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PERIODIC AND BOUNDED SOLUTIONS
OF THE COULOMB EQUATION OF MOTION
OF TWO AND THREE POINT CHARGES WITH EQUILIBRIUM ON LINE

HEPIOAUYHI TA OBMEKEHI PO3B’S13KU PIBHAHDb PYXY KYJIOHA
JIJISI ABOX TA TPHOX TOYKOBHX 3APSIIB 3 PIBHOBATOIO HA IPSAMII

Periodic and bounded solutions of the Coulomb equation of motion on line for two and three identical negative point
charges in fields of two and three fixed point charges located symmetrically are found. The systems possess equilibrium
configurations. The Lyapunov, Siegel, Moser, and Weinstein theorems are applied.

3HaiiieHo nepioaudHi Ta 00MeXeHi po3B’A3KH PiBHAHB pyXy KynoHa Ha mpsMiid A7 TBOX Ta TPHOX OFHAKOBHX HETaTHBHUX
TOYKOBHX 3aps/IiB y MOJI JBOX Ta TPHOX TOYKOBHX (DIKCOBAHMX 3apsiiB, 10 CUMETPUYHO po3ramosaHi. i cucremn marots
piBHOBaxkHi cranu. [Ipu npoMy BHKOpHCTaHO TeopeMu JlamyHoBa, 3irens, Mo3sepa Ta BaifHcTaliHa.

1. Introduction. Construction of solutions of classical electrodynamics, based on the Maxwell -
Lorentz (ML) equations for point charges, is a fundamental task of mathematics. The simplest ap-
proximations of these equations are the Coulomb and Darwin equations which do not take into
account radiation of point charges. Solutions of the former and latter were proven to exist on a finite
time interval on which there are no collisions in [1] and [17]. If one finds Coulomb systems of point
charges with equilibrium then it will be possible to apply several basic theorems, including the center
Lyapunov theorem, guaranteeing existence of solutions of the equation of motion on all the time
interval. It would be important also to establish equilibrium stability or instability.

In the system of three point charges without external fields one equilibrium configuration is well
known [2]: the three charges are located on a line, two of them have the same value —eg, the third
charge is placed between them at the same distance and has the value 0 The rigourously proved
Earnshaw theorem [2, 3] establishes instability of equilibrium in the Coulomb point charges systems
without external fields. There is no such result for the systems in an external field created by fixed
charges (charged centers). For Coulomb systems of point charges on a line in external fields, created
by fixed symmetric charges outside of the line, equilibrium may be stable. The simplest of them will
be considered by us here.

In this paper we consider Coulomb systems of two and three point charges with all masses equal
to m restricted to move along a line where there is an equilibrium. They are the following ones:

A. Two charges with the same value —ey < 0 in the field of two symmetric point charges with
the value ¢’ > 0. The latter are placed at the perpendicular, crossing the origin, at the same distance
b > 0 from the line where the negative point charges move.

B. The system A with the additional negative charge —ey which is immobile at the origin (an
additional repulsive center for two moving charges is introduced).

C. The system of three equal negative charges —eg in the field of the two attracting positive

charges the same as in the system A.
€0

D. The system of three point charges —eg, —eg, R
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The systems A and B are the most simple Coulomb systems with equilibrium. They are also
restricted systems meaning that their dynamics describes the dynamics of two identical charges on
a plane with the attracting centers there if their initial velocities (momenta) are directed along the
line where the two negative charges are placed initially (at the same distance from the origin for the
system B). The system B is derived from the system C since the negative charge at the origin of the
latter is immobile if its initial velocity (momentum) is zero and the other two charges start to move
at the same distance from the origin with same velocities.

We prove the existence of bounded and periodic solutions for the systems A, B, C with the help of
the semilinearization Siegel and Lyapunov, Moser, Weinstein theorems, respectively. The first three
theorems demand a resonance condition on e—? and the Weinstein theorem does not. The latter can be
applied only for a stable equilibrium since itedernands a Hamiltonian to have a Hessian with positive
eigenvalues. We prove also the existence of bounded solutions for the systems with the help of the
analog of the Siegel theorem which does not demand the resonance condition. All these theorems are
formulated in the Appendix.

We prove in the fifth section that the matrix of second derivatives of the potential energy (its Hes-
sian) for the system D at its equilibrium has zero eigenvalues that are obstructions for an application
of the above theorems for the system D.

We prove the existence of bounded solutions relying upon the following general theorem which
is proved in the Appendix. It follows from the semilinearization Siegel theorem and its mentioned
analog (Theorems 6.1 and 6.2).

