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GENERALIZED TWISTED KLOOSTERMAN SUM OVER Z|¢]
VY3ATAJIBHEHA T'IBPUIHA CYMA KJIOCTEPMAHA HAJ Z[i]

The twisted Kloosterman sums over Z were studied by V. Bykovsky, A. Vinogradov, N. Kuznetsov, R. W. Bruggeman,
R. J. Miatello, I. Pacharoni, A. Knightly, and C. Li. In our paper, we obtain similar estimates of K, (c, 3;7; q) over Z][i]
and improve estimates obtained for the sums of this kind with Dirichlet character x (mod ¢1), where ¢1 | q.

VY3araneHeHi cymu Kioctepmana 3 xapaktepom Haj Z BuB4anu B. bukoscekuii, A. Bunorpanos, M. Ky3uenos, A. Haiimii
ta C. JIi. ¥V crarri orpumano axanoriusi ouinku mis Ky («, 8;7; q) Han Z[i], a TakoX YTOYHEHO OLIHKH TaKUX CyM 3
xapakrepom [ipixie x (mod q1), xe ¢1 | g

1. Introduction. The classic Kloosterman sums appeared first in the work of Kloosterman [8] in
connection with the representation of natural numbers by binary quadratic forms. The Kloosterman
sum is an exponential sum over a reduced residue system modulo g:

q a:):erz
(a,b;q) Z ¢’ (a,b€Z q>1 is a positive integer)
z=1
(z,q)=1

1

here and in the seque 2! denote the reciprocal to 2 modulo ¢, i.e., zz~! = 1(mod q).

By the relation for ¢ = q1¢2, (¢1,¢2) = 1,

K(a,b;q) = K(aq5,bgh; q1) - K(aqi, bqy; o)

follows that suffices to obtain the estimations K (a, b; ¢) only for a case ¢ = p™, p be a prime, n € N.
The greatest difficultly in an estimation of the Kloosterman sums provides the case ¢ = p.

The estimation K (a,b;p) < p** under a condition (a, b, p) = 1 was obtained in the named work

of Kloosterman, and then Davenport [5] improved on it up to < p%/3. A.Weil [14] proved the

Riemann hypothesis for algebraic curves of over finite field and obtained for K(a,b;p) the best

possible estimation < p'/2.

Davenport [5] studied the general Kloosterman sums over finite field with the multiplicative

character y of this field

2Tm.az+ba:_1
Ky(a,b;p) = Y x(z)e™ P

z€F}

The sums containing simultaneously multiplicative and additive characters call twisted or hybrid
sums.

The further generalizations of the Kloosterman sums concerned with a substitution of a prime
field F), on it a finite expansion [F,, ¢ = p", 1 < n € N. The generalizations of the Kloosterman
sums concerned with theory of modular forms studied in the works Kuznetsov [10, 11], Bruggeman
[2], Deshoiller and Iwaniec [6], Proskurin [12], R. W. Bruggeman, R. J. Miatello, 1. Pacharoni [1],
A. Knightly, and C. Li [9].
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610 S. VARBANETS

Let consider the ring of the Gaussian integers Z[i|. For Gaussian integers «, (3, 7 we can define
the Kloosterman sum
-1
K(a,B;v)= > exp (ﬂi Spm)-
) Y
x€Z[i]

z (mod )
(zy)=1

R. W. Bruggeman and Y. Motohashi [3] obtained the estimation
K(a,B;7) < 20N ()2 N((a, 8,7))",

where v(7) is the number distinct prime divisors of ; («, 3, y) denotes the greatest common divisor

of a, 8, .
In [13] we considered two type of generalized Kloosterman sums over Z[i]

azk + B:Ulk>

Ky, Biksy) = > X(Sv)exp<7ri8p .

x (mod )
(z,m)=1

where «, (3, v € Z[i], x is multiplicative character modulo -, and

K(a,Bihgik)= Y e (; Sp(az” +By’“)),
x,yEL[i]
z,y (mod )
N(zy)=h (mod q)

where a, 8 € Z[i], h,q € N, (h,q) = 1.

We call K (o, 8; k;, x) the twisted power Kloosterman sum and K («, 8; h, ¢; k) call the norm
Kloosterman sum.

In this paper we obtain the estimations of generalized Kloosterman sum with a Dirichlet character
over the ring of the Gaussian integers which extend the A. Knightly, C. Li [9] results.

Remark 1.1. We denote G := Z[i] the ring of the Gaussian integers

G={a+bi

a,b,€ Z,i* = —1}.

