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SOME APPROXIMATION PROPERTIES
OF SZASZ -MIRAKYAN - BERNSTEIN OPERATORS
OF CHLODOVSKY-TYPE

JIESIKI AITPOKCUMAIIIAHI BTIACTUBOCTI OIIEPATOPIB
CACA - MIPAKSIHA - BEPHIITEMHA TUITY XJOJOBCHKOTI'O

The aim of this paper is to motivate a new sequence of positive linear operators by means of Chlodovsky-type Szasz-—
Mirakyan - Bernstein operators and to investigate some approximation properties of these operators in the space of conti-
nuous functions defined on the right semiaxis. We also find the order of this approximation by using the modulus of
continuity and give the Voronovskaya-type theorem.

Mertoro naHOI cTarTi € OOIpyHTYBaHHSI HOBOI ITOCJIiJOBHOCTI JOJAaTHUX JIIHIHHUX ONEpaTopiB 3a JOMOMOIOI0 OIepaTopiB
Caca—MipaxksiHa — bepHiTeiiHa THiry XJ100BCBKOTO Ta AOCHIIPKCHHS ISSKUX aPOKCUMALITHAX BIACTHBOCTEH IUX omepa-
TOpiB y MPOCTOPI HeNepepBHUX (QYHKILIN, 3a1aHNX Ha MpaBiid miBoci. KpiM Toro, BCTAaHOBIECHO MOPAAOK TaKUX HaONMKEHb
3a JIOIIOMOT'OI0 MOJYJISl HEEPEPBHOCTI Ta HABEJICHO TEOpeMy THUITy BopoHOBCHKOI.

1. Introduction. Let N denotes the set of natural numbers and let Ng = NU{0}. Let f be real-valued
function defined on the closed interval [0, 1]. The nth Bernstein operator of f, B, (f) is defined as

(i)=Y (), e wen
k=0

where

n

Dnk(x) = <k:> (1 —z)" ", 0<Ek<n. (1)

The Bernstein polynomials B, (f) was introduced to prove the Weierstrass approximation theorem by
S. N. Bernstein [1] in 1912. They have been studied intensively and their connection with different
branches of analysis, such as convex and numerical analysis, total positivity and the theory of mono-
tone operators have been investigated. Basic facts on Bernstein polynomials and their generalizations
can be found in [2, 7-9] and references therein.

In 1937, 1. Chlodovsky [3] introduced a generalization of the Bernstein polynomials for un-
bounded intervals. This generalization is named as the Bernstein—Chlodovsky polynomials in the
literature and have the following form:

n
x k
Cn (fi2) = kz_opn,k (b) f <nb> z €[0,bnl, €Ny, @)
where py, ), is defined in (1) and (b,) is a increasing sequence of positive real numbers such that
limy, 00 by, = 00, limy, 500 by /1 = 0. If we take the case b, = 1, n € Ny, these polynomials become
the classical Bernstein polynomials. The approximation properties of the Bernstein—Chlodovsky
polynomials can be found in [2, 3, 5, 6].
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For the function f which is continuous on [0, c0), the Szasz—Mirakyan operators which are
introduced by G. M. Mirakyan [10] in 1941 and then, are investigated by J. Favard [11] and O. Szasz
[4], are defined as

n

Sulfin) = 3 aun@ (). weloc) men,
m=0

where

—na (n)™

, m € Ny. 3)

qnam(x) =e€ m'

Let I is a fixed interval (bounded or not) in R and p,, be a sequence of density functions on the
interval I, that is, the functions pu,,, have the following properties:

(i) pm nonnegative for all x € I and m € Ny,

(i) Z:io fim(z) =1 forall z € I.

Let (L, ) be a sequence of positive linear operators defined on the set of the continuous functions
on the interval I, say C'(I). Now we defined the new operators £,, on C(I) by

Lo(f;) = pm(ne)Ly(f; ), rel, meNy, neN, ©)
m=0

where i, are density functions on I and ¢ := ¢(n, m) = ay [, where (a;,) is a nondecreasing and
(Bm) is a strictly increasing natural sequence. It is easy to check that the operators (L£,,) are positive
and linear on C(I).

Taking 3,, = m + 1, iy = @n,m and L, = C,, where C,, and g, defined in (2) and (3)
respectively, we can rewrite (4) as

i S () () ()T ()

m=1 k=0

The operators F,, defined in (5) is called the Szasz—Mirakyan— Bernstein operators of Chlodovsky-
type (SMBC). In this study, we investigate some approximation properties of these operators and find
Voronovskya-type theorem and the order of this approximation by using modulus of continuity.