Theorem 1.1. Let the Hessian of a potential energy U of a mechanical system of n bodies on
a line with equal masses have nonzero eigenvalues mo; at an equilibrium x?-, 7=1,...,n, U be
holomorphic at it and 0; <0, j = 1,...,p. Let also either \j = —\/—0j,j=1,...,p <n, be not
in resonance or p = n. Then the equation of motion

dz; Uz

m = , Jg=1....n, xy) = (x1,...,2,) € R, (1.1)
dt2 8$]’ ()

admits bounded solutions which are holomorphic functions at the origin in p real parameters and
|z — 20|\ < oo, ||Z]|x < 00, where
||y =sup max eMmax|z;(t), A<= min |[)\;|.
t>0 J€(L,...,n) j=l...p

The existence of periodic solutions for mechanical systems with equilibria determined by nonde-
generate minima is obtained by us with the help of the following theorem which follows from the
Weinstein theorem (Theorem 6.3) in a straightforward fashion.

Theorem 1.2. Let the potential energy U of a mechanical system of n bodies on a line with equal
masses have an equilibrium at w(()n), be a holomorphic function in its neighborhood and its Hessian
determine a positive definite quadratic form in a neighborhood of the equilibrium. Then there exist n
periodic solutions of (1.1) belonging to the energy level Ej, = U(x(()n)) + h with a sufficiently small
positive h whose periods are close to those of the linearized equation of motion.

These theorem can be generalized to n-body mechanical systems with different masses. The next
four sections of our paper are devoted to the above four systems A —D. In the end of each of them,
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except the fifth section devoted to the D system, we formulate our results in theorems concerning
stability of their equilibria and existence of periodic an bounded solutions of the Coulomb equation
of motion.

Note that since in the systems A —C the order of charges is preserved due to the infinite repulsion
we can substitute the holomorphic functions (z; — )~ ! instead of |z; — x| ™! and for the system
B mj_l instead of |xj]*1 in the expression for their potential energies.

2. Two charges and two attracting centers. The potential energy for the system A is given by

-1
U(l‘(g)) = 6(2)‘.%1 — 1‘2|_1 — 2eqge’ (\/1‘% + b2> — 2eg€’ <\/x§ + 52> , z; €R (2.1)

The equilibrium equations are given by %U(x(z)) =0, j = 1,2. Let’s insert the equalities into it
J

fork=1

-1

8 —k Tr1 — T2 8 —k I
— =—k————s, — 2 402 = —k——m.
By |1 — 22 21 — 22|F 2 By Vot (/23 + b2)h+2
That is 9
S U(ag) = ~Brt—r  2ege 5 jAk=12
O @1 — 2 (VaT+ )
As a result we obtain the equilibrium relation putting 1 = 20 = a, x5 = 29 = —a

€o e’

2P~ (Va T 0)

The most important information is the property of the matrix of second derivatives of U. Its two
nondiagonal elements are easily calculated as

8U(.%'(2)) 6U(JL’(2)) 2 _3
8.7518$2 N (%283:1 N —260’1'1 _xQ‘ .

2
. . S e
Let UY, be this function at the equilibrium. Then U}, = —4—03 = —u’. Further
bl ’ a

2 2 / 6 ! 12
0 Ule) 2e; N 2ep€ B €0e T

) (e

Let U ﬁ ; be this function at the equilibrium. Then

2 9 / 6 /.2
0 __ 0 _ 60 606 606 a
U171 — U272 — + -

W Varrp (V@ ep

From the equilibrium relation it follows that

() 5= g =AYb 0= (2)" <4 2.2)
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As a result

2 ! 2 I\ 2/3
0\ _ 71/ _670_2606 @1/3_670 B e
Ulz) =U(-a,a) = 5 . (6,) =5 |1-4 . ,

3e reo\2/3  3u rep\2/3

0 _770 _ o _ °% 0 _ 0

Uy =8y =2 —w, w= 5 (7)) = (7))

Let U be the matrix with the elements U1071, U§’2, URQ = U2071. Its eigenvalues (1, (2 are found
easily as the roots A = (1, (3 of the equation

(2u —u, — N2 —u? =0,
2.3)

G =u — u,, (s = 3u' — u,.

Two eigenvalues are negative or positive if 3u’ < u,, u’ > u., respectively. The following result fol-
lows from the stability Lagrange — Dirichlet theorem [3] since the latter case means that the potential
energy attains a minimum at the equilibrium.

Theorem 2.1. The line system of two identical charges with the the potential energy (2.1) pos-

sesses the equilibrium z° = (—a, a) with a given by (2.2) z'fe—(,) < 8 and it is stable if
e

w_ 8 _ (4
e/ \/ﬁ_ 3 '

If the neutrality condition € = ey holds then the equilibrium is stable.

