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SOME REGULARITY OF ENTROPY SOLUTIONS
FOR NONLINEAR PARABOLIC EQUATIONS WITH IRREGULAR DATA

PET'YJIAPHICTHh EHTPOIIIMHUX PO3B’SI3KIB
HEJITHIMHUX IMAPABOJITYHUX PIBHSIHb 3 HEPEI'YJIAPHUMUA JAHUMU

We introduce new sets of functions which are different to the space introduced in [Bénilan Ph., Boccardo L., Gallouét T,
Gariepy R., Pierre M., Vazquez J. L. An L'-theory of existence and uniqueness of solutions of non-linear elliptic equations
// Ann. Scuola norm. super. Pisa. — 1995.—22, Ne 2. — P. 241 -273] and Rakotoson’s T'-set in [Rakotoson J. M. Generalized
solutions in a new type of sets for problems with measures as data // Different. and Integr. Equat. — 1993. — 6, Ne 1. —
P. 27-36; T-sets and relaxed solutions for parabolic equations // J. Different. Equat. — 1994. — 111, Ne 2. — P. 458 -471].
In the new framework of sets, we give some summability results of entropy solutions for nonlinear parabolic equations.

BBeneHno HOBI MHOKMHH (DYHKIIH, IO BiAPI3HAIOTHCS SK B MpoCTOpy, Mo OyB BBeACHUH y [Bénilan Ph., Boccardo L.,
Gallouét T, Gariepy R., Pierre M., Vazquez J. L. An Ll—theory of existence and uniqueness of solutions of non-linear
elliptic equations // Ann. Scuola norm. super. Pisa. — 1995. — 22, Ne 2. — P. 241 -273], tax i Bix 7T-mHOXHHN Pakotocona,
o Oyna BBeneHa B [Rakotoson J. M. Generalized solutions in a new type of sets for problems with measures as data
// Different. and Integr. Equat. — 1993. — 6, No 1. — P. 27-36; T-sets and relaxed solutions for parabolic equations //
J. Different. Equat. — 1994. — 111, Ne 2. — P. 458 —471]. B pamkax HOBOi KOJIEKI[il MHOXXHH OTPUMAaHO HOBI PE3yJIbTaTH PO
CYMOBHICTH €HTPOIIIHUX PO3B’SI3KiB HENIHIHHUX NMapaboNiqHUX PiBHIHb.

1. Introduction. In this paper we will consider the following problem:

% —div(a(z,t,u,Du)) = f in Q,
u=20 on X, (P)
u(z,0) = ugp in Q

where Q is a bounded open subset of RN, N > 2 and T > 0, Q = Q x (0,T), ¥ denotes the lateral
surface of Q, f € My(Q), up € Mp(€2). Here M;(Q), My (£2) denote the spaces of bounded Radon
measures on ) and € respectively.

There are many works contributing to nonlinear elliptic equations and parabolic equations with
measure data (see [1,3-7, 9-21]).

If f e L¥ (0, T; Wb (Q)), ug € L?(£2), the existence of solutions for this problem is a classical
result due to Lions’s methods in [8].

If f e My(Q), up € Mp(Q) and p > 2 — , Boccardo and Gallouét proved the existence

N+1
of distributional solution to problem (P) in [6] (also see [5, 7, 10, 13—15]). If 1l <p <2 — N1l
one can’t expect the solution to be in the classical Sobolev space. In order to deal with this case,
Rakotoson has introduced 7-sets and the notion of relaxed solutions in [12] (also see [11]). To study
elliptic equations, 761’7’ (€2) has been introduced in [3] too.

Dall’ Aglio, Orsina have discussed the existence and regularity of solutions under three kinds of

conditions about f and ug in a framework of Sobolev spaces as p > 2 —

N1 in [7] (also see
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[6, 9]). Similar problem has been discussed in [5], but in which the summability of solutions with
respect to space and time was considered separately. In [17] Segura de Leon and Toledo have given a
precise summability result of entropy solutions to problem (P) and its gradient with respect to space
and time in a framework of Lebesgue and Marcinkiewicz space under the assumptions of f € L'(Q),
up € LY(Q) or f =0, up € L*(Q) (also see [16]).

