(cz(uJ3(x+u<—<xB—D)>/>»N )

+ él\/3(x+u(—(xB—D))/x§§V)))h|u|2 <

scl(u o Jh|u|2><
Co(h)

X (62 ( 1+ \/3(X+u(—(xB— DY) )h + 51\/3(x+u(—(xB - D)/AY ) j , (28

20e C;>0 u Cy >0 — nexomopuie KoHcmanmet, He 3asucawue om h, U u {Oci}fil .
Hoxazameavcmeo. Bocnonb3yemcs uneeit npuema O6aHa — Hutue [28, 13]. Paccmorpum 3asia-
ay L'v=u—u, crpannaasivi yeaosusiva v(0)=v(1)=0 (3peck L'v=—kv'—v”+cv — dop-

MaJIbHO CONMpSKEHHbI K L oneparop, a norpemHocts MIII' u —u;, € H (1) [0; 1] BBICTYyMmaeT B ponu

npaBoyl yacTu ypasHeHus). Ee o600ueHHoe (cnaboe) pelleHue v, Kak clefyeT U3 OOLIUX TEOPEM O
Pa3pelIMOCTH U PEryJIIPHOCTU B TEOPUM 3JUIMNTUYECKUX IPAaHUYHBIX 3ajad (cMm. ri. 8 B [14], rna-

Bbl 11 m 12 B [29], a Takke [15, 18]), cylecTByeT, EAMHCTBEHHO UV € H(l)[O; 11N HZ[O; 1], npu-
YeM CYIIECTBYIOT TaKue C’l >0 un C‘z >0 ("e 3aBUCSIIME OT peUICHWS V U MPaBOW YacTu

u—up), 4To
v, € Cllu—wplly, n  |vl, < Callu—uyl,- (29)

VYMuOXas ypaBHenne L'v=u—u;, ckanspHoB L,[0; 1] na moGoe w € H(l) [0; 1], momygaem

cootHomenne a(w,v) = (u—uy,w)y. OTcioa, B YaCTHOCTH, IPU W = U — U;, UMEEM
2
a(u—up,v) = |[u—ulf . (30)
N3 (3) u (6) mnst moboro vy, € ¥, momydaem
a(u—up,vy) = au,vy)—aCup,vy) = (f,vido — (f,vado =0.

[osromy (30) MOXHO 3anucath crefyommm obpasom:  a(u —uy,,v—v,) = ||lu—uy ||3 Vv, e ¥, .

Bocnonb3oBaBiiKch HENPEPLIBHOCTBIO OUIMHENHON (popMbl @  (cM. (4)), OTCIOf1a IOy YUM
2
||“—”h||0 < C1|u—uh|1|v—vh|1. (31)

B kauectBe v, € W, BbIOEpeM (pyHKIMIO, KOTOpas MHTEPHOJIMPYET V B y3max. Torga m3 jem-

MBI 5, UCMIONIb30BaB HEpaBeHCTBa (29), Oy/ieM UMeThb
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|V_Vh|1 <

3+ ncom-oyald) b, +

+ v, \/3(x+u(—(xB— D)/ ) <

< (62(1+\/3(x+u(—(xB—D))/x;’,V)))h +

+C \/3(x+u(—(xB—D>>/>»%V)))Ilu—uhllo- (32)

Hcnonw3osas Teneps BMecTe (31) HepaBeHcTBa (32) u (22), nonyyum oueHKy (28).
Teopema oka3aHa.
Caeocmeue 7. Ecau  cnpaseoausvt  ycaosus nyukma 1 caeocmeus 6, mo

\/3 ( X+ W(—=B - D))/XE\],V) ) 6 oyenke (28) MONHCHO 3aMeHUMb BbIPANCCHUEM \/3 ( xX— C‘DB/M\],V) ) .

Caeocmeue 8. Ecau 7y +W(—(xB— D))/?»S\Z,V) = O(hz) npu h— 0, 6bNOAHAOMCA YCAOBUSA

meopemvt 4 u Cy(h) pasnomepno omoesena om nyas, mo u3 (28) caeoyem cxooumocmov MIII 6
Ly[0; 1] co emopwin nopsdxom mourocmu, m. e. ||u—uy||, = O(h*) npu h—0.