If 3u’ > u,, v’ < u, then one root is positive and the other is negative. If v/ = u, or 3u’ = u,
then one root is positive or negative and the other is zero.

The linear part of the vector field at the equilibrium of the Coulomb equation of motion has the

eigenvalues +i/m=1(3u/ — uy), +iy/m=1(vw — uy) if &' > wu,. In order to apply the Lyapunov

theorem in this case one has to exclude the resonance between (1, (3, i.e., 2_2 =k 1<kecZ.
1
8

Theorem 2.2 Lele—o<—ande—075i @ v 1<kz€Z+0ri<e—0<8
AR A AV VT~

Then the Coulomb equation of motion (1.1) for n = 2 and potential energy (2.1) possesses two or
one periodic solutions such that each of them depends on a real parameter c; for some j, j = 1,2,
or one real parameter c. These solutions and their periods Ti(c1), T2(c2) or 7(c) are holomorphic

3 2/3\ \ ~1/2
functions in the parameters at the origin and 71(0) = 2m/m (u’ (1 ~1 (%) )> , 12(0) =

— ory/m <u’ <3 - % (2‘3)2/3»_1/2 or 7(0) = 2m/m (u’ <3 - z (?})2/3»_1/2 .

The next theorem follows from the Theorem 1.2.
8
Theorem 2.3. Let ? < —. Then the Coulomb equation of motion (1.1) for n = 2 and poten-

V27
/

2 2/3
tial energy (2.1) on the energy level £, = ;—0 (1 -4 <) ) + h with a sufficiently small positive
a €0
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3 /ep\2/3
h has two periodic solutions with the frequencies close to the square roots of m™! (3 - - <—0) o,

3 €0 2/3
-1(@)
m 4 \¢
From the Theorem 1.1 one deduces the following theorem which corresponds to the case of

nonnegative roots in (2.3).
8
Theorem 2.4. Let \/—27 < e—? < 8. Then the Coulomb equation of motion (1.1) for n = 2 and
e
the potential energy (2.1) admits bounded solutions which are holomorphic functions at the origin in
one real parameter such that ||z — z°||x < oo, |||y < oo, where A < \/m~1(u, —u') and 2° is

the equilibrium.
The next theorem is derived from the Moser theorem (Theorem 6.5).

Theorem 2.5. Let

8
= < 67(/) < 8. Then the Coulomb equation of motion (1.1) for n = 2 and
e

the potential energy (2.1) admits bounded solutions which are holomorphic functions at the origin in
three real parameters cj, j = 1,2, 3. If c3 = 0 these solutions are periodic functions with the period
T(c1¢2) which coincides at the zero with the period from the Theorem 2.2.
The neutrality condition implies the resonance condition with k¥ = 3 in the Theorem 2.2 and this
means that if the neutrality condition eg = ¢’ holds then the conclusion of the Theorem 2.3 is true.
3. Two negative charges and three centers. The system B is characterized by the potential
energy

2 1 2
U(z) = |:UI€1_€23:2|_2€,60; (\/ xp + b2> +€g; lze| ™l —er=—e2=¢€9 >0, € >0.

3.1
As a result
o o 2! ) 2.
9 U(ae) = —eren x xks " €' e - 6093337 itk=12
Ox; |21 — 22| ( /mjz T b2) ||
The equilibrium is given by 29 = a, 3 = —a. The equilibrium relation is determined by
5e3 2¢’ega

4a2 (Va2 + b2)3 g

0
which follows from 8—U(x(2)) = 0, 7 = 1,2. The matrix of second derivatives of U is easily
L
calculated as
82

2
8a:j

_ 2ep€’ 6ege’ 2 2¢2
U(]Z(z)) = 26162’%1 — CUQ‘ 3 + 0 - J U

(o) (o)

82[](1'(2)) . 82U(x(2))
axlal'g N 8:528951

= —2eje9|1 — 12| 7,

2
€0

0o _ 570 __ !
U2,1 —U1,2 =—u = 13
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Uy = Usy = 9u' + -
From the equilibrium relation one derives

2ep€’ , 1 1 [ 5eg 1/3
=5, (Va2+b)l=_ (22) (3.2)

(Va? +b2)3 2a \ ¢
YN 2/3 €0 8
a=4=n)"2/nh, o = () <4 S < (3.3)
e e
That is
5e2  2epe
0\ _ _ 9¢)
U(IL'(2)) - U( a, CL) - % - a \/77
3.4
3e2 3u/
UY) =Usy =140 —uy, uy = 42;3 ' = Tn’ < 3/,

where UJQ .. are the values of partial derivatives of the potential energy at the equilibrium. The neutral-

10 2/3
ity condition is 2¢’ = 3¢y which implies u, = 3 (3) u. Let U be the matrix with the elements

Uy, Uy, UPy = U3, Its eigenvalues (1, (o are found easily as the roots A = (1, ¢z of the equation
(140 — uy — N)? —u? =0,
G = 13u" — u,, (o= 15u" — uy.