Up to now, I haven’t found any regular results of solutions in the case of 1 < p < 2 — N:—l’
f € LY0,T; L' 1og L'(2)). Since in the case of f € L'(Q), up € L'(£2), one can prove the solution
Np-1)+ p)
N+1
for all p > 1, and deduce that the solution belongs to the classical Sobolev space L4(0, T'; I/VO1 1(Q)),
Np—1)+p 1
N +1 N +1
unified framework of Marcinkiewicz space in the case of f € L'(0,7; L'log L*()) for all p > 1

to problem (P) in a unified framework of Marcinkiewicz space M?(Q)) | here ¢ =

q < , in the case of p > 2 — (see [1, 17]). Can we prove the solution in a

as that of [1, 17]? The answer is negative because we have known in the case of p > 2 —

N +17

f € LY0,T; L' log L(€)), the solution to problem (P) belongs to the limit case L9 (0, T; Wol’q(Q)),
N({p-—1

q= W, from [7] and [5], but we can’t deduce that the limit case from the Marcinkiewicz

space. Furthermore it’s impossible to prove the solution in the framework of Rakotoson’s T-set
because it’s difficult to obtain ®(u) € LP(0,T; WyP(€2)) (see [12]). Similar question also appears
_(N+2)p
(N+2)p— N~

To solve the above questions, here I will introduce a new type of functional sets which are
different both from the ones introduced by Rakotoson’s (7'-set), ’761’p (Q) and the Marcinkiewicz
space (see [4]). I will discuss the summability results of entropy solutions to problem (P) with respect

in the case of f € L™ (Q), 1 <m <

to time and space in the framework of new functional sets. Similar case to elliptic equations has been
discussed by the author in [20].

The author has also studied how the growth of a(x, t, s, &) with respect to s affected the regularity
of entropy solutions in [21].

The paper is organized as follows. In Section 2 we will give a new type of functional sets and
specify the link with the classical Sobolev spaces. In Section 3 assumptions and statements of the
main results will be given. In Section 4 we will complete the proof of the main results.

2. A new type of functional sets. In this paper we need to define four new types of functional
sets.

For k > 0, we set Ti,(0) = max{—Fk, min{k,o}} Vo € R.

For 1 < p < +oo0, the definition of 7;""(€2) can be found in [3]. u € LP(0,T; T, *(Q)) if and
only if Ty, (u) € L?(0,T; Wol’p(Q)) for every k > 0.

Let

| DTy (u)[”
P Q/ (1 + [ Te(w)]) 1+

T (Q) = {u € LP(0,T; 7, ()

dzxdt < o0 V6 > 0},

7617’%’ Q) = {u € 7611’? (Q) | 3C > 0 and increasing function O such that

ISSN 1027-3190.  Yxp. mam. acypu., 2015, m. 67, Ne 8
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DTy(u)|P
/ Mﬁ&l)bdxdt < COUIT (W)l o rs11(y) + 1] Vi > 0}.

For any given 1 < m < +o0, let

7?)177“1;(@) =l ue 7617:”(62) 4C > 0 such that

1—L
| DT} (w)|? / a=xm
— 7 dxdt < C 1+ |Te(w)]) =1 dadt Vk>0 and 0 < A <1
[ ar (1 [Telwl)
For any given 0 < m < 1, let
DTy(u
TP = uET su / | A drdt < +oo
7.0 (@) o k>ISQ 1+ |Tk

Remark 2.1. Here 7'01:;7’ (Q) is different both from 761”7 (Q) introduced by Benilan, Boccardo,
Gallouét, Gariepy, Pierre and Vazquez in [3] and Rakotoson’s T-set in [12]. The above four types of
functional sets are new. Similar functional sets are defined in [19].

The relations between the above four kind of functional spaces and the classical Sobolev spaces
are stated as follows:

Proposition 2.1. [/ p > 2 —

1
No1 then
L=(0,T; L1 () N Ty (Q) € L7(0, T; Wy (),

where 1 and q satisfy the following inequalities:

. [N(p—-1)
1< A 1<
_q<m1n{ N1 ,p}, Sr<p,
and
N(p—2 N
Ne=2+p N _ Ny
r q

Furthermore, as p > 2, we can take

SIS

r=p and q <

Proof. Working as in the proof of Lemma 2.2 of [5] we can prove this propositionby by replacing
u with Ty (u) and taking the limit as k goes to +oo.
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1
P ition 2.2. 2 - th
roposition If p > N1 en

L>(0,T; L' () N Ty (Q) € L7 (0, T; Wy (),
where 1 and q satisfy

and

+ o =N+1
,
Furthermore, as p > 2, we can take
p
— d = —.
r=p an ¢=3
Proof. For any given k > 0 and u € L>(0,T; L' (22)) N 7617’]10 (Q), Holder’s inequality implies
that