For the designation of the Gaussian integers we shall use the Greek letters «, 3, v, &, n; a Gaussian
prime number denote through p if p & Z. For o € Z[i] we put Sp(a) = o + @ = 2R(«a), N(a) =
= o - @, where @ denotes a complex conjugate with «; Sp(a) and N («) we name a trace and a norm
(respectively) of v from Q(4) into Q.

The writing a € Z, (respectively, a € G,) under the sign ¥ denotes that a € Z (respectively,
a € () and a (respectively, ) runs a complete residue system modulo ¢ (modulo ). Analogous,
a € Zy (respectively, o € G7) denotes a € Z (respectively, @ € () and runs a reduced residue
system modulo ¢ (respectively, modulo ~).

The writing Z(U) denotes that the summation runs over the region U which describes separately.

For A € N (or a € G) put vp(A) = a (or vpq) = a) if p?||A (or p?||a). Moreover, exp (z) = €,
eq(z) = ™ for q € N; the Vinogradov symbol as in f(z) < g(x) means that f(z) = O(g(x)).
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GENERALIZED TWISTED KLOOSTERMAN SUM OVER Z[i] 611

2. Auxiliary results. For the proof of our main results the following lemmas are needed.

Lemma 2.1. Let f(z) € Z[z], f(z) = a1z + aa? + p™aza® + ... + pMaga®, N; > 0,
j=3,...,k; (a;,p) =1,1=2,3,...,k; p > 2 be a prime number. Then for m € N we have

> epnlf(@) = elm)p™ ey (Flar,... ax)), @1
CCEme
where F(x1,...,x%) € Z[x1,...,xL|, and, moreover,

F(ay,az,...,a;) = —aj(2a2)~" (mod p),

1 if m  is even,
E(m) = (p—l
i

2
) if m isodd.
Proof. Setting z =y +p™ 'z, y€{0,1,...,pm 1 —1}, 2 € {0,1,...,p — 1}, we obtain

Si= > en(f@)= Y. D em(fy)+p" 2f ().

:UEme yEme,1 2€ZLyp

The sum over z gives zero if f'(y) # 0 (mod p).
We have f'(y) = a1 + 2a2y (mod p). Thus

S=em(fo)p Y. em—2(9(y)),

yezpm—l

f(yo +py) — (o)
D2

(mod p), by = as (mod p), b; = a; (mod p), puj > 1.

= b1y +boy? + p'3bsy® +. ..

where yo € Zy, a1+ 2a2y0 =0 (mod p), g(y) =

2
P, by = TR

These considerations we continue further.
Thereby for m = 0 (mod 2) we obtain

S = p"epm (f(yo) + p2g(y1) +...). (2.2)

For n 1s odd we have

S=p 2 em (f(yo) +p29(y1 + .. )) Z ep(brx + aza:Q) =
TELyp

p—1

= p2i("T ) eym (Fyo) + PP9(31) + ... + P 1B)). (2.3)

Take into account that f(yo) = —a?(2a2)~! (mod p), we prove Lemma 2.1.

Lemma 2.2. Let p be the Gaussian prime number, o, ..., o € G, (aj,p) =1, =2,3,...;
A; be a positive integer, j = 3, ..., k. Then the relations
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612 S. VARBANETS

3 <. Cn£+aw@+wmw%3+u-+awMﬁ>>
exp | ™ Sp =

geay P
0 if a1 #0 (mod p), p#1+i,
MSP(M) m41
e pm N(p) 2 if ap =0 (modp), p#*1-+i,
_ (2.4)
0 if a1 #0 (mod p?), p=1+i,
b(ou . 0)
mSp( e ) if a; =0 (mod pz), p=1+71,

hold, where the polynomials Fy, F5 are similar to F from Lemma 2.1.

This assertion can be proved exactly in the same way as Lemma 2.1.

Lemma 2.3. Let p > 2 be a prime number, hym € N, m > 1, (h,p) = 1. Then for any
a1, a9 € G the estimate

S (onE+az§2+th(€)+p2a3£3+---+p2ak£’“)
Z e P P <pm+1 (25)

ferm

holds.
Proof. Let a1 = a1 + ib1, ag = ag + tba, & = x + 4y. Then

Sp(ai1€) = 2(a1x — bry), Sp(a2€?) = 2(aga? — azy® — 2byxy).

Hence,

a1€+a2§2+th(£)+p2a3£3+.-.)