We have (; > 0 since u, < 3 and the case of two negative roots is excluded. As a result we can
formulate only the analogs of the Theorems 2.1 and 2.2.

Theorem 3.1. The line system of two identical charges with the the potential energy (3.1) pos-
sesses the equilibrium z° = (—a, a) with a given by (3.2) which is stable if

w8

< —-.
e b
If the neutrality condition 2¢’ = 3eq holds then the equilibrium is stable.

-1
Since k% # 15—§ 5¢0 o 13—§ S¢o 7 < 3 k € Z* for € < 8 the
4\ ¢ 4\ ¢ 2’ e 5

following theorem follows from the Lyapunov theorem (Theorem 6.4).

8
Theorem 3.2. Let e—? < 3 Then the Coulomb equation of motion (1.1) for n = 2 with the
e

potential energy (3.1) possesses two periodic solutions such that each of them depends on a real
parameter c; for some j, j = 1,2. These solutions and their periods Ti(c1), T2(c2) are holomorphic

~1/2
3/5 2/3
functions in the parameters at the origin and 11(0) = 2m/m (u’ (13 ~1 <€/0> )) ,

75(0) = 27/ <u' (15 - Z <5:/0>2/3> > _1/2,
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Note that if the neutrality condition 2¢/ = 3eq holds then the conclusion of the Theorem 3.2 is
true.

4. Three charges and two attracting centers. The potential energy of the system C is written
as follows:

3 3 -1
1 eje
U($(3)):§ E 7‘:6]_];“ —2¢'eg E <\/xz+b2> , —ej=¢e >0, ¢>0. (41
J k=1

k=1

The matrix of second derivatives of the potential energy is obtained from the equalities

3
0 T — T}, 2¢ e

@U(fﬁ(i&)) =—¢; )

Kl — P + 3
k=Lkzj 9 7k (1 a? +b2)

0? 3 B 2ep€’ Gege' 2
52U Ee) =2 D> ez — a7+ 5 - =
J k=1,k#j <1 /x? + b2> (, /a:jz + bg)

82U(3§'(3)) 82U(x(3))
— — — %, |73
6$j8.%'k 8xk8xj ejek|xj xk’

i

Y

The equilibrium is given by z1 = 29 = —a, 22 = 2§ = 0, 23 = 29 = a. The first derivative of
the potential energy for j = 2 is zero. The equilibrium relation
5e3 2¢'ega
4a? (v/a2+b2)3 B
follows from a—U (x(g)) = 0, j = 1,3, and coincides with the equilibrium relation from the
7

previous section. At the equilibrium the matrix of second derivatives of the potential energy is
deduced from the equalities

2 2
U20’1 - URQ = Ugrg = U§)72 = _% = _8u,7 Ug,l = UR?) = _'Lng
2¢ep€’ Gepe'a? %ne!
L1 = Usy = 0/ - 0, — 160 4+ — 20
Uiq = Usz = 9u + VET PP (VR TP Uy = 16" + W

From (3.2)-(3.4) it follows that

Ugy =21, UPy =Usgs =140 — u,.

3 (10\**?

Neutrality condition is 2¢’ = 3eq and it implies u, = 1 (3
Let’s calculate the diagonal k-dimensional determinants Det, U’ = |U’|x, k = 1, 2, of the matrix

«/~1UY and apply the Sylvester condition for the matrix to be positive definite putting v = u,u/~! <

<3

.

U1 =14—u>0, [U'ls=Uj,Uyy—UjUs; =21(14 —u) — 64 = 230 — 21u > 0,
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Det U’ = ’U/| = U{,I(Ué,QU?/),S - U§,2U§,3) - U{,Q(Ué,lUé,?) - Ué,3U§,1)+
+U) 3(Uy U o — Uy Uz 1) = (14 — u)[21(14 — u) — 64] 4 8[—8(14 — u) — §]—
—(64 4 21) = 21(14 — u)? — 128(14 — u) — 149.
The roots of the last equation are given by the following remarkable equality:

14 —u = 64 + /642 + 21 x 149 = 64 + 85.

Hence Det U’ > 0 if 14 — u > 149 or 14 — u < —21. But u is positive and 14 — v < 14 which
contradicts the first inequality. The second inequality contradicts the inequality |U’|; > 0. That is the
matrix U? is not positive definite. If we find positive roots and there are no zero roots then we can
apply the center Lyapunov theorem and find periodic solutions.

