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ON THE BEHAVIOR OF THE ALGEBRAIC POLYNOMIAL
IN UNBOUNDED REGIONS WITH PIECEWISE DINI-SMOOTH BOUNDARY

MOBEAIHKA AJITEBPATYHOI'O TOJTHOMA B HEOBMEKEHUX OBJIACTAX
3 KYCKOBUMMU AIHI-TTTAAKUMHU MEKAMU

Let G C C be a finite region bounded by a Jordan curve L := 9G, €2 := ext G (with respect to C), A := {w: |w| > 1};
w = ®(2) be the univalent conformal mapping of 2 onto the A, normalized by ®(c0) = oo, ®’(c0) > 0. Let h(z) be a
weight function, and A, (h, G), p > 0, denote the class of functions f which are analytic in G and satisfying the condition

1y = [[ BN do- < o,
G

where o is a two-dimensional Lebesgue measure.
Let P, (z) be an arbitrary algebraic polynomial of degree at most n € N. Well known Bernstein — Walsh lemma shown
that:
Pa(2)] < 10" Pallo, . =€ )

In this present work we continue studying the estimation (), when we replace the norm || Pp| 5 g by [|Pa| Ap(h,G)
p > 0, for Jacobi type weight function in regions with piecewise Dini-smooth boundary.

Hexait G C C — ckiHdeHHa MHOXKHHA, 0OMeKEHa KOPIaHOBO kpuBoio L = IG, ) := ext G (sinmocHo C), A :=
= {w: |[w| > 1}; w = ®(z) — onHomucre KoH(DOpMHE BigoOpaxeHHs () Ha A, HOpMOBaHe Tak, o P(c0) = oo Ta
®'(00) > 0. Takox Hexail h(z) — Barosa dynkuis, a A,(h,G), p > 0, — xnac QyHkuii f, asanitnunux B G, wo
3a[I0BOJILHSIOTH YMOBY

1y = [[ B do < o,
G

ne o — nBOBUMIpHa Mipa JleGera.
Hexait P, (z) — noBinpHuMii anrebpaidHuii momiHOM cremens He Ginpmoro 3a n € N. Bimoma nema Beprireiina—
Bomra cTBepipKye, Mo
[Pr(2)] < 12" |1 Pall gy 2 €2 ()

Y naniii po6oTi POAOBKEHO AOCIIDKEHHS OWIHKH (), B kil HOpMY || P | () 3amibeno Ha [Pl o 6y P > 0,
p(h,
Ut BaroBoi QyHKHIT Tuy $1k00i B 00macTsax 3 KyckoBuMH J[iHi-IITagKUMH MeKaMH.

1. Introduction and main results. Let C be a complex plane, C := C U {cc}, G C C be a
bounded Jordan region with 0 € GG and the boundary L := OG in the form of a simple closed Jordan
curve, Q) := C\G, B := B(0,1) := {2: |2|] <1}, and A := A(0,1) := {w: |w| > 1}. Also let
w = ®(2)(w = ¢(z)) be a univalent conformal mapping of Q(G) onto the A(B) normalized by
P(00) = 00, lim, 00 @i’z) >0 (p(0) =0, ¢'(0) >0),and ¥ := 1 (3 1= 1),

By . we denote the class of arbitrary algebraic polynomials P, (z) of degree at most n € N.

Let h(z) be a weight function. By A, (h,G), p > 0, we denote a class of functions f analytic in
(G and satisfying the condition

1/p

ey = | [[ 1150 | <o
G
where o, is the two-dimensional Lebesgue measure and A,(1,G) = A4,(G).
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In case where L is rectifiable, let £,(h, L), p > 0, denote a class of functions f integrable on L
and satisfying the condition

1/p

leyory = | [H@ 1P 1G] <o
L
and £,(1,L) = L,(L).
From well known Bernstein — Walsh lemma [14], we see that

Pu(2)] < [9()" [Pl oy = € @ (1.1)

For R > 1, we set Lr := {z: |®(z)| = R}, Ggr := int Lg, Q := ext Lg. Then (1.1) can be
rewritten as follows:

1Eallo@n < B [ Palle,) - (1.2)

1 _
Hence, setting R = 1 4+ —, according to (1.2), we see that the C'-norm of polynomials P, (z) in G
n

and G is equivalent, i.e., the norm || P, | c(G) increases with no more than a constant in Gr.
In the case where L is rectifiable, a similar estimate of the (1.2)-type in the space £,(L) was
investigated in [9] and obtained in the following form:

1
1
1Pall gy oy < B P I1Pallgyny» » >0 (13)

To give an inequality similar to (1.3) for the case of the A,-norm, we first present the following
definitions and notation:

Definition 1.1 [10, p. 97, 12]. A Jordan arc (curve) L is called K-quasiconformal (K > 1), if
there is a K-quasiconformal mapping f of the region D O L such that f(L) is a line segment (or
circle).