S = Z emSp( pm =

EEGp'm

_ayz—biy+pagz?—pasy? —2pbyzy+ph(z?+y?)+p* f(z,y)

= 3 & P , (2.6)

where f(x,y) is a polynomial without free term.
We have that (as + h,p) =1 or (ag — h,p) = 1. Let (az + h,p) = 1. We can write

biy— p(h+a (a1—2pbay)z+p(agh)z’+p* f(z,y)

S’:Zf;% Ze pm

YELpm TELym

It is well-known that the summation on x (or, respectively, y) gives zero if a; Z 0 (mod p) or

b1 #0 (mod p).
Thus we will set that a; = p(aj + b1). Then we obtain

bry+(h+ba)y? (a1=bay)et(az+h)z 2+pf(zy)

S = E 6_27r pm B E 62 pM71 =

yEme :L‘Eme
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GENERALIZED TWISTED KLOOSTERMAN SUM OVER Z[i] 613

b1y (htbo)y? (a1 =bay)z+(az+h)a*+pf(z,y)
2 —2mi T 271 pe—
=D Z € p Z e p =
yEme,1 $€me71
i biy+(h+b2)y?
- m—1
= E e P -S1(y), 2.7
yeZ m—1

p
say.
The sum S} (y) we can calculate by Lemma 2.1:

Si(y) = e(m— 1p" T epmo (f(y0) + P20(r) +-..). (2.8)

(a1 — 2pbay)® at 2phby  2p*b3

here = = —

where f(yo) 2as+h)  2(az+h) ax+h’ axth
Thereby from (2.7), (2.8) by Lemma 2.1 we infer

y* (mod p).

a1€+asf?+phN(§)+p2asé3+..+p2a,éF

Z emSp( P ) < pmtl,

ferm

Lemma 2.3 is proved.

3. Preliminary result. Let a modulus ¢; € Z™, and let x be a Dirichlet character modulo ¢;.
Over the ring of Gaussian integers G = Z[i] we define the following generalized twisted Kloosterman
sum with the multiplicative function x for any ¢, ¢ =0 (mod ¢1):

+8
a:pq y)

Ky (o, B;7v;q) = Z X(N(x))e%iSp( 3.1

z,y€Gyq

Note that x is not generally a Dirichlet character modulo g, because it can be happened that

X(N(x)) # 0 when (z,q) # 1.
In the special case where v = 1 and ¢; = ¢ we obtain the twisted Kloosterman sum with a

character y defined by

—— miS az+By
Kasio= Y x@e ) (32)
:r:,yeGj;
zy=1 (mod q)

The generalized twisted Kloosterman sum K, («, 3; q) has the property of quasimultiplicativity
!

at g, i.e., for ¢ = ¢'q", (¢, ¢") = 1 the equality
Ky(e, B373q9) = Ky, (. Br37:4") - Ko (o, B237:4") (3.3)
holds, where Y1, x2 are characters inducted by character y, and 31, B2 define from the congruence

B = Bi(q")* + B2(¢)* (mod g).

Thus in the sequence it will regard only the Kloosterman sum K, (v, 5;7; q) with ¢ = p™, p > 2
be a prime number from Z.
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614 S. VARBANETS

Lemma 3.1. Let p > 2 be a prime number. Suppose q = p™ and x is a Dirichlet character of
conductor p™°, mg < m. Then for any Gaussian integers ., [

[ Bip™) = | Y xpm (N(@))epm (Raw + Bz71))| < ,N(p)™?, 3.4)

z,yeGim

2 if p=3(mod 4),
4 if p=1(mod 4).

Proof. In the case m = 1 we obtained the required result for principal x using the Weil’s
result on the estimate of exponential sum on an algebraic curve over finite field, and extended to
nonprincipal character x (see [13]).

Now we consider the case m > 1. Without loss generality we suppose that («, 5,p) = 1.

Since zy = 1 (mod q), ¢ = p™, we write y = 2~ L. Then putting z = ¢ + p™~! we have

(0, B:p™) = Y xprn(N(@))epm (R(ax + Bz~ 1)) =

xEG*

Where e, =

= > > X (NEH+ ™ )epm (R(ag + BEH))ep(R((a = BE)m)) =

§€G; 1 M€Gy
= > i (N(©)epm (R(af + BE))x
feG;m_l
X 3 X (N(L+p™ 1)) ep(R((o — BE ). (3.5)
n€Gy

Let xpm (A) is defined by the relation

e Pl ,p) =1,
Xpm(A) =
0 if plA,

where v € {0,1,...,p™ }(p—1) — 1}, ind A denotes the index of integer A, (A, p) = 1, relatively
to the fixed primitive root modulo p™ in Z.