Boemmonnenue ycnosust  y + W(—(xB — D))/k%\’) = O(hz) MO>KHO 00eCTe4nTh, eCIN CTaOUIN3N-
pyomye napamMeTpel O; OyayT BenmmumHamu  O(h) (cM. TakKe 3amMedaHus K JiemMme 3 B pabore
[10]). Ilpm npoBeneHNM MPaKTUIECKUX PacYeTOB OOBIYHO BhIMONHSIETCSl O; = O(h) , MHa4Ye ypOBEHb
BHOCUMOI MIII" MCKYCCTBEHHON BSI3KOCTU MOXET OKa3aTbCsl CJAMIIKOM OONBIIMM (B OCOOEHHOCTU
npy GOJBIINX 3HAYEHNSIX Kk , cM. Huke hopmyay (33)), 4To, Kak MPaBUIIO, MPUBOINT K CYIIECTBEH-
HbIM moTepsiMm TouHoctu [7, 21, 28]. Kpome Toro, xak BupgHo u3 (26), crpemnenne ) +
+ w=(B - D))/ 7\5\1/\!) K Hymo ipu h — 0 o6ecrneynBaeT CXOAMMOCTb ANMPOKCUMAINN (DYHKIUSIMHI
m ¥, . B yacTHOCTH, M Ol , ONpenesisieMoro opmysoit (25), CopaBemiiuBO Ol yax = O(h) .

— — (y2 —
CrleloBaTeNbHO, IPU OJIMHAKOBBIX Ol = Olmax M ¥ =0° (CM. MyHKT 5) momyvaem ||u— uh||0 =
=O0(h*) npu h—0.

Caeocmeue 9. 1. Teopemovt 3 u 4 (u, coomseemcmeenno, oyenxu (22), (28)) ocmaromes cnpa-

8€0AUBbIMU, €CAU NPU BLINOAHEHUU UX Ycao8ull 6 kKauecmee eeauvunbl. Co(h) 6 Hux 6yoem eé3ama

npasas wacmo Hepaserncmaa (19), (20) uau (21) (cm. nynxkm 1 caeocmeusn 4). Anaro02uyHO, NPU 8bi-
noaHenuu ycaoeuii 3ameuanus 3 8 kauvecmae Cy(h) moeym 6bimb 63amvl npaswle Yacmu 8bipaxce-

Huii (18) u (20), 20e yucaumenv 3ameHeH 8bipaiceHuem
& — K (=(Ag — 8B)/QAY") — ch’(=(M - 0B))/(4AY") .

2. Tpebosarus 8bINOAHEHUS YCAOBULL NYHKMOB 2 aemm 3 u 4 6 meopeme 3 MONCHO 3AMEHUMD
(no omoeavHoCMU UAU OOHOBPEMEHHO) MPEeOOBAHUAMU BbINOAHEHUS YCAOBUIL NYHKMOS 4 OAHHbIX
aemm, npu smom eeaununa Co(h) 6 (22) onpedensemcsa svipaxcernuem (18) ¢ yuemom nynkmos 2 u

3 caedcmeusn 4 coomeemcmeenHo. TeopeMa 3 6 makom cayuae ocmaemcs 6 cuae.
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3. Tpebosarue 8binoaneHUs yCA0B8UIL NYHKMA 2 aemmbl 3 6 meopeme 4 MOIHO 3amMeHUmMb mpe-
b6o06anuem 8binoAHeHUA YCA08ULl nyHKma 4 aemmbl 3; npu amom seauduna Co(h) onpedeasemcs

yepes (18) ¢ yuemom nyukma 2 caeocmeusn 4. Ecau, kpome mozo, 00nosHumeabHo nompebosamo
8bINOAHEHUA YCA08UlL NYHKMA 4 aemmol 4, 20e geauvuna Co(h) npu amom onpedeasemcsa uepes

(18) ¢ yuemom nywkma 3 caeocmeun 4 (cm. nynkm 2 caeocmeus 9), a ewvipadxce-

HUe \/3 ( X+ W—=(B - D))/?»(NN)) 6 (28) 3ameneno Ha \/3 ( X+ W—=(B - D))/MN)) uau

\/S(X—C’ DB/MN)) (em. nynkm 2 caeocmsus 6), mo meopema 4 6 makom cayuae ocmaemcs
8 cuse.

3ameuanue 6. TpeboBaHme u € H(l)[O; 11NH 2[O; 1] B ycnoBusix TeopeMm 3 u 4 He SBISIETCS
OTrpaHUYUTENBHBIM, NOCKOJIBKY JAHHOE YCJIOBUE, KAaK CJIEJyeT U3 U3BECTHBIX Pe3y/bTaTOB O pa3pe-
LIMMOCTY U PEryJIIPHOCTU B TEOPUU 3JIJIMITUYECKUX FPAHMYHBIX 33/a4 (CM. JOKa3aTeNbCTBO TEOPE-
Mb1 4), ipu  f € L,[0; 1] BbImosHEHO aBTOMaTHYecKu. [laHHBIE pe3ysbTaThl TAKKe yCTAHABIMBAIOT
CyLIECTBOBaHUE TakUX KOHCTaHT C; u (C,, NpU KOTOPBIX CIpaBenBbl cooTHOUEeHus (29). Or-
METHM, 4TO KOHCTaHTOH () TakXKe MOXHO OLEHUTh pelleHne ¥ 4epe3 MpaBylo 4acTb f :
|ul, < Cy|f||, - HManubie KOHCTAHTBI IS pACCMATPUBAEMBIX B PaGOTE 3ajjad HECIIOKHO HAMTH B 5IB-
HOM Bujie. [eiictBuTenbHo, u3 (3) npu v =u u HepaBeHcTBa Koum — ByHIKoBckoro nojgydaem