The characteristic polynomial p'(\) = —|U’ — M| = Det (A — U’) is given by

—p'(A) = (14 —u—N)[(21 = A\)(14 —u — \) — 64]+
+8[—8(14 —u—A) —8 — (64 +21—\) =

= (21— A)(14 —u— A2 —128(14 —u — \) — 149 4 ),
4.2)
P'(N) = X3+ a1\ + ax) + as,

a1 = —2(14 —u) — 21, ag =42(14 — u) + (14 — u)? — 129,

az = —21(14 — u)? + 128(14 — u) + 149.

Let us put

a? 1
= Q9 — — = ——
p 2 3 3

aias 2a:f

(14 —u)?® +14(14 — u) — 276, q= a3 — 3 TR

It is easy to see that p < 0. The condition

2 3
q p
4.2 <
4 + 27 — 0
implies that all the roots are real, as it follows from the Cardano formulas [15], and it holds in our

case since we deal with the symmetric matrix U. To have all the roots different one has to assume

2 3
q p
LT <0 (4.3)

If it is true then it is possible to define the angle ¢ as in [15]

qV 27
AVATIE

Then the roots A = (;, k = 1,2, 3, of p'are written due to the Cardano formulas as

cosp = — 0<p<m.
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2w(k —1
(. = 24/371|p| cos QH_W?’(), k=1,23.

If p(A) is the characteristic polynomial of U then p(\) = u3p/(v/~!)\) and the eigenvalues of

U" are given by ¢, = u/(j, that is

on(k — 1
Ce = 2u'\/371|p| cos 9”7"3(]“'), k=1,23. (4.4)

To apply the theorems from the introduction we have to single out cases when the different roots
have equal signs and guarantee absence of resonances. It is not difficult to check that

. 3m 5 .
D¢ >0,6>0 6 <0if3lpe (0, %) 3-1(p + 471) € (;;)  that is 37 €
c (E E)
63/’
. T
2) (1> 0,6 <0,¢<0if3 lpe (o,g) .
2 1
Moreover in the second case S £ k2. k € 77, since cos T cos <7r — z) — —cost = -,
G 3 3 3 2
2 2 1
cos E+l = cos(w—z) — _cost = —é and cos<’0jL T € —@,—f . Besides
6 3 6 6 2 3 2 2

cos <7(; + 4;) = cos?%r =0and (3 = 0 at p = g The same argument excludes also the
resonance 9 £ k2, k € Z7, in the first case since cos b € [_\/37 —1] .
¢ 3 2 2
The first result of this section is formulated in the following theorem deduced from the Lyapunov
theorem (the case 1 demands the nonresonance condition in (;, (3 for the existence of the two-
parametric family of periodic solutions). The Theorem 1.2 can not be applied since not all ¢; and o;

can be positive.

A\ 1
Theorem 4.1. If (4.3) holds and 3~ 'y € (%, g) and | cos 90—; T cos% £k% ke,

then the Coulomb equation of motion (1.1) for n = 3 with the potential energy (4.1) possesses
periodic solutions such that each of them depends on a real parameter c; for some j, j = 1,2. These
solutions and their periods T1(c1), T2(c2) are holomorphic functions in the parameters at the origin

and 11(0) = 27 C@, 72(0) = 27 ?, where (; are determined by (4.4). If 3~1¢ € <0, %) then the
V ¢ V ¢

same equation possesses a periodic solution depending on a constant c. This solution and its period
7(c) are holomorphic functions in the parameter at the origin and 7(0) = 71(0).

From the Theorem 1.1 we deduce the following result since (the case 2 demands the non-
resonance condition in (a2, (3 for the existence of the two-parametric family of bounded solutions).

Y+ 27 -t p+4r

3 ) cos — #*

£ k2 keZt or37lpc [%, %) . Then the Coulomb equation of motion (1.1) for n = 3 with the

potential energy (4.1) admits bounded solutions which are holomorphic functions at the origin either

in two or one real parameters such that ||z — 1|\ < oo, ||&|x < oo, where A < ming_g 3 \/m ||
or A < /m~1(a|, the numbers (. are given by (4.4) and x° is the equilibrium.

Theorem 4.2. Let (4.3) hold and either 3~ '¢ € (O, %) and <cos
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688 W. 1. SKRYPNIK

In order to apply the Moser theorem (Theorem 6.5) we have to guarantee absence of quadratic

resonances between (1, (3 and (a, (3 for 371y € (%, g) and 371y € (0, %) , respectively. Taking
into account that & #k% k€ Z", and g?’ # k%, k € Z7, for such the cases we derive the following
2

consequence of the1 Moser theorem.