We denote by F(L) the set of all sense-preserving plane homeomorphisms f of the region D D L
such that f(L) is a line segment (or circle) and let

K :=inf{K(f): fe F(L)},

where K(f) is the maximal dilatation of a mapping f of this kind, L is a quasiconformal curve if
Ky < o0, and L is a K-quasiconformal curve if K < K.

We know that there exist quasiconformal curves that are not rectifiable [10, p. 104].

Let {z;};_, be a fixed system of distinct points in the curve L located in the positive direction.
Consider a so-called generalized Jacobi weight function h(z) defined as follows:

h(z) := H |z — 2|V, ze€Gp, (1.4)
j=1

where v; > —2 forall j =1,m (e, j =1,2,...,m).

The Bernstein— Walsh type estimation for the regions G with quasiconformal boundary and for
the weight function h(z) of (1.4) type in the space A,(h,G), p > 0, was contained in [3]. In
particular, for h(z) = 1,
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n-‘,—l
1P, o S B TIRL, o0 P> 0, (15)

Ap(&) ]

where R* := 1+ c3(R — 1). Therefore, if we choose R = 1 + ﬂ, then (1.5) can be shown like
that A,-norm of polynomials P,(z) in Gr and G is equivalent. N(?te that, here and throughout this
paper we denote by ¢, cg, c1, co, ... positive constants (in general, different in different relations) that
depend on G in general and on parameters inessential for the argument; otherwise, such dependence
will be explicitly stated.

N. Stylianopoulos in [13] replaced the norm ||, | with norm ||, 4,y on the right-hand
side of (1.1) and so has found a new version of the Bernstein— Walsh lemma. Before we give the
corresponding result of N. Stylianopoulos, we will give the following:

Definition 1.2. A bounded Jordan region G is called a k-quasidisk, 0 < k < 1, if any conformal

1+ k —
mapping b can be extended to a K-quasiconformal, K = ﬁ, homeomorphism of the plane C on
the C. In this case, the curve L := 0G is called a k-quasicircle. The region G (curve L) is called a

quasidisk (quasicircle), if it is k-quasidick (k-quasicircle) with some 0 < k < 1.

Remark 1.1. 1t is well known that if we are not interested in the coefficients of quasiconformality
of the curve, then the definitions of “quasicircle” and “quasiconformal curve” (in the case of D = C)
are identical. In the case where we are also interested in the coefficients of quasiconformality of the
given curve, we consider that if the curve L is K-quasiconformal, then it is a k-quasicircle with
_K*-1
K241
Following Remark 1.1, for the sake of simplicity, we use both terms, depending on the situation.
Lemma A [13]. Assume that L is quasicircle and rectifiable. Then there exists a constant ¢ =
= ¢(L) > 0 depending only on L such that

vn
P, <ec———
Pl < e
where d(z, L) := inf {|( — z| : ¢ € L}, holds for every P,, € @n,.

In the present work, we study a problem similar to (1.6) for regions with piecewise Dini-smooth
boundary and for generalized Jacobi weight function h(z) defined as in (1.4) in A,(h,G), p > 1.

1Pall gy [2(2)" T, 2 €9, (1.6)

Let us give corresponding definition and some notation that will be used in what follows.
Definition 1.3 [11, p. 48] (see also [7, p. 32]). A4 Jordan curve L is called Dini-smooth if it has
a parametrization z = z(s), 0 < s < |L| := mes L, such that z'(s) # 0,0 < s < |L| and

|2/ (s2) — 2/(s1)] < g(s2 — s1), 1 < S2, where g is an increasing function for which

1
Mm 0.
0/d<

X

Definition 1.4. We say that a Jordan region G has a piecewise Dini-smooth boundary if L =
:= 0G consists of the union of finite Dini-smooth arcs Lj, j = 1,m, such that they have exterior
(with respect to G) angles \jm, 0 < \j < 2 at the corner points {z;}, j = 1,m, where two arcs
meet.
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According to the “three-point” criterion [10, p. 100], every piecewise Dini-smooth curve (without
cusps) is quasiconformal.

1
For 0 < §; < 6o := Zmin{]zi—zj\: i,j = 1,2,...,m, i # j}, let Q(zj, §;) = QN

N{z: |z2—2] < 6;}; 6 := mini<j<m 07, Q6) := U Qz;j, 6), Q:=Q\ Q6); Aj = D(Q(z5, 9)),
j=1

A(9) = G O (Q(z4, 9)), A(6) := A\A(6). Let w; = ®(z;) and, for ¢; = argw;, j = 1,m,
j=1

' Ppj—1 1+ pj it Pj+1
we set A} = {t =Re”: R>1, H— " <0 < JQJ} where 00 = @, @1 = Pt
. m
Qj = \IJ(AQ), L;ﬁ :=Lg, N Qj. Clearly, 2 = ‘U1 Qj.
j:
Let the points {zj};”zl be on the curve L in the positive direction. For & < m, we de-
fine A} := max{)\j: j :1,7]{}, Ak 1= min{Aj:j:H}, D A e =
'_{Mmimzz - Ao, ifp>2,

d A F =1 let ! +(p—2)
an = orany j = 1,m, letus pu; == — —2);
AL ifp <2, N, ifp < 2. v SV

p—1 R I . J—
n = )\7_(2_]))’ wj = T’ Ve = max{’Yja] = ]-ak}v’y = ’Ymr = {’yja] = ]-am}v
J J "
Ljr:= {’yj el:vy <, k,j= l,m}, L=\ Letwj := ®(2).
We can now state our new results.