/|DTk(u)]qd:c <
Q

aq 1—-4
DTGP x p w))radz p

For any 1 < r < p, using Holder’s inequality again, we get

T
/ | DT (00) [yt <
0

AP (T G\
k
dzxdt (1 + |Tw( p— qcl:r: dt <
//mTk ) // i) <
0 0 \Q
. 1-r
: g\
SC[@ (HTk(u)HLO"(O,T;L E / /1+|Tk p ‘Zda: dt <
0
T 1-3
<aili | [Inwirs a) |,
Lp—q(Q)
0
ISSN 1027-3190.
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SOME REGULARITY OF ENTROPY SOLUTIONS FOR NONLINEAR PARABOLIC EQUATIONS ... 1111

where C'; denotes the positive constant independent of « and k. From then on, C; denote analogous
constants, which can vary from line to line. Applying Gagliardo— Nirenberg embedding inequality
(also see [2]), we have

1T (O] 525 ) = Col| DT (u(®) 0 0 |1 T (w()) 10y <

< G| DTk (u(t))[1F.0(c; @.1)
where 6 satisfies
poa_ (11}, 10
p _9<q N>+ — 2.2)

Thus, from (2.1) and (2.2) it follows that

/HDTk H‘9 dt<04/||DTk: )| dt

Let
r r
- 2.
5= 23)
then
1_r
p
/ | DT ()50t < C5 |1+ / IDTu(w) oyt | | <
<o+ [ IDTWfodr (2.4)
. 1.
Taking € = 3 in (2.4), then
JIDT @yt < C. 2.5)

Taking k& — oo in (2.5) and using Fatou’s lemma, it is easy to see that u € L"(0, T} Wol’q(Q)).
Combining (2.2) with (2.3), we can deduce that

N(p-1) .
1<g< ———"2 if N
Sqs< g if p<AN,
1<g<p, if p>N,
1<r<p,

ISSN 1027-3190.  Vkp. mam. scypn., 2015, m. 67, Ne 8
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and

N(p—2 N
Ne=2+p N _ . |
r q

By checking the above estimate, it is possible to choose r = p, ¢ = g in the case of p > 2.
Proposition 2.2 is proved.

N +2 1
Proposition 2.3. If 1 <m < (N(+;_)p)fN’ p>2— N1 then

[@=m)—(1—m)p|N 1y q
L®(0,T;L N () N Tyt (Q) € L7(0,T; Wy (),
Jfor every pair (r,q) satisfying

Nm(p—1)—p(p—-2)(m—-1) .
=9= 2p(m —1)+ N(N —m) ~’ if p<N,

1<q<p, if p>N,
1<r<p,
and

N(p—2)+mp+N[1+(P_1)(m_1)] _N+2-m
T q

[(2=m)—(1—m)p]N

Proof. For any given u € L™ <O,T;L Ntp—pm (Q)) N 761:,’15”(@), 0<A<1,1<qg<p,
by Holder’s inequality we get

/ | DTy (u)|?dx <

q 1_1

DI\ o
< /Wk(uw\dx !(1+\Tk(u)|) | . 2.6)

For any 1 < r < p, Holder’s inequality and (2.6) yield

/ | DT () [yt <

p—a)r 1—-T
[ [ |IDTi(u - NG
_Aq
// 1+ \;k ) xdadt / /(1+ Tk (u)]) 7= dx dt <
0 5 \&
o (T pgr 175
! Aq
/(1 -+ |Tk(u)|)(1f)\)m / /(1 + |Tk(u)])1’*qq dx dt <
0 \Q

Q
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(p—q@)r 1*2
(p—r)q
1-X\)m/ 2
< |1+ / T3 ()| D™ / / Tw)Pede | a| | @
Q 0 \Q
Taking
Nm — —1)(N+2
\ — m —p(m J(N +2) (2.8)
N +p—pm
and working as in the proof of Lemma 2.4 in [5] we can prove
/ T ()| V™ dadt < Cho. (2.9)
Q
Using Gagliardo — Nirenberg embedding inequality, then
0
HTk(U(t))IIL%(Q) < Cu| DT (u(O) L 1T (w1120 ) <
< Cro|| DT ()0 (2.10)
where 0 < 0 < 1 satisfies
p—q 1 1 1-46
—=0l--= —. 2.11
Aq (q N> * 2-A @11
Applying (2.9) and (2.10) to (2.7), we get
1—T
OAr
/ | DT ((0) [yt < Cis + Crs / DT ()] 3yt
Choosing
o _,. 2.12)
p—r
then we have
/||DTk Nzadt < Cs. (2.13)