|u|12 + c||u||(2) = (f, wo <||f|lyllull,. Hcnompsys wepasencTBo ®punpuxca (5), orcroa nomyyaem
||u||0 <(m?+c¢)”! ||f||O . Janee, |u|12 S||f||0 ||u||0 < (m? +c)_1||f||(2) , OTKY/Ja UMEEM HEepPaBEHCTBO

lul, < (m*+o) V2| f ||, - Haxowen, u3 ypaHenusi (2) nomyyaem HepaBeHCTBA
lul, = ||k’ +cu— fll, < klu|, +cllully +]|fll, £ A+k@>+c)"* + @+ £l -

JlaHHbIe OLEHKM (KaK BUJHO U3 CaMOr0 MX BbIBOJa) MMEIOT MECTO U JIJIS 3aJja4M C ONEepaToOpoM L.
Orcropa nonyyaem Cj = (n2 + c)_l/2 u C,=1+ k(n2 + c)_l/2 + c(n2 + c)_1 . Takum ob6pazom,
MOCKOJIbKY MOYKHO SIBHO OLEHWUTDH |u|2 yepe3 L,- HOpMy mpaBoil 4acTu [, B NMpaBbIX YACTSIX

anmpUOpPHBIX OLEHOK (22) u (28) HE ocTaeTCsl HEOMpPENEICHHbIX (HEU3BECTHBIX) BEJIMYMH.

3ameuanue 7. OTMETUM, YTO OTHOMEPHOCTDH 33j1a4d U MPENOJIOXKEHUE O MOCTOSTHCTBE KO3(-
(UIMEeHTOB k W ¢ TO3BOJIAIM MOJYYUTH BhIBEIEHHBIE B pab0OTe OLEHKM B OTHOCUTEIHHO 3aKOH-
YEHHOM U SIBHOM AHAJIIMTUYECKOM BHJIE U, TaKUM 00pa3oM, 0000LIMTh OoJiee paHHKWE pe3yJbTaThbl B
faHHOM HanpasieHuu. Ho B Oosiee CIIOXKHBIX ciydasx (Hampumep, [l MHOTOMEPHBIX 3ajlay, 0Co-
OCHHO C MEpPeMEHHbIMU KO3(P(ULMEHTAMU, 33/1ad CO CJIOXKHON reoMeTpueil 00JacTH) NMPOBEACHUE
NMojJOOHOTO aHaliM3a BeCbMa 3aTPYAHUTENbHO. [l03TOMY akTyallbHOM CTAaHOBUTCS pa3pabOTKa YuC-
JIEHHbIX TPOUENYP HaXOXJIEHUS NPUOIUKEHHBbIX OLUEHOK (OCOOEHHO, YMCJIEHHON MpPOBEPKMU TOrO,
YAOBJIETBOPSIETCS JIN KITFOYEBOE ISl CTAOMIM3AMU MeTofia ycioBue ¢ (h) >0 mnpu BeIGpaHHOI ma-

pe NpOCTpaHCTB OA3UCHBIX U BECOBBIX (pyHKUMIT). IlogoOHbIe npoueaypsl, 6a3UPYIOLIUECS HA pellle-
HUU OOOOILEHHBIX 3a/]a4 Ha COOCTBEHHbIE 3HAaYeHUsl, pa3padoTansl B [30 —33].
7. Yucaennnle npumepbl. Paccmorpum ypasuenme (2) mpu  f(x)=—k—cx. JI7s OueHKH

YKIIOHEHHSI YNCIICHHOTO PEWICHHs I, OT TOYHOTO U WCIOJIb3yeM BeJUMHBI erry, =||u—uyl|,
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ert, 1 =|u—uy|, n erre = max <y [u(x;) = uy(x;)| ¥ AN MPOCTOTHI MONOXMM O = 0L = const.
Bynem cpaBHuBaTh fiBa BapmanTta Beibopa o;: 1) o; = kh/6; kak moka3ano B [11, 13], Takoii BbI-

6op nas 3agay K] (6e3 peakTMBHOrO 4neHa) sisasercss H ! onTumanbHbIM B TOM CMbICJIE, YTO MU-

HUMU3UPYET BeJIMUMHY eIT,1 (1, Kpome Toro, anst 3afa4 KJI gaet 4-if MOpsiioK JIOKaIbHOM Morper-

HOCTU aNlIPOKCUMALIUU; CM. HUXKE NMPUWIOXKEHHE); 2) O = Olpax , ONPEAENIeMOe BbIpaxkeHueM (25).