Theorem 1.1. Let p > 1. Assume that a Jordan region G has a piecewise Dini-smooth boundary
1
L := 0G and h(z) is defined as in (1.4). Then, for any P, € p, and R =1+ —
n

Dn,l

P, <c—7F"—
PN = g L)

1Pl A, (n,c) D)™, 2 € Qgy, (1.7)
where ¢; = ¢1(G, p) > 0 and

1
fp>2,0<X <2 -2<v<+—+(p-2),

Aj
1
1 orp<2 1<) <2, -2<vy<——-(2-p),
np, )\j
p—1
orp<2,0</\j<1,—2<7j<T
J
forall j =1, m;
Dy1= 1
" p22,0<X <272+ +@-2),
m “/jp)‘JJr(%il))\j Jl
n oorp<2,1<A<2, 7> +——(2-p)
=1 Aj
forall j =1, m;
N\ . p—1
A (2 <2,0< N <1,y >
() U i<l 2t
j=1 forall j =1, m.
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Theorem 1.1 is local, i.e., each term in the sum on the right-hand side shows the growth of
|P,(2)|, depending on the behavior of the weight function h(z) and the outside corner \; in the
neighborhood of a single point z; for any j = 1, m.

Comparing the terms in the sum for each point {z;}, j = 1, m, and using the above notation, we
can obtain following result of the global character.

Theorem 1.2. Let p > 1. Assume that a Jordan region G has a piecewise Dini-smooth boundary
1
L := 0G and h(z) is defined as in (1.4). Then, for any P, € p, and R =1+ —
n

Dn2
P, < oy Mt
[Pa(2)] < 2 iz Ln)

1Pl 4, (h,) B(2)|"", 2 € Qgy, (1.8)
where ca = c2(G,p,m) > 0 and

( fp>2,0< X\ <2, —2<7; <,

orp<2, 1<)\ <2, —=2<7;<mn,

orp<2, 0<) <1, —2<7v;<wi

forall j =1, m;

fp>2,0<X <2, 7 > i,

,Y*A* 2 _
=—1)A
np+(p ), orp<2, 1<)\ <2, 7 2 n0nm

forall j =1,m;
ifp>2,0< X <2, i <75 < Mk1,

n PP soooorp <2, 1< A <2, mp <5 < M1

forallk=1,m—1and j =1, m;

V*A*+(g_1) fp<2 0<A <1,y >wn
n P p ,
forallj =1,2,... m;
’Y;>\2+(271) ifp<2 0< )\j <1, wg <y < Wit
n P p ,

forallk=1,2,....m—1and j =1,2,...,m.

In particular, in the case of one singular point (m = 1) on the boundary curve L, we assume, for
simplicity, that \; =: X and obtain the following corollary.
Corollary 1.1. Let p > 1, m = 1. Assume that a Jordan region G has a piecewise Dini-smooth

1
boundary L := OG and h(z) is defined as in (1.4) for m = 1. Then, for any P,, € o, and Ry = 1+ —
n

we have

D
|Pa(2)] < cg——7=

n+1
= m HPnHAp(h,G) |2 (2)] , 2€Qpg, (1.9)

where c3 = c3(G, p) > 0 and
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1
fp>2,0<A<2 2<y<<-+(p—2),

A
1
= 1
nr, orp<2, 1<A<2, —2<7<X—(2—p),
p—1
orp<2, 0<A<], —2<7<T,
Dna = Fp>2 0<A<2 7> 2
L)‘+(2_1))\ lfp— ) < < 77—X+(p_ )7
n P p ,

1

AL (2 1
np+(P 1), ifp<2, 0< A<, fy>T

Corollary 1.2. Let p = 2, m = 1. Assume that a Jordan region G has a piecewise Dini-smooth
boundary L := 0G and h(z) is defined as in (1.4). Then, for any P, € o, we have

D,

1P (2)] < mm 1Pall sy 122", 2 € Qg (1.10)
where ¢y = c4(G) > 0 and
1 1
n2, —2<fy<X, 0<A<2,
Dn’4 < ~ 1
2, 72 X, 0< A<

The sharpness of (1.7)—(1.10) can be seen from the following remark.
Remark 1.2. For any n € N there exists P € g, and G* C C such that

NG

[P (2)] > CSW

1P| gy |R(2)"T, z2€ F e :=CG, (1.11)
where ¢5 = ¢5(G*) > 0.