Taking k — oo in (2.13) and using Fatou’s lemma, we obtain u € L"(0, T} Wol’q(Q)). From (2.8),
(2.11) and (2.12) it follows that

N(p—2)+mp+N[1+(p—1)(m—1)]
r q

By (2.8), (2.12), (2.14) and 0 < # < 1, we can deduce that

—N+2—m. (2.14)

ISSN 1027-3190.  Vkp. mam. scypn., 2015, m. 67, Ne 8



1114 FENGQUAN LI

Nm(p—1) —p(p—2)(m - 1)
1N = 1)+ N(N —m)

This inequality and g < p yield
N -1 - -2 -1
m(p—1)—p(p—2)(m ) if p<N

1<¢g<
=1= 2p(m — 1)+ N(N —m)
1<gq<p, it p>N.
Moreover, by checking the above proof, (2.14) still hold for the case of r = p.
. N -V -1
P ition 2.4. If1 < 1 th
roposition ) If <7_N_1, + N < p, then
L0, T; LY (Q)) N Tt (Q) € L7(0, T Wy (), (2.15)
for every pair (r,q) satisfies
Npp—-2+7) .
1<g< ————= N
<q< N_2+7,zfp< ;
1<q<p, if p=N,
1<r<p,
and
N N + — 2N
Ny WN+9p — N 11 (2.16)
q r
i) [N <y 1 CZIWN =D 2N (2.15) holds and v and q satisfy
11 —_— — en . owas ana r an satis
N1 Y ) N p N+l q y
N(p-—2
(p +7)<q§21
N -2+~ 2
I1<r<p,
2
and (2.16). Furthermore, as p > —, we can take
v
r=p and q= %

Proof. For any given u € L*>(0,T;L7(22)) N 761725_7(62), k > 0,1 < q < p, by Holder’s
inequality we get

/ | DTy (u)|?dx <
Q

hSAS)

q
P

/ {1 |+D|;f<(5>)l|§2vd$ / (A +IT) 7 de | 2.17)
Q

Q
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For 1 <r < p, Holder’s inequality and inequality (2.17) imply that

| DTy (u)[?

T
/wnwmmw<
0

T
P T

= !uﬂnwWﬂ

< Cis

< Cir

Applying Gagliardo — Nirenberg embedding inequality to Ty (u(t)), we have

1T (u) e < Crgl DTi(u(®)|Zaga
L P—1 (Q)

T

0 Q

T

=)
1+ / /\Tk(u)\ =

0 Q

[ s man 5

X

X

(p=—a)r
(p—r)a

< ClQHDTk(U(t))Hiq(Q)’

where 0 < 0 < 1 and satisfies

(2.18), (2.19) yield

/HDTk

Let

Thus we obtain

s

|m@w<@m4mlﬂwn

02 —)r _
p—r

/HDTk HLq(Q dt < Coa.

dt

(2=v)a
ddt / /(1+]Tk(u)\)p—q da
0 Q

1-T
P

1—T
P

(p—a)r
(p—r)a

<

I TCue)II1 0, <

0(2—~)r

w)l agey

IN

1115

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

Taking k£ — oo in (2.22) and by Fatou’s lemma, it is easy to see that u € L"(0,T; Wol’q(Q)). From
(2.20) and (2.21) it follows that

(N+7vp=2N Ny
T

=N+v

(2.23)

By (2.20), (2.21), (2.23) and 0 < 6§ < 1, we can deduce that the conditions of ¢ and  in (i) and (ii).
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3. Assumptions and statements of the main results. Let a: Q x R x RY — RN be a
Carathéodory function satisfying for almost every (z,t) € @Q and every (s,&) € RNt ¢ € RV,

g eRN, ¢#£¢,

a(z,t,5,6)& > al¢l?, 3.1
la(z,t,5,6)| < Blao(z, t) + [P~ + [¢P7), (32)
[a(x7 t’ 87 é.) - a’('r7 t? S? 6/)] [§ - 5/] > 07 (33)

where o, [ are two positive constants, ag is a nonnegative function belonging to LPI(Q), p = Ll