Jnist 3HaYeHuit mapamMeTpoB k = 10° , C= 10* (peakTUBHas coCTaBIsIOLAs NpeobiagaeT Hajl KOH-
; _1n4 _1n4

BekTuBHOI), k=107, ¢=10" (peakTuBHAas U KOHBEKTHBHAS COCTABJSIOI[1E PABHO3HAYHBI) U

k=10% , C= 103 (KOHBEKTHBHas COCTaBJIstoLas MpeolJaiaeT Hajl peakKTUBHOM) pe3ysbTaThl pac-

YETOB NpUBEEeHbI B Tabmuuax 1, 2 1 3 cOOTBETCTBEHHO. PacyeTbl MOKa3bIBalOT MOJHOE NpeuMyLe-

CTBO (B CMBIC/IC BENMYHMH MOTPEIIHOCTEH, XapaKTepusyeMbiX —eIr, i, eIr,, M er¢) BbiOOpa

Ol; = Olyax  TI€PEA COOTBETCTBYIOLIMM BHIOOPOM MapaMeTpoB (f; 06e3 yueTa peakIMOHHBIX Mpolec-

COB, UTO SIBJISIETCS YMCIIEHHBIM MOJITBEPKACHNEM Pe3yJIbTaToOB MyHKTa 5. OTMETHM, YTO TOYHOE pe-
LIeHUe JJAaHHOM 3ajiaun (Koraa k ¥ ¢ TPUHMMAIOT 33jIaHHbIE BBIIE 3HaUeHUs) (pOpMHUPYET morpa-
HUYHBIA ClIOf ipn x = 1. DMmupudeckne Nopsiku cxogumoct Py u Pp,  onpefessimch Kak

ln(‘u—uhifl‘l/‘u—uhi‘l)/ln(hi_l/hl-) " m(Hu_”hHHO/H”_”hiHO)/ln(hi—l/hi) COOTBETCTBEHHO

(cMm. pabotsl [34,35]), e h; — 1war ceTKu npu i -M pacyere (i-g cTpoka Tabimupel). BupHo, uTo

Beqmunkbl  Ppi o P, NpW yMEHBLICHMH IIara MOHOTOHHO MPUOJIKAIOTCS CIeBa K TEOpeTHye-

CKUM TMOPSIKAM CKOPOCTEil CXOAMMOCTH B HOPMAX | - |1 u || ||0 B pPacCMaTpUBAEMOM cllydae —

yucaam 1 u 2 (cm. caepctBust 5 u 8). Bo3Hukaroumue cUCTEMbI JUHENHBIX alreOpanyeckux ypaBHe-
HUI PeLIaICh METOIOM TPEXTOYEYHO IPOTOHKY [26].

Ta6nanua 1. 3naueHust norpemHocTen npu k = 10° , C= 10*

Yucno o; =kh/6 O = Olpax
Y3II0B
CeTKH eITy 1 erry, erre eIry 1 P erry, P, erre
50 21,8033877 0,1299759  0,5554216  21,6694486 — 0,1123325 — 0,4485942