2. Some auxiliary results. Let G C C be a finite region bounded by Jordan curve L. The
interior level curve can be defined for ¢ > 0 as L; := {z: |p(z)| = t,if t < 1}, Ly = L, and let
Gt = int Lt, Qt = ext Lt.

Throughout this paper we also denote by €, €1, €9,... sufficiently small positive constants (in
general, different in different relations) that depend on G in general and on parameters inessential for
the argument. For the a > 0 and b > 0, we use the expression “a < b” (order inequality), if a < cb
and the expression “a =< b” means that c;a < b < coa for some constants ¢, ¢1, co (independent of a
andb) respectively.

Let L is a K-quasiconformal curve. Then [5] there exists a quasiconformal reflection y(-) across
L such that y(G) = Q, y(©2) = G and y(-) fixes the points of L. The quasiconformal reflection y(-)
can be chosen such that it satisfies the following conditions [5, 6, p. 26]:

1
Y(CQ) =2l =[C -z, 2zel, e<[f<,
1
lvel < fue| <1, e <l¢l <, @.1)
_ 1
lvel < WP, Il <e fuel =172 1¢l> -,
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ON THE BEHAVIOR OF THE ALGEBRAIC POLYNOMIAL IN UNBOUNDED REGIONS ... 585

and for the Jacobian J, = |y.|* — |yz|* of y(-) the relation }yzf < J, is hold, where

K%*—-1
K= 1oy
Lemma 2.1 [1]. Let L be a K-quasiconformal curve, z1 € L, zo, z3 € QN {z: |z — z1] =<
= d(z1, Lyy) }; wj = ®(25), j = 1,2,3. Then
(a) the statements |z1 — za| = |21 — 23| and |w1 —wa| =X |wy — ws| are equivalent; so are
|21 — 29| < |21 — 23] and |w1 — we| < |wy — ws);
(b) if'|z1 — 22| < |21 — 23], then

1 — k2

£

=

C

21 — 23 w1 — w3

‘wl—wg

j ’

w1 — w2 21 — 22 w1 — w2

where e < 1, ¢ > 1,0 < rg < 1 are constants, depending on G.
The following lemma is a consequence of the results given in [7, p. 32-36; 11, p. 48].

Lemma 2.2. Assume that a Jordan region G has a piecewise Dini-smooth boundary L := 0G.
Then

(i) forany w € Aj,and 0 < \j < 2, |V (w) — ¥(w;)| < |w— wj|)‘7 U (w)] =< jw — wj]’\j_l ;

(i) for any w € A\Aj, [ (w) — U(w;)| < |w —wj|, |V (w)| < 1.

Let {z; }’]":1 be a fixed system of distinct points on curve L located in the positive direction and
the weight function h(z) is defined as (1.4).

Lemma 2.3 [3]. Let L be a K-quasiconformal curve and h(z) be defined in (1.4). Then, for
arbitrary P, (z) € pp, any R > 1,andn =1,2,...

1
eyl
1Palla, ) 2B P 1Bl oy P >0, (2.2)

where R =1+ ¢(R — 1) and c is independent from n and R.
Lemma 2.4. Let L be a K-quasiconformal curve, R = 1 + < Then, for any fixed ¢ € (0,1)
n

there exists a level curve Ly .(r_1) such that the following holds for any polynomial P,(2) € gn,
n € N:

1
P, <n?||P, s > 0. 2.3
| H[:p(%a[/lqte(Rfl)) =P || Polla,n, ¢y0 P (2.3)
. . 1 R-1
Proof. Without loss of generality, we can take € = 5 Then Ry :=1+ —5 We have
|dz|
Ay = / h(z) |P,(2)|P =
|27 (2)]
Lp,
m ‘ / 2 p
= / TT 19 (w) = W (w))[™ | P (w)) (¥ (w))? | |dw| = / [ fop(W)P |dw|,  (24)
wl=ry 7 jwl=Ry
where
m o 2
Fp() =TT (¥(w) = W(w) P Py (¥(w)) (¥'(w))P, we A,

j=1
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: . . . 2R .
We now split the circle |t| = R; into n equal parts d,, with mes §,, = e Applying the mean-value
n
theorem to the integral A,,, we get

4, /|fn,p<w>rprdwr / [ ()P |duo] =

|t|:R1 k=1 0%
n
= Z ‘fn,p (t;ﬂp mes Jy, t; € O.
k=1

On the other hand, by applying the mean-value estimation,

o (B) < = (W_l /] (O a7

el <[tk ]~

we obtain

Ay < meS5k // ’fn,p | doy, tk € 0.