2. Notations and auxiliary facts. Let ] = [0,00), and let C(I) be the space of real-valued
continuous function on I equipped with the uniform norm:

[fllr:= sup{[f(z)|: = € I}

and C"(I),r € Ny, be the set all r-times continuously differentiable functions f € C'(I).
For the real-valued function f defined on I and 6 > 0, the modulus of continuity w(f,d) of f
with argument ¢ is defined by

w(f,0) :=sup{|f(x+h) — f(z)|: x,x +h € I,|h] <}

For M > 0 and 0 < p < 1, the class of the function C(/) satisfying the relation w(f, ) < MJ§*
for all § > 0, is called Lipschitz class and denoted by Lip,; p.

Let e,, 7 € Ny, denote the test functions defined by e,(z) = 2" and z, denote the functions
defined by z,(t) = (¢t — x)" for the fixed real numbers x. By the simple calculations we have the
following lemma.
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Lemma 2.1. For all z € [0,b,], n € N, we have

(b, —x)(1 — ™)

En(e(J;fE) = 1a En(el;l') =T, En(GQ;:E) = :E2 +
noy,

and for the central moments, we have

by — z)(1 — e~
o) =1, Buea)=0,  By(esa)= 202

E,(x3;x) =

E,(zg;x) =

(bp — x)(62% — 6byz +12) o= e " (nz)™  3x(b, — )2 i e " (nx)™

nad m2m! na?
m=1 m=

By using Lemma 2.1, we have the following estimation for E,,(x4) at the point = € (0, by]:

b \2
En(l‘4;l‘) < Cn($)< - ) ’ (6)
now,
where lim,,_,~ ¢, (x) = 6.

3. Convergence of sequence of the operators F,,. In this section, we assume that f is a function
defined on the semiaxis [0, co). The aim of this section is to preserve the relation

lm E,(fi) = f(z).  z€0.00),

for the reasonably general classes of functions.
Theorem 3.1. If'b,, = o(n), and the function f is bounded on the semiaxis [0, 00), then

lim E,(f;z) = f(x) 7

n—oo

holds at any continuity point x of the function f.

Proof. Let e > 0 and let x € [0,00) be a continuity point of the function f, then there exist a
d > 0 such that | f(t) — f(z)| < € holds for all ¢ € [0, c0) satisfying the inequality |t — | < ¢. Since
the relation (7) is clear for x = 0, we assume that x > 0. Let N € N such that by > x so that for all
n > N, b, > x. For n > N, by using Lemma 2.1 we have

CUERCED SPSIC) e (3 11 S BV E

m=1

<

+

< Tni;lQn,ml($) Z Pk (;) ‘f <:LZZ;> — f(z)

kb
Ko <

vt £ s ({) () ]

kbn —x‘>(5
mam =
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Since f is bounded on [0, co) there is a number M > 0 such that |f(¢)| < M, for all ¢ € [0, c0).
Therefore, putting t = b, and using Lemma 2.1 and the inequality (7) in [2, p. 6], we obtain

’Eﬂ(ﬁx) - f(xﬂ < eEn(eo; l’) +2M Z Qn,m—1($) Z Pay,m,k <lj;> =

m=1 kby, _z)>5

7ntbn ntb ) —1
=e+2M Z — )1 Z Panm,k(t) <

’anm_ b,

t(1—1) = e ™n(nth,)" !
o (6bn )2 = (m-1)m

<e+2M

(b, — ) _
< IMT (] — ) <
€t Ny, 02 (I—e™™) <
2Mb,,

<e+
- 0%nao,

since b, = o(n), we get the desired assertion.

The Theorem 3.1 also remains true for unbounded functions which do not grow too rapidly for
x — 00. Let M (bn) = || fl{0,5,,]- We will use the following lemma due to Albrycht and Radecki [12]
for the proof of the following theorem.

Lemma 3.1 [12]. For 0 < § < x < b, and sufficiently large n, we have

Z xr < 2ex _62n
Prk\ 3 ) =P\ ", )

Theorem 3.2. Let x € (0,00) be a continuity point of the function f. If b, = o(n) and

2oy 2an
lim M(bn)e‘M‘m(l‘e"p (-%2)) = 0, (8)

n—oo

then (7) holds.
Proof. Using the inequality in the proof of Theorem 3.1 with M (b,) instead of M and the
Lemma 3.1, we have

(Bn(fi2) = f@)] < €52M(ba) 3 dama(@) D Payma <bx>:
m=1 "

ﬂ—r‘>5
maon

e~ m 1 _égman
=c+4M(b Z — ¢ b, =

m=1

a
I 2an,

— €+4M(bn)€—nx6nm67 4zby, 6_ 4xb, —
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— e+ 4M(bn)e—f;%:—””C(l—eXp (—iiczfz )

Remark 3.1. 1f we assume «,, = O(1) in Theorem 3.2, then the condition (8) is equal to the
condition
. 2 02
Jim M(bp)e "o,y =
which is the same with the condition for Bernstein operators of Chlodovsky-type [3].
Remark 3.2. If we assume «,, = o(by,), the condition

o 52
lim M(b)e B,y =
and if o, = O(by,), the condition
52
Jim M(ba)e", =

is equal to the condition (8).