100 20,4965453  0,0620007  0,3054484 204329138 0,084 0,0596124 0,901 0,2723953
200 17,6589109  0,0273827  0,0975694  17,6462063 0,210 0,0271254 1,128 0,0906496
300 15,0455446  0,0157007  0,0354665 15,0428464 0,392 0,0156379 1,353 0,0332544
400 12,8419161 0,0100862  0,0146000 12,8412559 0,548 0,0100641 1,528 0,0137153
500 11,0667703  0,0069638  0,0066201  11,0665836 0,665 0,0069541 1,653 0,0062107
600 9,6547301  0,0050662  0,0032208  9,6546704 0,747 0,0050613 1,739 0,0030105
700 8,5264575  0,0038363  0,0016444  8,5264364 0,805 0,0038336 1,799 0,0015274
800 7,6145006  0,0029983  0,0008634  7,6144927 0,846 0,0029967 1,842 0,0007942
900 6,8672685  0,0024039  0,0004563  6,8672654 0,876 0,0024028 1,873 0,0004132
1000  6,2465928  0,0019680  0,0002358  6,2465916 0,898 0,0019674 1,896 0,0002079
2000 32361556  0,0005098 454-10° 3,2361555 0,948 0,0005097 1,947 438-107°
4000 1,6329823  1,2861-107* 1,71-107° 1,6329822 0,986 1,2860-107* 1,986 1,70-107°
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Ta6nanua 2. 3HaueHust norpemHocTer npu k = 104 , C= 10*
Yucno o; =kh/6 Ol = Olmax
y3J10B
CeTKI eIry 1 erry, erre eIy 1 P erry, P, erre
50 70,6844912 0,40291860 0,9412584  70,6749471 — 0,35463746 — 0,9230437
100 70,5988295 0,20606444  0,8879850  70,5898238 0,002 0,19782213 0,830 0,8790427
200  70,2823043 0,10233396 0,7875731  70,2745933 0,006 0,10127405 0,959 0,7836055
500 68,5273444  0,04032875 0,5495296  68,5225320 0,028 0,04026159 1,003 0,5483965
1000  64,3588196 0,01939313  0,3026330 64,3566624 0,090 0,01938518 1,053 0,3022944
2000  55,3408874 0,00858221 0,0978308 553404638 0,218 0,00858138 1,175 0,0977611
4000 40,1171762 0,00315686 0,0156596 40,1171529 0,464 0,00315678 1,442 0,0156508
8000  23,7380785 9,3744-10* 1,325-10° 23,7380781 0,757 9,3743-107* 1,751 1,324-107°
12000 16,4529008 4,33401-10* 2,506-10 16,4529006 0,904 4,3340-107 1,903 2,505-107*
16000 125183505 24736110 7,652-10° 12,5183504 0,950 2,4736-107 1,949 7,648-107°
20000 10,0829896 1,59403-10* 3,165-10°  10,0829896 0,969 1,59403-10* 1,969 3,163-107°
Ta6nanua 3. 3naueHust norpemHocTer npu k = 104 , C= 10°
Yucno o; =kh/6 O = Olmax
y3J10B
CeTKH eIry1 erry, erre eIry1 P erry, P, erre
50 70,6806045 0,39637422  0,9397343  70,6796952 — 0,39144786 — 0,9380290
100  70,5956424 0,20606364 0,8879846  70,5947364 0,002 0,20519266 0918 0,8870864
200  70,2791033 0,10233391 0,7875732  70,2783298 0,006 0,10222640 0,998 0,7871756
500 68,5240651 0,04032864 0,5495305 68,5235833 0,028 0,04032191 1,012 0,5494171
1000  64,3553520 0,01939295 0,3026373  64,3551361 0,090 0,01939215 1,055 0,3026035
2000 553369974 0,00858196  0,0978422 553369550 0,218 0,00858188 1,175 0,0978352
4000 40,1131675 0,00315666 0,0156705 40,1131652 0,464 0,00315665 1,442 0,0156696
8000 23,7351649 937355-10* 13292-10* 23,7351648 0,757 9,37354-10* 1,751 13,292-107*
12000 164507766 43336110 25253-10° 16,4507765 0,904 4,3336-107 1903  25252-107
16000 125167033 247339-10* 77,573-10° 12,5167032 0,950 247338:10* 1949 77,569-10°
20000 10,0816509 1,59388-10* 32,340-10° 10,0816509 0,969 1,59388-10* 1,969  32,338-10°

Ipunoxenue. JlokaabHas NOrpelIHOCTh U MOHOTOHHOCTH pa3HOCTHBIX cxeM MIII'. Ompe-
IeITNM JIOKAJTBHYIO TIOTPEITHOCTD [26] pa3HOCTHOM CXeMBbI

(Lpy)(x;) = kM_

2h

(1+ khocl-
2

6 4 Yi-1 3yl 6
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1 .
=Z(vai)0’ I1Si<N, yo=yn+1=0, (33)

KOTOpasi nojtydaercs nocne npumenenuss MIII (cm. cnepcteue 2), NpeAnosoKuB MpU 3TOM (JIJ1s1 BO3-
MO>KHOCTHM MCHOJIb30BaHus psjgoB Teinopa), uto u € C (6 ©O;1) u feC S (0; 1) (Takyro BbICO-
KYIO TJIaJKOCTb Mbl TPEOYEM TOJIBKO B JAHHOM IIYHKTE JjIsi 00eCneYeHUs] BOSMOXKHOCTH BbIMUCHIBA-
HUS 4JIEHOB 0(h4) ). 3peck L;, — pa3sHOCTHBIA OnepaTop, ONpefesIeHHblA cOOTHOLIeHEeM (33) Ha
MPOCTPAHCTBE CeTOUHBIX (pyHKIWit [26]. Ilox BeIpaskenneM Lju OyfeM MOHMMATh IENICTBHE JIAHHO-

ro oneparopa Ha (TOYEYHYI0) CETOUYHYIO MPOEKLMIO pelieHns « . BOocnoib30BaBIIMCH Pa3I0XKEHUS -
MU B psjiel Teitnopa u Teopemoii o cpeiHeM st onleHku uHterpanos  (f, W;)o , mocne mpusepeHust

BCEX TMOMAOOHBIX WICHOB TMOJIyYMM JIOKAJBbHYIO MOTPELIHOCTh —AamnmpOKCUMALUU y(x;) =
= (f, Wy)o/h—(Lyu)(x;) By3me Xx; pasHocTHOU cxembl (33) Ha pemeHnn u#(x) WCXOTHOU mucp-

hepeHyManbHON 3a1a4n

kh®>  ah ), cho; ckh? )
y(x;) = [E— > jf(xi)Jr( R ]”(xi)+

. 2 2,2
(@—%—%J () + O(oh + h*).