—1

Taking into account that discs with origin at the points t;C at most two may be crossing, we have

m6851 // |fn,p | doy = n - // |fn,p | doy, =

1<\w\<R 1<|w|<R

[T 1(w) — W) [P (W) |9/ (w) dor <
1<|w|<RJ 1

H!‘P W (w;) [ | P (% (w)) P | ()] do, =
1<|w|<RJ 1

<n- // 2)|P do.
Gp\G
According to (2.3), for A,,, we get

A, <n- // AP do. < n- [Py o 2.5)

Gr\G

Combining (2.4), (2.5), we prove estimate (2.3).
Lemma 2.4 is proved.
3. Proofs. Proof of Theorem 1.1. Let for z € ()

P, (2)

T.(z) = (s

3.1)

For any R > 1 and R; ::1+R_

, the Cauchy integral representation for the region 2p, gives
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1 d¢
Tn(Z)——% Tn(g)c_z, ZGQRl
Lg,
Since |®(¢)| > 1, for ¢ € Lp,, then we have
P, P, ( P, ()] |dC] .
Pa(z)l = /| el v / Ol ldc|

Let’s

vim [ 1Pl = Z/|P )1dc| =

Lg,

-y [ 1Pa e ) jarl,
i:1F1i%1

587

(3.2)

(3.3)

where F}él = @(L%l) = Al N{r:|r| =R}, i = 1, m. Replacing the variable 7 = ®(¢) and

multiplying the numerator and denominator of the by multiplier Hm . |W(1) — W¥(w;)|P
]:

after then, according to the H’older inequality, we obtain

m i 2 _2
m szl |¥(r) — ‘I'(wj)ﬂ? P (7)) (¥ (7)) 2| |¥'(7)|
Ly l_L,:1 [¥(7) — W(w;)| P
1
m m p
<> / [T1®) = (w7 [P (B(r))P W' (7) [ |dr]
=t gy 0=t
1
—_ q q
" / |V (7)] | el | <

where

1
p
\IJ/ T 2—q
[ twatriart || [ O
A ST 19 —
F}gl leal j=1
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i 2

Fap(7) =[] (¥(7) = ¥ (w))) » P, (¥(7)) (¥'(r))?, |7| = Ry
j=1

Applying to Lemma 2.4, we get

. 1
na 3 0P HPnHAp(h, @, t=1m 3.5

For the estimation the integral J,"L’2

ol (@)
dr| =< dr|, 3.6
TR / by —wuypre 0 TGO

Fi
Ry

| \a |
( :1,2) = m
1'7;'%/1 Hj:l ¥(

since the points w; := ®(z;) are distinct.
For simplicity, we may take i = 1, J; | =: Ji; J} 5 = Jo. Let us set: wy := ®(z1),

ER ={rireF, |r—w|<a(li-1)},
ER ={riteFh, a(R—1) <|r—wi|<e},

ER ={rireFh, lr—w|>ec}, j=1,23,
3
1 1k
Fr, = J EX.
k=1

Taking into consideration these designations, (3.6) can be written as

Jo = Jo(ER) + (ER) + Jo(ER) =: Jy + J3 + J3 (3.7)
and, consequently,
AL =t i (Jy+J5+J3) = AL 1+ AL o+ Al s, (3.8)

where
W/ ()7

U (7) — W (wy) [0

1
A =m0 Pl [

Elk
Ry

pldr|, k=123 (3.9)

Given the possible values ¢ (¢ > 2and ¢ < 2), \; (0 < A; < land 1 < A\; < 2), and 1,
(=2 <1 < 0and~; > 0), we will consider separately the cases.
Case 1. Let1l < q <2 (p>2). Then

v'(7))* 1
(J%)qx / - 1(g—1) jdr].
1) = ()|
Ry

1.1, Let1 < A\ < 2.
1.1.1. If yq > 0, applying Lemma 2.2 to (3.9), we get

(1) < 7 — | P09 < (1 (n=1)(2-q) dr| .
R T N (7= 16D =
11

11 |T
ER1 ER1
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<MD= DEEOT e g (g — 1) > 1,

nA(g=1)—(M-1)(2—q)—1
Ji<n q , if mAi(g—1) > 1,

—wq|”
Rq Ry

(M-1)(2-9q) (AM—=1)(2—9q)
2\¢ [T —w 1 |dT|
(J2> = I 1A1(g—1) jdr| = <n> / (7] = 1)nAle=1) =
12

j n’y1)\1(q—1)—()\1—1)(2—q)—1’ if ’Yl>\1(q - 1) > 17

Y121 (g=D) (A =1)(2=¢)-1
J3<n q ,if yA(g—1) > 1.