Take into account that ind(1 + p’B) = p™ =1 (p — 1)u~' B with a some u, (u, p) = 1, u is not
depend on B, if (B,p) = 1,and N(1 + pm ¢ 1) = 1+ pm 2R 1n) = 1+ p™ 1 Sp(¢~1n),
we infer

N (N(1L P17 1)) = epm (VR(E ). (3.6)

Now from (3.5), (3.6) it follows

Ky = Y xm (V@ (Rlag + 5 T e, (0 (LEHEZEINY),

* p
£€Gpm_1 neGp

(3.7
Let Y(«, 8, v) is the set of solutions of the congruence
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GENERALIZED TWISTED KLOOSTERMAN SUM OVER Z[i] 615
ou’ +vu— B =0 (mod p), ue Gpm.

2 if p=3 (mod 4),

It is clear that |Y (o, 5,v)| < )
4 if p=1 (mod 4).

From (3.7) we have

Ky (o, B;p™) = p* > xpm (N (&0)) X

oY

x> X (N(L+p&5 6 )epm (R(a€o + p6) + By — BE pE+...)) =

£€Gp'm72

=P ) X (N (&))epm (R(ao + & 1)) x

o€y

-1 -2
> Z epm—Q (%((V‘EO +Z_6§0 )£+ﬁ563£2 +p6501§3+>> (38)

£€Gpm—2

Now, Lemma 2.2 gives
Koo 5:™)| < epN (p)™?,
2 if p=3 (mod 4),
4 if p=1 (mod 4).
Lemma 3.1 is proved.

Now, by (3.3) we infer immediately the next corollary.
Corollary 3.1. For any o, 8 € G and every Dirichlet character x modulo q, ¢ € N we have

K (. B;9)| < 7(9)v/N((, B,9))N(g)"/?,

where g, =

where T(q) denotes the number of divisors q over G':

()= 1,

dlq

(here x denotes that § runs all nonassociated divisors of q over G).

4. Main results. Now we will investigate the generalized twisted Kloosterman sum K, («, 5;7, q)
with parameters «, 3,7 € G, x be a Dirichlet character modulo ¢1, ¢1 | ¢. We put ¢ = ¢'¢”, where
(¢',q") =1, ¢ consists from the same prime numbers as ¢, and hence, ¢1|¢’.

From
Gq = qu X Gq//

we deduce that x can considers as a multiplicative function on G, and it has a canonical factorization
X = X¢ - Xg# on Gy, where x is the Dirichlet character modulo ¢/, viewed as a function on Gy,
and x4~ is the constant function 1 on G,.

Thus we have

Ky(a, B;7:4'q") = Ky, (a1, Br; 7 d) - Ky (a2, B23 73 4"). (4.1)

ISSN 1027-3190. Yxp. mam. xcypnu., 2014, m. 66, Ne 5



616 S. VARBANETS
Hence, for ¢ = PP, g1 = p% we deduce
leq ’ leq

a, 3571 q) = [ [ Kpe (c: Brp; vi ™) Hpr,, (v, Bop; ¥; ), (4.2)

plg’ plg”

where

Br=8(d")7" (mod ¢),  Bo=pB(¢)! (mod ¢"),

—1 -1
Biy =B (pq) (mod p®),  Bap =1 (Zi) (mod p?),

P

moreover in the second product all functions x,,» be the constant function 1.

First we consider the multiples of second product.

Let x,» = 1. Write v = 717y, where (y1,p) = 1, 9 = ’71 72 ifp=1 (mod4), p = p1pg; or
v = plifp=3 (mod 4).

Let p = 3 (mod 4). Using the substitution y = ~;y; we obtain for d < m

Ky, (a, Byyip™) = Ky, (o, By ptp™).

The congruence zy = p? (mod p™) has the solutions of type x = p'z1, y = ply1, i +j = d,
r1y1 = 1 (mod p™~%). Thus, grouping the summands of sum in prb (a, By1;p%; p™), according to
i = vp(z) < d, we infer (for x,« being constant function 1)

d
Ky, (o Byspp™ =Y > Y Y epmlap! (@™ a)+8p T (a7 " ).