In view of the remarks, we conclude the following: Under the condition cv,, = O(b))), A > 0, for
increasing values of A, the relation (7) is satisfied by larger class of functions.

4. Voronovskya-type theorem.

Theorem 4.1. Let [ be defined on (0,00) and satisfies the growth condition

o, 52ay
lim M(bn)nba" e 4zbn —na(1—exp (- zbn, ) =0, §>0, ze(0,00). )

n—oo n

Then we have
noy, 1

[En(f;2) = f(2)] = 5 f"(2) (10)

2
at each point x > 0 for which f"(x) exists.
Proof. Let x < b, and f has the second derivative at x. Then, by Taylor’s formula, we have
[ ()

F0) = F(@) + (t = 2)f @)+ (= ) |22 4 (e — ) ()

lim
n—oo by,

where h () tends to zero with . Applying E,, to the formula (11), by Lemma 2.1, we obtain
(b — z)(1 — ™)

nay,

Balfi2) = () + 3" (2) + Ry(a),

where

[e) anpm T kb 2 b
P n n
Rn($) = Z QH,mfl(x) Z Pman k <bn> <mOén — $> h <man — CL')
m=1 k=0
To complete the proof, we have to prove that

naw,

lim
n—oo

R, (z)=0.

n

For any € > 0 there exists a ¢ > 0 such that |h(£)| < € for |{] < J, and we choose ¢ so small that
d < x. Let us split the second sum in R, (z) into two parts as follows:
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Rn(x) = Z Qn,mfl(l‘) Z + Z Pmay, kX
m=1

(o) =) # ()
X | — —z| h -z | =
by, /) \ may, mao,

= Rn71($) + Rn,Q(x)'

For the sum R,, ;(z), we have by Lemma 2.1

n by, — 1 — e %
ﬂRn,l(ac) < e( z)( ) < €.

n bn

n

Let us now estimate R, o(x). If we write ¢ = in (11), we get

mao,

kb, 2/ kb,
(=) (s %) =
maoy, maoy,

() (- (o) 2

and hence

R €Y @) X o (50 |1 (o) = s+

- kb,
PO S @) X pnt (i) [ a4
m=1 n n

kbp

man 7‘(”‘26
(7)) &= T kb 2
+| ( )| qum—l(x) Z Pman,k | 7 = — =
2 b, mao,
m=1 LN
maon -
=: X1 + X + Xs.

By the Lemma 3.1, we obtain

8ay,

£y < aM(be oo (5

thus

2 2
DO s < AM (b)) 2™ Te—na(1-exp (- 32))

by, - by,
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If we consider the Cauchy —Schwartz inequality, the inequality (6) and Lemma 3.1 for the second
sum X5, we have

1/2
T
22 < |f Z dn,m— 1 Z Pman k (b) X
n
éi’;”n ~a[2
1/2
© 2
T kb,
_ — — <
X Z dn,m 1(1') Z Pman, ,k <bn><mozn :L'> <
m=1 Kb —x|>6
mao —_
52 2an,

< V3 ()]e b (e (S52)) o

1/2
s 4
_ T kb
A1t 3 (2 ) s
m=1 kb, x‘>5 n mam
mao —

%0y nz 2an
< VB @) Venla) e s 0o (i),

thus

2047L
"bo‘”zz<\ﬂf D5 oo w5 (e (F5532))

By the similar arguments, we obtain the estimate
// 2o
nanz < |f |\/>,/ be (1 exp( 4x%n)).

by,

Therefore, we have
nao
lim —2%; =0, i=1,2, 3,
n—oo by,
under the condition (9).

Corollary 4.1. If the function f is bounded on the semiaxis |0, 00), then (10) holds at each point

x > 0 for which f"(z) exists.
5. Rates of convergence.
Theorem 5.1. If f is uniformly continuous on the semiaxis (0,00), then

1 En(f) = fllopn) < 2w (f; b )

noy,

Proof. Let x € (0,b,]. Since

Ealf:) Z < (na) fpm (2 (2) - s
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then we have

o0

—n:c m 1 @nM
| (f $ S Z Z pman, () w (fa

——x| .
maoy,

Taking into account that w(f;AJ) < (A + 1)w(f;J) and using Cauchy — Schwartz inequality, for
0 > 0 we obtain

Bulfia) = F0 <7365 30 SIS () [ 2 a1 <

—1)!
§ = (m 1)! — ma,

) {VEGma +1f =

1 [(by —2)(1 —e )

w(f;0) 5 e +1, <
1 b
w(f;9) 5 noﬁ +1

b
Choosing § = 4/ ——, we have the inequality
noy,

Bulfix) — f(2)] < 20 [ 5] -2

noy,

which is also trivial for z = 0.
Theorem 5.1 is proved.
Corollary 5.1. Let f € C(0,00). If f € Lip,; p, then

by ©/2
1Ea(f) — fHObn]<2M( ) |

naw,
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