W3 nonyvenHoro BelpaxkeHns aiast Y(x;) BuguMm, uyto nmpu O; = O(h) (cM. ciepcTBue 8) cripaBefi-
JmBO WY(x;)= O(hz) (B TOM umcae 3To OyfieT, Korjga O = Opax ). OJIHAKO B YaCTHOM clly4yae npu

c=0 m O; =0 = kh/6 mnomydaem WY(x;)= O(h4) . Hocnegauit pakt (s ¢ =0) 66T
ycTaHoBJeH eule I'pucpdpurcom u JlopeHuom B [11] (cMm. Takke [13] u kommenTapuu B [21] no noso-
1y nogoOHOro BbIOOpa Ol; , HO YK€ ISl Cyyas HeCTallMOHAPHBIX YpaBHEHUN). JOKaxKeM JeMMy, U3

KOTOpPOil OyAyT CJIejloBaTh Ba’KHbIe YTBEPXK/JCHUS O KAYECTBEHHOM IOBEJCHUM amMpOKCUMAIUN
MIIT.
Jemma 6. [Ipu évinoanenuu HepageHcme

C— (o) My 2 (l+ﬁ) <0, —1+0-opip? (l—ﬁ) <0 (34
2 6 4 2 6 4
(npu 1<i<N) mampuya Ay, onpedeanemasn svipaxcenuenm (8), agaaemea M -mampuyeii [3, 36].
Horazameavcmeo. Ilpnu c¢=0 wu3 HepaBeHcTB (34) cienyeT pe3ysibTHPYIOLIEE YCIIOBHE
o; =21—-2/(kh), mpu BBIIOJIHEHNM KOTOPOro, Kak mokaszano B [10] (cm. memmy 5 B [10]), MaTpuma

A, saBnsetcss M -marpuueit. 3HAUYWT, I 3aBEPIICHUS TOKA3aTEIBCTBA OCTAETCS JIMIIb PACCMOT-

peTh cayyaii, korqa ¢ > 0. OtmeTnm, uTo HepaBeHCTBa (34) o6ecnednBarOT BHITIOIHEHNE YCIIOBUI
(Ap)i; <0 mpu i#j wu, Takum 06pasoM, HEOOXOIUMbIE yCIOBUsL, YTOObI Aj; Obuta M -marpu-

1[el, BBIMOJTHEHBI. [laiee BOCTONb3yeMcsl CAeAyIomuM KpuTepueM st M -matpur [36]: Hekast MaT-

puna A ={q; j}f\f j=t € @; ;<0 npu i# j sBasercs M -MaTpulei TOJIA U TOJILKO TOT/A, KOT/a
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CYLIECTBYET BEKTOPD € C MOJIOKUTEILHLIMA KOMINIOHEHTaMU, IJIs1 KOTOPOTr'0 BEKTOP A€ Takxke sB-
JIIETCA BEKTOPOM C MOJIOKUTEJIbHBIMA KOMIIOHEHTAMU . Jlerko BUETH, YTO B TAHHOM CJIy4a€ B Ka4yec-

CTBE TAaKOrO BEKTOpa € MOXHO B3sTh BekTop ¢ =(1, ..., 1)T . HelcTBUTEILHO,
k k(xl Sch chocl _

1
Apé) = —+—+——+
e = H o+t =y

(1 k kO(l ch chocl
= —+—=++ -
h 2

)+ch > 0+ch >0,
2 6 4

B} |k kay Sch choy
A = -t —4+ — + =
Ay = G =o gty

_(l_ﬁ_’_kaN_%_'_chocN

= )+ch > 0+ch >0,
h 2 2 6

(Apé)i=ch>0 mpn 1<i< N . 3uaunr, A; ssuasercs M -maTpunen.

Jlemma foka3zasa.