Theorem 4.3. [f (4.3) is true and q # O then the Coulomb equation of motion (1.1) for n = 3
with the potential energy (4.1) possesses bounded solutions which are holomorphic functions at the
origin in three real parameters cj, j = 1,2,3. If c3 = 0 these solutions are periodic functions with
the period T(c1c2) which coincides at the zero with the period T1(0) from the Theorem 4.1.

The polynomial of the sixth order in 14 — u in the left-hand side of (4.3) can have not more than
three real roots of even multiplicities. Lengthy calculations show that it is a polynomial of the fourth
order. That is, if the condition (4.3) is violated for real u then it is possible only for one or two values
of u.

5. Three charges. The potential energy of the system D is given by

3
1 .
U(af(?,)) =35 Z &, —e; = —ex =€, €3= €« > 0. (5.1)
2 el ]xj — xk\ 4
That is
U(x(g)) = 63’331 — .%'2‘71 — 6063“.%'1 — 1’3’71 + ‘.%'2 — 1'3’71}, Zj € R.
Then
8U( ) 9 T1 — T2 i Tr1 — T3
—U(x(3)) = —e epe
O @ Oy — @3 o |21 — 233
8U( ) o T2 — 1 i Tro — I3
—U(x(3)) = —e eoes
dia ® Oz — 2o |29 — 233
0 T3 — I T3 — T2
—U(zx = —epes .
8m3 ( (3)) [|$1 — $3|3 |$2 — l‘3|3
. a 0 0 0 . . .
The equality a—U(az(g)) = 0 holds for z1 = x] = —a, x2 = x5 = a, x3 = 0. This configuration is
3

an equilibrium. This follows also from the equalities a—U (m(3)) =0, j = 1, 2. It is more convenient
Lj
to rewrite the derivatives of the potential energy as follows:

3

0 Ti— Tp
—U(x3)) = —e; et
ox; @ jk%;;éj |5 — a3

Then the second derivatives of the potential energy are calculated as follows:

oU(xz)  OU(x)) 5 )
8Sﬂj8$k N al‘kal‘] N _26jek|xj B xk| ’ K # J:

2 3

gV =20 > exlrj— w7
J k=1,k#j
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Hence the second derivatives of the potential energy at the equilibrium qu ;. are given by

2
60 /

0 _ 770 _ _ 0 _ 770 _ 770 _ 770 _ o 1
U1,2 = U2,1 T a3 —-u, U3,1 = U1,3 = U2,3 = U3,2 =2u,

/ /
U0 =Uz2=—-u, Usz=—4u.

)

The rescaled characteristic polynomial 7/, i.e., the determinant of the matrix —U’ + A\, U’ = u/~1U°
is given by

—'(A) = (Ul1 = VU2 = MUz 3 = A) = Uz oUs ] — U1 5[Uz1(Uz 3 = A) — Up3Us ]+
+U13[U2,1U32 = (Uz 2 = A)U3.1],
PN =1 +N[T+NA+A) =4+ @+ A —4)+2[-2+2(1+))] =
= A1+ NGB+ =5 == (A+6).

Its roots are A = 0, A = —6 and the equilibrium is a degenerate maximum of the potential energy. If
p(A) is the characteristic polynomial of UY then p(\) = u/3p/(v/~1N).

Proposition 5.1. The (3 X 3)-matrix of second derivatives of the potential energy (5.1) at its
equilibrium has the zero eigenvalue which is doubly degenerate and its third eigenvalue is equal to
—6u/.

6. Appdendix. Here we formulate the basic theorems that are applied by us in the previous
sections. We begin from the semilinearization Siegel theorem (see Section 28 in [4]).

Theorem 6.1. Let \; € C,

ij(t) :)\jl‘j—l-Xj(l‘(l)(t)), g=1,...,1, t>0, (6.1)
the function X;(z(y), xq) = (1,...,21), be holomorphic at the origin such that in their power
expansions the sum of powers of x; is not less than two, real parts of \j € C, j = 1,...,p, be

negative and the nonresonance condition hold: neither of these p numbers be a linear combination
of others with nonnegative integer coefficients whose sum exceeds unity. Then there exist functions
<p; (@), J=1,...,p, pi(Tp)), § =p+1,...,1, which are holomorphic at the origin and zero at
it, such that a partial solution of (1.1) is given by

A1t Apt )
)

xj(t)ch;(e ci,...,€e%¢, ji=1,...,p,

zi(t) = ¢j(rp)(t), j=p+1,...,1

where c; are arbitrary constants.