Definition 3.1. A measurable function v € L>(0,T; L*(Q)) will be called an entropy solution
to problem (P) if Ti(u) € LP(0,T; Wy (Q)), Sk(u(-,t)) € L*(Q) Vk > 0Vt € [0,T], and u
satisfies

/ S(ult) — o(t))dz + / (6r Telu — 6)) dr+
Q 0

—I—/a(:L‘,T,u, Du)DTy(u — ¢)dxdr <
Q

< [ Sutuo - o(0))da + Q/ FTu(u — ¢)dudr

Q

Yk > 0V € LP(0,T; W,y P(Q)) N L®(Q) such that ¢; € L¥' (0, T; W12 (Q)) + LY(Q).

We denote by L' log L' () Orlicz space on €. Now, we state the main results of this paper.

Theorem 3.1. Let u be an entropy solution to problem (P) and f € L*(Q), uo € L' (). Then
under the hypothesis (3.1), u € 761:,lp(Q).

Theorem 3.2. Let u be an entropy solution to problem (P) and f € L'(0,T;L'log L'(2)),
up € L' log L*(Y). Then under the hypothesis (3.1), u € 761T”1)(Q).

Theorem 3.3. Let u be an entropy solution to problem (P) and f € L™(Q), 1 < m <

m, ug = 0. Then under the hypothesis (3.1), u € 761T’Z(Q).

Theorem 3.4. Let u be an entropy solution to problem (P) and f = 0,up € L7(Q2),1 <y < 2.
Then under the hypothesis (3.1), u € 7617’];7 (Q).

Remark 3.1. In Theorems 3.1-3.4, we obtain the precise summability results of entropy solu-
tions to problem (P) by using four types of functional spaces.

Remark 3.2. 1If f € L™(Q), up = 0, the existence and regular results of solutions to problem (P)
were obtained in Theorem 1.9 and Remark 2.5 of [5] as p > 2. However, here Theorem 3.3 and
Proposition 2.3 get rid of the condition of p > 2 and give a precise summability result of entropy
solutions to problem (P).

Remark 3.3. Theorem 3.4 and Proposition 2.4 improve those results obtained in [9, 16] and
Theorem 5.5 (1) in [17] (in the case of bounded domain).

ISSN 1027-3190.  Yxp. mam. acypu., 2015, m. 67, Ne 8
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4. Proofs of the main results. In order to prove the main results of this paper, we need the
following lemmas.

Lemma 4.1. If f € LY(Q), ug € L'(Q) and suppose that u is an entropy solution to problem (P),
then

|DulPdxdt < k / | f|dxdt + / |ug|dx Vk,h > 0. (4.1)

{h<|u|<h+k} {lul>h} {luo|>h}

Proof. The proof can be seen in [9].
For convenience, let

Ay ={(z,t) € Q: m < Ju(z,t)| <m+ 1}
and
Aopm ={z € U m < |u(z)| <m+1}.

For any given k > 0, let K = [k] denote the maximal integer not beyond k.
Lemma 4.2. Let u be an entropy solution to problem (P), then for any fixed 0 < 7 < 1 and
large enough positive integer | > 1, we have

l
1
> [l dadt < [ 1710+ TG dod, 42)
M=y >m-1} Q
l 1
S w7 de < [ fuol(1+ [Ti(uo) ) da (43)
= up|Zm—1} Q

and

Zm_l / | fldzdt + / lupldz | <

l
=1

" {lu|zm—1} {luol Zm—1}

< [ 1710+ a0+ 7))zt + [ Juol L+ 101+ [Ti o)) (@4
Q Q

Proof. From the formula of Abel’s summation it follows that

!

l 00
> / [flm ™ Tdadt =) > /|f]m_7dxdt:

m 1{|u|2m—1} m=1h:m—1Ah
l -1 m
- / 1Y m T dadt + / f1D hTdwdt <
{lu[>1-1} m=1 m:IAm_1 h=1

ISSN 1027-3190.  Vkp. mam. scypn., 2015, m. 67, Ne 8
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<

1—7
{lu|>1-1}

1
- |FI(L+ | Ti(w)]) " dadt+

{lul=i-1}

<

I / 71011+ T ()"t —

mlA

—i [ 1A T dedes

1
{lulzl-1}

+*Z / 1L+ Ty(w)) " dadt =

m= 1A
1 1—71
=1 | V1A +[Ti(w))" dwdt.
Q

Working as in the proof of (4.2), we can prove (4.3) and (4.4).