3ameuanue 8. Hepasenctsa (34) rapaHTHpYIOT YCTOMUMBOCTD pelIEHNs (B CMBICIIE OTCYTCTBHS
JIOXHBIX HE(PU3NYECKUX OCUMJIUISLMIA) pa3HOCTHON cxeMbl (33), obecnieunBasi 1Jil Hee BBINOJHEHUE
YCJIOBUI Pa3HOCTHOTO MPUHIMIIA MaKCUMyMa (M, COOTBETCTBEHHO, MOHOTOHHOCTE) [26]. OTMeTnm,
yronpu O; =0 um ¢=0 ycnosus (34) npuBOAAT K U3BECTHOMY YCJIOBUIO kh <2 yCTONYMBOCTH

knaccuueckoro merofa I'anepkuna (cm. rnasy 7 B [37]). Hapyienue ycnosuii (34) MOXKeET IpUBECTU
K BO3HMKHOBEHHUIO B YUCJIEHHOM pELUEHUM OOJNbIIMX MOrPELIHOCTEN U JIOXKHBIX (He(pU3nIeCcKux) oc-
uussumid (eM. [10], rae nogpoOHO ONMKUCAaH CMBIC IAHHBIX YCJIOBUI NPUMEHUTENBLHO K YPaBHEHUIO
K1 u Bo3HuKarouye nocjaeacTBus Npy UX HAPYLLIEHUN).

3ameuanue 9. C MOMOIIBIO JEMMBI 3 MOXKHO MOJIyYUTh MPOCTYIO OLEHKY BO3MYIIECHUS PEIICHNS
MIII" B y37max ceTKH B cilydae, KOT/ia npaBasi yacTb f (CM. CIIEICTBHE 2) BbIUNCIIEHA HE TOYHO, a C

HEKOTOPOIi MOTPEIIHOCTBIO €  (HANPUMEP, BCNECTBYE MPUMEHEHUs KAKUX-HUGY /b KBaipaTy PHbIX

¢popmyn npu Berumcaenun uaTerpanoB (f, W;)g). [elcTBUTENBHO, TOTIAa €BKIMIOBA HOPMA || . ||

BEKTOpa BO3MYIIEHUS He TpeBblmaeT [23, 36] BenumuuHy HA/; 1””5 f” Ecrm  p(-A;)<0, To

HA; ! H <—-1/u(=A;) (cm. [25]). Tenepsb eciu BBIMOJHSETCS HEPABEHCTBO C 48>0 (mpu E=0 u
¢pukcupoBanHoM £ ), To m3 cBoiicTB 3 u 5 JIH, paBeHctBa Ay, = (A +A)/h m nyHKTa 3 nemmsbl 3

noyuaeMm —W(=Ay) = —w(=A)/h > Cap/h >0, oTKyna HA;I‘ <—h/u(-A) < h/Cup .

3ameuanue 10. Ilycts npu Bcex monyctuMbix kK u ¢ (h cumTaem 3a(hUKCUPOBAHHBIM) BbI-

MOJIHEHBI YCJIOBUSI TEOpPEeMbI 2, TOTHA Co(h)zéo(h)z§/1/1+3x. TIoNycTHM Takske, UTO
Co(h)>0. Torma ccmn (Co(h) ™' =0GK™) (mpu k—>+4e0) u (Co(h)™' =0(c™) (npu
¢ —+), To u3 cootHomernit Cy=O0(k), C;=0(c) mnomysaem Cy/Co(h)=0k""") u

C /C‘o h)= O(CSZH) . Orcropa cnegyer,utoecim §;+1<0 u s, +1<0, TO B cluly OYEeBHIHOTO
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HepaserctBa 1< Cy/cy(h) < Cy/Co(h) < Cy/Co(h)  (cnepctBue w3 Cy = cy(h) = Co(h) >
> C‘O (h)) muoxkutemn 14 Cy/cp(h) m 14+ C/Cy(h) B oneHkax TeopeM 3 u 4 SBISIOTCS] OTPAHU-
YEHHBIMH NIPY HEOTPAHUYEHHOM BO3pacTaHnd kK u ¢ (3TOT XKe pe3yJbTaT ObUI MOMyUeH B YACTHOM
clyyae MJisl OMHAKOBBIX O , CM. MYHKT 2 3aMedyaHusl 5; mpu 3TOM st §; W Sp Oyaer
§1 =582 = -1 )

3akmioyenune. B aHHO# paboTe paccMaTpPUBAIOTCS BOMPOCHI TOYHOCTH (B IpocTpaHcTBe Ly W

cOo00JIEBCKOM TNpOCTpaHcTBe  H 1) YUCJIEHHOTO MHTETPUPOBAHUS CTAUUMOHAPHOI'O OJHOMEPHOI'O
ypaBHeHust KJIP koneuHoanemeHTHbIM MIIIT ¢ KycO4HO-IMHENHBIMU 6a3UCHBIMU (DYHKUUSIMUA U KY-
COYHO-KBAJ[PaTUYHbIMU BeCOBbIMU (pyHKuusimMu tuna (1), rme kaxaas pynkuuss W; umeer UHAUBU-

AyalbHbIA cTAOUNM3UpYOWMIA napaMeTp O; . OTMETHM, 4TO pPe3yNbTaThbl U BBIKJIAJKUA CTATbU Oe3