This theorem for p = [ is a version of the linearization Poincare theorem [5, 6] which was
generalized by Siegel in his linearization theorem [6, 7]. The statement of the Theorem 6.1 is not
formulated as a theorem in [4] and proved in Section 28. The existence of formal series ¢;, gp}
demands the nonresonance condition which eliminates small denominators and allows one to solve
the equation (7) in Section 28 in [4]. The Siegel’s proof of the Theorem 6.1 is simpler than the proof
of the Poincare linearization theorem given in [5]. The proof of the holomorphic character of ¢;, cp;-

ISSN 1027-3190. Yxp. mam. xcypHu., 2014, m. 66, Ne 5



690 W. 1. SKRYPNIK

is based on an application of the standard inequality

p p p
]/\k—an)\j\>can, anzz,
j=1 j=1 j=1

where n; is a nonnegative integer, c is a positive constant and a majoration technique.

A resonance version of the Theorem 6.1, which demands that real parts of all A\; are nonzero, is
formulated in the following theorem.

Theorem 6.2. Let in (6.1) Re); < 0,7 =1,...,p, ReX; >0, =p+1,...,l, Xj bea
holomorphic function in the hyperdisc

DZ(A):{xji‘IL’j|§A,j:1,...,l}, A>0.

|X;| < M and have the power expansion the same as in the Theorem 6.1. Then there exist ¥y € RI™P
and the solution of (6.1) for the initial data (z((p), To) With xop) = 2(;)(0) € Dp(A’), A" < A. This
solution is a holomorphic function in xy) € Dp(A’), belongs to Di(A) and ||z||x < A, X < Ao if
M (Xg — A\~ is sufficiently small, where

At :
Il 20 sellod) (@)l Ao jgfr.l.,z| e

Note that #g = (24+1(0), ..., 2;(0)) is a holomorphic vector function in z(,) € D,(A’) and the
solutions of (1.1) found in this theorem tend exponentially fast to the equilibrium in the infinite time
limit. If F} is a sufficiently smooth function then the existence of a bounded solution for (1.1) on
the positive time interval is proven in [8]. Lyapunov proved this under the assumption p = [. This
theorem can be proved without difficulty if Re \; > 0, j = p+1,...,1, and X;(0¢p, Tpt1,. .., 71) =
= 0. The existence of solutions converging to an equilibrium if there are \; = 0 and X; € C*(R?)
is proved in [18].

Proof of Theorem 1.1. To prove the theorem one has to transform (1.1) into the simple standard
form (6.1) and apply the Theorems 6.1 and 6.2. We assume that the potential energy U has the
equilibrium at the points x?, j =1,...,n, at which it is holomorphic, that is

(8t o

L=z — x? the dynamic equation is rewritten as

Then in the new variables x f

d25L‘j (9U’(x(n))
ar T 0wy 6.2)

where

/ o 0 0 aU/ _
Ulzmy) = U(rr + 27, ..., 20 + 3y), (0) =0.
8$j

Let U° be the symmetric matrix of the second derivatives of U calculated at the equilibrium. Then by
n
a nonsingular linear transformation a:; = Zkil S}’ 12k one diagonalizes U 0. which has real-valued

eigenvalues moj, that is 6 ,0; = (S'm~1US"1), ; and transforms (6.2) into
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d?z;

ﬁ = —ajxj(t) + Fj(l'(n)), (6.3)
where

—1 ! 8U” /1—1 " / 1 - 0
Fj(z(m) = —m ZS, e (57 2)m),  Ulam) =Uzm) -5 > Ul
Ji,k=1
That 1s J J
€T V;
7; = vy, ditj = —O'jﬂfj(t) + FJ($(n)), (6.4)

where F); has the properties of X;. Then by the linear two dimensional transformation produced
by the matrix SO the last equation is mapped into (6.1) with [ = 2n and —Xoj_1 = Aoj = /—0j,
i=1...,n. The matrix 5 9 diagonalizes the two dimensional matrix A;, which determines the linear
part of (6 4) with the zero d1agona1 elements and nondiagonal elements Aj.12 = 1, Aj01 = —0j.
That is S Aj = O'JS where 7 is a diagonal matrix with the eigenvalues —\2j_1 = Agj = /—0;.
It is not dlfﬁcult to check that

1 1
50‘1,1 = SQQ 1= 5 —S 5022 = 5.

J5 J34y

The new variables look like

, 1 1 , 1 1 )
x2j,1:§ xj—ﬁ—jvj , m2j:§ a:j—i—,i—jvj , J=1,...,n.