In this case, from (3.7) and (3.8), we obtain

1, yha(g=D)=(A-1)E=g)—1

A =P a 1Pl a, n,c) =
(ﬂ_l)h .
=nt P 1Pall o,y MA@ —1) > 1, if ymA(g—1) > 1,
2 q)a :
A'}Z,Q j ’]’L( P ) 1 ||Pn”Ap(h,G)7 lf 71)\1(q - ].) > ].
1.1.2. If y; < 0, analogously we have
_ (AM—-1)(2—q)
- wl'wa jdr| < / |7 — w17 DEmOH N g <
T e
1\ A1 E=a)+(=1)Ai(g-1)
= <n> mesERl,
1Ai(g=1)— ()\1 1(@2-g)—1
J2 '<7”L 9
_ (AM—1)(2—q)
By = [ ml e womyal / |7 — wy |7 DEmOHEINGEY gy <
Ell?z |7- | E12
‘1
= / |dr| < 1.
ER
Also
1, mM(g=)—(Ai—1)(2—q)—1 247
=4 —=—1)A
Ay < q IPulayacy =207 P IR a0,

1
Ao 2P ||P, 4, (h,) -

1.2. Let0 < A\ < 1.
1.2.1. If 74 > 0, applying Lemma 2.2 to (3.9), we get
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(3.10)

(3.11)

(3.12)
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I — >\1 1)(2—q) |dr|
/ —w |“/1)\1 q-1) jdr] = / (|7] — 1)mAle=D+1=A1)(2-q) z
Ell

Ry

= nWI@*”*(“M)@*q)*, if mA(g—1)+1-A)2-q) >1,

mA1(g— 1)+(1 A)(2=¢g)—1

Ji <n ,if (g —1D 4+ (1 =XM)(2-¢q) >1,
rT wM“@qd jdr] B
|~/1>\1 q—1) jdr| = (7] — 1)%)\1(!1—1)4'(1—)\1)(2—(1) -

12

Ry

jn%@*” I=AC=0=1 e Mg — 1)+ (1= A)(2—¢q) > 1,

nA(g=D+A- 1)(2—q)—-1
J3=<n q , if yA(g-1D)+(1—=M)(2-¢q) > 1

In this case, from (3.8) for A111,1 and A}%Z, we obtain

1+71>\1(q D+(1-A)(2-g)—1

Ay =P a 1Pl a, (n,c) =
AAL(12),
e L S AT | R W [ S T ER E
L1 M HI-A) e
Apg 2P g 1Pl a, n,cy) =
nAL_(_2), .
_ B 0-) NPalla ey i mMl@-D+H(I-A)2-g)>1 (.14

1.2.2. If y; < 0, analogously we have

(=71)M1(q¢—-1)
/ |7 — wq \ dr| <
Ell

(1-X1)(2—q)

. —y1)M1(g—1) |d7.| . 1\ (FrAle=1) 2
- I — (1-x)2-9) — \ n -7
Ell
(=11)M(g—1) |d|
By = [Tzl dr| < / <
( 2) El |7_ — | (I-X1)(2—q) | ’ ; ‘T _ w1|(1*>\1)(2*f1)
Ry

Also

1

ALy =P |P, la,(hc) »
1 ) (3.15)

Apo 2P |Pallg e -

Case 2. Let ¢ > 2(p < 2). Then, 2 — g < 0 and, so
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dr|
JNT = / | . 3.16
R T T o

Ell
Ry

2.1, Let1 < Ay < 2.
2.1.1. If yq > 0, applying Lemma 2.2 to (3.16), we obtain

(71)° < / |dr| - / |d| -
_Eu |7 — wﬂ(}\rl)(qd) T — w1|vl)\l(q71) _El1 (I7] = DrmAale=D+u-1(g=2) =
Ry R
< n'y1/\1(q—1)+(>\1—1)(q—2)—1’ it MM@—1)+MN—-1)(q-2)>1,

1A (g=1)+(A1—1)(g—2)—1

= [ = </ &
Al L L A
ER1 ERI
< prrile=D+a-De=2)-1 ¢ MmAlg—1)+ N —1)(g—2) > 1,

yMlg=D+M—1)(g—2)—1
Ji=<n q ;i (g — 1)+ (A = 1)(g—2) > 1.

In this case, from (3.8), we have

1, mA(g=D+A\—1)(g—=2)—1

~+
A <np 1 1Pl a, n,cy) =
1M1 2, A )
—a M B L M- D - -2 > 1, G17)
. 1 ph(g=D+a-1)(g=2)—1
App 3P 1 1Pl a, (n,c) =
Y11 2, A )
_ (G 1Pl ey i mAl@-1+ O -1g-2)>1 (.18

2.1.2. If 4 < 0, analogously we have

_ (=711)A1(g—1) 1\ (FrAla=1)
()= [ T ar| < (1 [ —
) n |7 — wq

- — w1|()\1—1)(q—2 |(M—1)(q—2) -
Ell%ll Ell?ll
< n()\l*1)(f1*2)+71>\1(f1*1)*1’ if ()\1 _ 1)((] _ 2) > 1,
=D (g—2)+y1 i (g—=1)—1
Ji=n q , if (A =1)(g—2) > 1,
(=711)A1(g—1)
2\9 _ |7 — wi |dr|
(/2)" = / 7y [P0 jdr| = / 7 — o[ D@D =
12 12
Ry Ry