=0 IEG;m—d 1 eG;dfi y1€G;i

Now, the summations over z, y; give nonezero only for & = 0 (mod p?~%) and 8 = 0
(mod p?).
We have therefore obtained the following expression (if X, = 1):
I o 571 _d .
N(p)*» K< ™ ) if d<uvy(a)+v,(B),
Ky (@ By s p™) = ) Z'L:h prtp! ple) + 1(P) (4.3)
0 otherwise,
where I} =k — vp(a), Io = vp(5).
For p =1 (mod 4) we take into account that X, is the constant function 1 and then
Ky, (@, By s p™) = K (aﬁén,ﬁ*nﬁ?;lﬂih;p?) K (aﬁT,ﬁwﬁT;ng;p?) ,
where p1p; =1 (mod p5?), peps =1 (mod p7*).
Thus we have, by the same arguments as for p = 3 (mod 4)
Ky, (a0, By pi g% p™) =
e L 3 S M i dy v, (0) + 0, (8), 5= 1.2
= j=1 i1=1I11 ig=1I21 21,12 J= "k Fi ’ o “4.4)

0 otherwise,
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GENERALIZED TWISTED KLOOSTERMAN SUM OVER Z[i] 617

where

o BN med a BN m-d
Dﬁkhkz =K <pd1 k1’ pkl P 1) K <pd2 ko’ ka P 2) ’
1 2

Ij1 = dy — vy, (), Lo =1vp,(B), j=1,2

From (4.3) and Lemma 2.2 we obtain

‘prb(a,ﬁ;'y;pm)‘ (d+1)(m+1)\/N(av, By,p™) - N(p (4.5)

Ford > m, p=3 (mod 4) we set

T = pitlv Y= pm_it% 1 € G;m—i; la € Gpia
and get
m
Ky, Byiphp™) = Y D e (R(ap'ti+ B1ip™ 't2)) - (4.6)
i=0 t1 GG*m i tzEGpi

The sum over t5 is N(p®) or 0 according to whether i < 1,,(3) or not. The sum over ¢; is the
Ramanujan sum, so that

N(p™ ) = N(pm==1) if 0<m —i< (),

2 epm(ap'ty) = { =N (pm~i-1) if m—i=yy(a)+1,
tleG*mfi
P 0 if m—i>y(a)+1.

In particular, we see that ith term in (4.6) vanishes unless m —i < v,(a) + 1 and ¢ < v,(f), i.e.,
m — vp(a) — 1 < i < vp(B). Thus the whole expression vanishes unless m < v, () + v, () + 1.
Thereby in the case d > m

Ky (e, Byi;p%p™) < (d+1) (N (ay, By; p™) 2 N (p™)'/2. 4.7

For p =1 (mod 4) we obtain an analogous result.

Let K. (a, B;7;p™) be a multiple from the first product in (4.2).

Now, we have xpe(N(z)) = 0 if (z,p) # 1, and hence from zy = v (mod p™), (z,p) = 1,
follows that y = 2~y (mod p?), and also

Ky o (o, B57;p™) = Kya (@, 87 1;p™) = Ky a (@, By; ™) (4.8)
holds.
The application of Corollary 3.1 gives
K (o B33 0™ < T(0™) (N (e, By p™) 2 (N (7)) 2 4.9)

if x is a Dirichlet character mod p"™°, 0 < mg < m.
Multiplying the local estimates (4.7) and (4.8) together, by (4.2) we have

K\ (o, B; ;)| < 7F(7)7(0)v/N(ey, By, 9) - N(p)™/.

So, we proved the following main theorem.
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618 S. VARBANETS

Theorem 4.1. Let o, 3, v be the Gaussian integers, ¢ > 1 be a positive integer, x be a Dirichlet
character modulo qi, qi1|q. Then the estimate

| Ky (o, B5v;:9)| <T()7T(9) v/ N(ay, By, 9)q

holds.

Remark 4.1. The method we used to prove the theorem may be applied in the case of g is even.
It is enough to apply the analogues of Lemmas 2.1 and 2.3.

Remark 4.2. In [9] Knightly and Li have shown that the generalized twisted Kloosterman sum
over Z has the estimate

Ky (abinig) == D> x(@e ¢ | <r(n)r(q)(an,bn,q)' ¢ ¢/,
T,YyE2Lq
zy=n (mod q)

where x is a Dirichlet character modulo ¢; of conductor ¢, q1 | g.
Using the same method of proof as above, we can obtain more precise estimate

| Ky (a,b;n5.)| < 7(n)7(q)(an, bn, q)q"/2.
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