The inverse transform is given by

_ / N _
Tj =T + Ty, U = Ki(Ty —w94), J=1,...,n

The functions X; from the Theorem 6.1 are given by (I =2n)
X2j(®(2n)) = = Xoj-1((20)) = fn] Fj(za + 21, .., Top + Tan-1)-

As a result we can apply the above two theorems and prove Theorem 1.1. For this it is more
convenient to have another numeration of variables:

(1'1,.%'2,.%'3, N ,xgn) — (xl,xg, e, T —1,L2, T4y ,xgn).

In such a way (6.4) is mapped into (6.1) with

Nj=—\/—0j, j=1,...,n, Nj=./—0j, j=n+1,...2n. (6.4)
We have also ||2/||y < oo iff ||z|[x < co and ||v|[x < co. Hence the Theorem 1.1 is true.
Remark that if one of o is zero then it is impossible to transform the Newton equation (1.1) into
the standard form (6.1).
(6.2) in the Hamiltonian form is rewritten as follows:

Tj =

oH . OH' H,:z”: v}

o / 6.5
;0 P oz, + U (), (6.5)

where the dot over the variables means the time derivative and m; = m. The equation (6.5) is solved
with the help of the Weinstein theorem and Lyapunov center theorem. The former is formulated as
follows [9] (in [10] one can find a proof of its generalization to a case of an ordinary differential
equation with an integral).
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Theorem 6.3. Let a Hamiltonian H in R?" be twice differentiable and its Hessian determine
a positive definite quadratic form at a neighborhood of the origin which is an equilibrium. If H(0)
is its value at the origin then for a sufficiently small h > 0 the Hamiltonian level Ey, = H(0) + h
contains at least n periodic solutions of the equation of motion

_OH . 0H

;= —, L
1= op P T o

(6.6)
whose periods are close to those of the linearized equation of motion.

Theorem 6.3 can be applied to (6.5) and it yields the Theorem 1.2 since the Hessian of H’
determines a positive definite quadratic form in a neighborhood of the origin if the Hessian of U’ has
the same property. As a result the Theorem 1.2 is true for systems in which an equilibrium determines
a nondegenerate minimum.

The eigenvalues of the linear part of the Hamiltonian in (6.5) are given by (6.4'). If o; > 0,
j=1,...,p,then \; = —/—0j, j = 1,...,p, are imaginary numbers and (1.1) possesses also
periodic solutions due to the Lyapunov center theorem formulated as follows.

Theorem 6.4. Let an n-dimensional Hamiltonian system have a holomorphic at the origin real-
valued Hamiltonian whose Taylor power expansion begins from quadratic terms. Let also A1, ..., Ap,
—A1, ..., — Ay be different nonzero eigenvalues of the linear part of the Hamiltonian vector field such
that the simple nonresonance condition hold for all purely imaginary eigenvalues \j: \j # n'As,
j # s =1,....k, for all integers n'. Then (6.6) possesses k periodic solutions such that each

of them depends on a real parameter c; for some j = 1,..., k. These solutions and their periods
27

Vi
Different proofs of this theorem and its generalizations can be found in [11-14]. "thg:‘re is a
possibility that (1.1) admits simultaneously both periodic and bounded solutions. It is guaranteed by
the following Moser theorem.
Theorem 6.5. Let an n-dimensional Hamiltonian system have a holomorphic at the origin real-

T1(c1), ..., Tk(ck) are holomorphic functions in the parameters at the origin and 7;(0)

valued Hamiltonian, whose Taylor power expansion begins from quadratic terms and A1, ..., A\,
— A1, ..., =\ be eigenvalues of the linear part of the Hamiltonian vector field in R*™ which are all
different nonzero complex numbers. Let also A1, Ao be independent over the reals and the following
nonresonance condition \j # niAi + nade, j > 3, hold for all integers n1, ny. Then there exists a
four parameter family of solutions of (6.6) of the form

J:J(t) = Soj(glaéZa 771,772)7 p](t) = 1/]]'(517527771’ 772)) (67)

where

§=e9E, my=etnl, j=1,2,
and ;, 1j, aj are holomorphic functions in a neighborhood of the origin, the latter of which depend
on the complex 919, €303 and have the constant terms coinciding with Nj- I A, Ag, — A1, =X
contain their complex conjugates then the solution can be chosen to be real, depending on four real
parameters. Moreover the matrix

dpj  Opj
0 Ons
oy O
0 Ons

has rank four and if \1 or Ay is pure imaginary then the same is true for aj or as.
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If A1 or \g is positive then one has to put £ = 0 or £&) = 0 in order to have the solutions on

the infinite time interval. This theorem finds application in the three body problem in the celestial
mechanics.

All the formulated theorems except the Weinstein theorem are constructive: the solutions of

the equation of motion are expressed in terms of convergent series. The Weinstein theorem is a
generalization of the Berger theorem which demands smoothness of a potential energy [13].
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