< pMi=De=2)-1 " jf (M —1)(¢g—2)>1,

ISSN 1027-3190. Yxp. mam. xcypnu., 2014, m. 66, Ne 5



592 F. G. ABDULLAYEV, P. OZKARTEPE

J3<n q , i (A —1)(g—2) > 1.
So,
L 1+(Alfl)(Q*2)+’Yl)\1(Q*1)*1
Apy 2P ¢ 1Pnll A, (hcy =
2 Y11
S_q)a 42 ,
= ”(p Poe?s 1Pall g,y > 1 (A= 1)(¢—2)>1, (3.19)
) 1, Qu=1)(g=2)-1 (2-1)n _
A g 2P a 1Pl 4,y = 70 1Pall g,y > 1 (A1 —1)(¢—2)> 1.
(3.20)
22, Let0< A\ < 1.
2.2.1. If 4 > 0, applying Lemma 2.2 to (3.16) we obtain
/ Ir — w1| (1-21)(g—2) |d| 1\ 1=A)(@=2) / |d|
< (= <
|’71)\1 q-1) ~—\n |T_w1"71/\1(q71) -
Bl
< p (A2 @ D=1 e g x (g 1) > 1,
—(1=A1)(g=2)+v1 A1 (g—1)—1
J21 =n a ) if 71)\1((]_ 1) > 1’
|7 = wy |V jdr|
(J22)q = / Y1A1(g—1) | | - 71A1(g—1) =
J, T —wi , [T —wi
ER ER
< n'”)‘l(qfl)*l, if mAi(g—1)>1,
A1 (g=1)-1
J3<n  d ,if yM(g—1) > 1.
In this case, from (3.8), we have
. 1+—(1—>\1)(q—2)+“/1>\1(q—1)—1
Apg 2P 1 1Bnll 4, n,c) =
(2+’y1 —1)>\1 )
=n: P 1Palla,n,cy s i mdalg—1) > 1, (3.21)
yAi(g=1)—1 2 QIR
R Z_1)+ .
Ay <0 T Pl e =2 T P, 0 - 1) > 1.
(3.22)

2.2.2. If yq < 0, analogously we have

(1-A1)(g—2)

/ e |'Y11/\1q 1|dT‘ / |7 — wy [TV IO ) <
—wy

Ell

Ell

—A\n

1\ A=A (a=2)+(=71)A1(a—1)
= <> - mes E}%l,
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—(1=X1)(g=2)+m A1 (¢g—1)-1

J22 j mn q j ]—7
|T—w1\1/\1q2|d7'| (1-x 2 Y1 (g—1)
/ 71A1(g—1) |T w1 ‘ a2t ’d7—| = |dT‘ =1,
E12 ’ E12 E12
(3.23)

1

Ay 2P [Pall gy »
1

Apo 2P [Pyl 4 o(hG) -

To estimate A% 3, note that for each ¢ € E;’;{l | — 21| < 1, and so

T2
! (3.24)

A3 2 np 1Pl a, (.5 -

Therefore, combining the (3.8)—(3.24), for A,,, we get

3
=> An, = 1Pl 4, () %

k=1
(2+71 ))\1 (2+v1_ ) L 1
n\ P +nt P +nP, p>2, M>1, mh(g—1)>1,
nA1 (1 g) . A (1 2) ) 1
n P p +n P +nP, p>2, M <I1, 71A1(Q—1)>1,
Y11 Y11 2 1
x n P (p 1))\1 n P +(p ))\1 _|_np7 b < 27 )\1 2 ]-a ’Yl/\l(q - 1)+
+(A1 = 1)(¢—2) > 1,
2+71 2 M 1
kn( p 1))‘1—1—71(1’ )+ P +np, p<2, A<l mA(g—1)>1,
if y1 > 0, and
3
Ay = ZA%L]C =Pl 4, h,cr) X
k=1
(2+71_ ))\1 1 1
ny P +nP +np, p>27 /\1217 ’71<07
1 1 1
nP +nP +nb, p>2, A<l v <0,
X
2 MM 2 1
n( 1))\ * p +n( 1))\14_”1), p<27 A1 217 (Al_l)(q_2> >1’
(2 1)+71A1 1 1
n\p P 4 nP +np, p<2 A<l
if v < 0.
Hence,
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np, P> 2,
Y11 2
—(1=2)x
n p ( p) Lop>2,
1
np, p> 2,
yidi (2
1 n P (1 p))\lv p>27
Ay 2Bl oy § 1
ne, p <2,
Y1A1 (2
|
n P +(P )/\1, p <2,
1
np, p <2,
1M 2
£
n P +(P ), p <2,
if y3 > 0, and X
nr,
1
nb,
Ap =2 ||PnHAp(h,G) 1
nr,
1
nr,