-1
1
|f‘l1_dedt + ﬁ Z / |f‘m1_7d$dt <
m=ly

FENGQUAN LI

Proof of Theorem 3.1. Let u be an entropy solution to problem (P), then Ty (u) € LP(0,T;

W()LP(Q)) Vk > 0, thus u € LP (O,T; 761’13(9)).
By (4.1) (here h = m, k = 1), we get

| DTy (u)|P | DT}, (u)
| Ty = Z 1+ Te(w) 1+6d”“”S
Q

K
1
Am

<> gl + lnluw) < CO)

m:O

where C'(9) is a positive constant independent of k. Thus it easy to see that u € 7617’33 (Q).
Proof of Theorem 3.2. If f € L'(0,T; L'1log L'(Q)), ug € L'log L'(Q2), let u be an entropy
solution to problem (P). By virtue of L*(0,T; L*log L'(Q)) € LY(Q), L'log L' () C LY(Q), we

can deduce u € 761T’p (Q) from Theorem 3.1.

For any given k£ > 0, if 0 < k£ < 1, it’s obvious. If k& > 1, by (4.1) (here h = m, k = 1) and

(4.4) (here [ = K), we get

| DT (u ddt Z/ | DT (u ddtg

1+\Tk 1+\Tk
Q

ISSN 1027-3190.  Yxp. mam. scypu., 2015, m. 67, Ne 8
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IN

Ko
> — / | DulPdzdt <
14+m
Am

m=0

K
1
S| [ Wi [ s | -

{lulzm} {luo|>m}

Ko
=> — / | fldadt + / luoldz | +
m

{lu|zm—1} {luo|zm—1}

1
_— <
vt | e [ s | <
{lu|>K} {luo|>K}

< 2/\f](1+1n(1+\TK(u)\))dacdt—l—
Q

+2 [ Juol(1+ In(1 -+ [ Tic(uo) o <
Q

< 2/;f\(1+1n(1+ka(u)y))dde
Q

+2 [ Juol(1+ In(1 + [ Tiuo)))da <
Q

< 2/!f\(1+1n(1+|Tk(u)]))dazdt+
Q

+2/\uoy(1+1n(1+ luo|))dz <
Q

< ClOITk(u) |l oo (o, 11(2)) + 1]

1119

(4.5)

where C' is a positive constant independent of k. The final inequality in (4.5) is due to f €

€ LY0,T; L' log LY(Q)), up € L'log L'(Q2). The details can be seen in [7].
u € Ty (Q).

Thus we get

Proof of Theorem 3.3. In the following, we only need to prove that for any given k£ > 0,

0 < A < 1, there exists a positive constant C' independent of % such that

| DTy (u)|P (s )
| armomte <0 [+ m) =
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In fact, by (4.1) (here h =n, k =1, ug = 0), (4.2) (here [ = K, 7 = \) and Holder’s inequality, we
obtain

| DT (u / | DT (u
<
/<1+Tk Z +|Tk @+ [Tl ™
Q
K
Z /|Du\pdxdt<
- 0 n—l—l
Ko
=0 {Juf>n}
_ZnA / ]f\d:rdt—i— ) / |f|dadt <
=L {uzn-1} {ju>K}

<oy [ 10+ D)) dodt <

< 155 [ 10+ T s <
Q

1—L

2 (1=2\)m
< f/\HfHLm(Q) /(1 + [Ty (w)]) ™1 dadt
Q

3

Proof of Theorem 3.4. For any given k > 0, taking A\ = 2 — ~, (4.1) (here h = m, k = 1,
f=0),(4.3) (here l = K, 7 = \) and Holder’s inequality imply that

| DT, (u) / | DT (u
d dt <
/ (1 + ’Tk Z 1+ |Tk
Q

K
Z / | DulPdzdt <
(1+m)

O

M) >

o
< — |uo|dax =
A (L+m)
{Juo|>m}
Ko 1
= Z ﬁ ‘UO’dZL' + m |U0‘d.%' <
=L fuglEm—13 {luol>K}
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2 B 9 )
= —/\/uO’<1 + | Tk (uo) ) e < 1_/\/’U0|(1 + | T (o)) <
@ Q

2 2
<5 [Tl o) e < = | okde + [ ol dea
Q A J

Hence u € 7'01:,’,2’_W(Q).
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