CYILLIECTBEHHBIX 3aTPY/HEHUII MOTYT OBbITh IEPEHECEHB] U HA IPYTUE BECOBbIE (DYHKIMU U KJIACChI Ta-
KUX (DYHKLIUMI (HanpuMmep, IpakTUIECKHU 0e3 U3MEHEHUI EPEHOCITCS Ha KJIaCChl BECOBBIX (DYHKIUIA,
BBeJieHHbIe B padoTax [20, 21]). Ha ocHOBaHMM pa3BMBaeMOro B CTaThe€ MOJXO[a, OCHOBAHHOIO Ha
HCCJIEJOBAHUM C TIOMOLIBIO anmnapara JorapupmMmuueckux HOpM MaTPUUHBIX HEPABEHCTB CNIEUAIILHO-
ro Buja (KOTOpbIE COCTABIISIOTCS /ISl MATPULL, IOPOKACHHBIX OUIMHENHON (POPMOIl 3aauu U MOJIy-

HOPMOH | B IIPOCTPAHCTBE BECOBBIX (PyHKIMI (JieMMa 2), OTHOCUTEIbHO MATPULbl, TTOPOK/EH-

. |l
HOW MOJYyHOPMOIA | . |l B MPOCTPAHCTBE OAa3MCHBIX (PYHKUMI), TS BENWYMHBI Cp(h) MOIy4YeHbI
OLIEHKM CHU3Y (Teopema 2) B 3aBUCHMOCTH OT BbIOOpa Habopa mapameTpoB {0} , KOTOPbIMH, IJIaB-
HbIM 00Pa30M, U ONPEAESETCs MOTPELIHOCTD METOA IPU (PUKCUPOBAHHOM IPOCTPAHCTBE 0a3UCHBIX
¢dynkuuit. BeiBenenbl oueHku TouyHocTd MIID B npoctpancTtBax H ! (teopema 3) u L, (Teope-
Ma 4). Ilogpo6Ho uccrenoBan ciaydait ¢ O; = oL = const s ypaBHenust K[IP (myHKT 5) n pe3ynb-
TaThl UCCIIEOBAHUIA NOATBEP>KACHbBI PACYETHBIMU IAHHBIMU (ITYHKT 7).

B nacrosieint pabore Koapdumentel Kk u ¢ B uccaenyemom ypasHennn KJIP mnst ympore-
HUSl BBIKJIQJIOK ObUIM MOJIOXKEHbl MOCTOSHHBIMM (YTO TaKXe MO3BOJWIO MOJNYYUTH JOCTATOUHO
,;,TOHKME” anpuopHble oueHkU TouHOCTU MIIT" B OTHOCUTENBHO 3aKOHUEHHOM U SIBHOM aHAJIUTUYe-
CKOM BU/IE U HAITU SIBHbIE BBIPAXKEHUS I KOHCTAHT, BXOJSIIMUX B 9TU oleHKN). COOTBETCTBYIOLIUI
OJJHOMEPHBII cllydail ¢ NEPEMEHHbIMU KO3(P(ULUMEHTAMU SIBJISIETCS TEXHUYECKU OO0JIee CIIOXKHBIM,
OJJHAKO Pa3BUBAEMBIl B paboTe MOJAXO/ MOXKET ObITh 03 3aTpyJHEHUI MPUHIUNUATIBHOIO XapakTepa
MIPUMEHEH K €ro MCCIEeJOBaHUIO (B 3TOM cilydyae NMpH HAaXOXJEHWH OLEHOK NI  cp(h) w3MeHuTCs
TOJILKO KOHKPETHBIN BU MaTpullbl Ay ). Ilpu aToM cxema paccy>KAeHUi 1 JOKa3aTeIbCTB, a TAKXKe
HEPABEHCTBA (U COOTBETCTBYIOLIUE YCIIOBUSI TEOPEM), 3alMCAHHbIE B 00LIEM (a0CTpaKTHOM) BuUJE
yepes JorapupmMuuecKrie HopMbl, OCTAHYTCSI B CUJIE. ODTO K€ KacaeTCsl U CJIydasl UCIONb30BaHUS B
MIII" HepaBHOMEPHBIX CETOK, a TAK>KE PELLIECHUS] MHOTOMEPHBIX CTaUoHapHbIX 3afau KIIP.

ABTOp BbIpaxXaeT TiyOOKy0 OJarogapHOCTb KaHaujaTy TexH. Hayk CanbHukoBy H. H. u npo-
deccopy MonuanoBy A. A. 3a MIOJOTBOPHOE OOCYXK/IEHUE JIaHHOI pabOThI M LIEHHbIE 3aMeYaHus K
Hel, a Takxe npodeccopy YeproBy O. P. u un.-kop. HAH Ykpaunsi ['yoapeBy B. ®. 3a BHumaHnue k
HCCJIEJOBAHUSIM aBTOpA.
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