F. G. ABDULLAYEV, P. OZKARTEPE

AM>1 0y <14+M(p—2),
AM>1 a2 1+ M(p—2),
A <l, 0< A <14+ Xi(p—2),
)‘<17 ’Yl>\121+>\1p—27
! p=2) (3.25)
M>1, 0< A <1—-XM\(2-p),
)\1 > 17 PylAl Z 1- )\1(2 _p)7
AL <1, 0§71)\1<p—1,
Aa<l, miai>2p-—1,
p>27 )‘1217 71<07
p>27 )\1 < 1, Y1 <07
(3.26)
p<2, )\121) ’Yl<07
p<2, M<1, <0,

if v1 < 0. Therefore, taking into account also the case p = 2, and summing over all j = 1, m, from

(3.8) and (3.9) we get

m
Ay < EA% 2 Palla, n,c) %
=1

1
nb,
m Y
Z n”/]p] _(1_%)>\]’
j=1
1
nb,
m Yy
X n%+(§—1),\77
j=1
1
nb,
m

Also

p=>2, 0<)
p>2, 0<)\
p<2 1<\
p<2 1<)\
p<2, 0<)\
p<2, 0<)\

<2,

<2,

<2,

<2

<1,

<1,

An 2 Pall 4,y %

1
—2<y <t -2),
J
J
—2<y <y - (2-p),
J
1
> (9
by (2—-p),
_2<’7j<p/\_‘,
J
p—1
U
J
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1 1
np, p>2, 0<)\ <2, —2<7j</\—+(p—2) forall j=1,m;
1
*A*_(l_g))\* 1 .
n P P/ p>2, 0< ) <2, 'yjz)\—+(p—2) forall j=1,m;
m
ﬁ£4kgA
n P P/ > 2, 0< A <2, pp <7 <pg4r forall E=1,m—-1
and j=1,m;
1 1
np, p<2, 1<) <2, —2<’y]~<>\——(2—p) forall j=1,m;
1
*A*
= * 1
nP+(P 1)/\, p<2 1<) <2 7>)\——(2 p) forall j=1,m;
X
M+(z,1)xﬁ
n P P Foop<2, 1<X<2, <y <ngp forall E=1,m—-1
and j=1,m;
1
np, p<2 0<)\ <1, =2<79;< forall j=1,m;
1
YT (2 -1
n P +(p 1), p<2, 0<)\ <1, ,ijpT forall 7 =1,m;
LAk (2 ) "
n P p o/ p<2 0<XN<1l, wp<7 <wgpr forall k=1,m-1
and j=1,m.

Combining the formulas (3.2), (3.3), (3.5), (3.8), (3.25) and (3.26) we complete the proof of
Theorem 1.1.

Proof of Corollary 1.2. Let p = 2, m = 1. First of all we note that, from (3.5), (3.8) and (3.9),
for v = 0 we can obtain easily

1
A, <X n2 ||Pn||A2(G) . (3.27)
1. Lety; > 0. Then
1\2 |dT‘ y1A1—1
(J2)" = ———— s, S A >1, 0< A\ <2,
|7'—’LU1‘71 1
iy
(3.28)
22 |dr] mMA—1
(‘]2) = 7Aﬁn ) AL >1, 0< A\ <2,
|7-_w1”71 1
By

2. Letnow —2 < ~; < 0. Then

d
ja7] <1, 0<)\ <2,
|T ‘71/\1

(3.29)

d
ja7] <1, 0< A <2,
|7_ w1|’71>\1
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J2<1, 0<A <2 (3.30)

On the other hand, in case of all yv; > —2 and 0 < A} < 2 we have
J3 <1, (3.31)

Therefore, combining (3.2)—(3.5), (3.8), (3.27)-(3.31) , we get

Y11 1
An 2 Pall gy {n 5" + 02, mh > 1, =
1
n2, 0< A <2,

=Pl agne) § 1
n 2., v>—, 0< A\ <2

A’

Corollary 1.2 is proved.

Proof of Remark 1.2. Let the region G bounded by Dini-smooth curve L. = 9G. According to
the “three-point” criterion [10, p.100], the curve L is quasiconformal. Let {K,(z)}, deg K,, = n,
denote of the system of Bergman polynomials for region G, i.e., system of polynomials {K,(z)},
Kn(2) = anz™ 4+ an_12""1 + ... + ag, a,, > 0 and satisfying the conditions

//K daz—(snm7

where 9, ,, is the Kronecker symbol. According to [2], for arbitrary quasidiscs, we have

Kn(2) = app" 10" (2)®' (2)An(2), z€F €Q,

/ 1 1
nt S ananrl S C1 nt )
T s

C
e < |An(2)] <1+ 3

- [®(2)] -1

for some ¢; = ¢;(G) > 0, i = 2, 3. Therefore, since || Ky || 4, () = 1, we have

where

for some ¢; = ¢1(G) > 1 and

)

e n:l‘q)( )‘n|q;((i)|L_ >

\/> n+1 _ 1
> g 7y 100 (1 |<1><z>|>Z

NG
(=, L)

v

[ K (2)]

>c | (2)[" K0l 45(c)

Remark 1.2 is proved.
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