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ON THE DIRICHLET KERNELS WITH RESPECT
TO SOME SPECIAL REPRESENTATIVE PRODUCT SYSTEMS *

ITPO AAPA AIPIXVIE BIJHOCHO JEAKHUX CIIEHNIAJIBHUX
PEINNPEZEHTATUBHUX CUCTEM JOBYTKIB

The Fourier analysis uses the calculations with kernel functions from the beginning. The maximal values of the nth
Dirichlet kernels divided by n for the Walsh — Paley, for the “classical” Vilenkin, and some other systems are 1. In the paper
we deal with some more general systems and, from the results, we develop methods aimed at assigning the properties of

. o .. D .
specific systems. In these cases, the situation with —~ can be different.
n
Ananiz @yp’e BUKOPHCTOBY€E PO3PAXYHKH 3 sACPHUMH (QYHKIISIMU 3 CaMOTO MoYaTKy. MakcuMaibHI 3HA4eHHS M-X saep

Jipixie, noaiIeHUX Ha n, s cucteM Younmra—[leim, ,,kacHIanX” cHCTeM BileHKiHA Ta AKX IHITUX CHCTEM JIOpPiB-
HIOIOTH 1. M po3misgaemMo OLTbLI 3arajibHi CHCTEMH 1, BUKOPUCTOBYIOUYH PE3yNbTaTH, 10 OTPUMaHi, pO3poOJIsieMO METOIM,

OpU3HAYCHI JJIsi BUSHAYCHHS BJIACTUBOCTEH KOHKPETHHX CHCTEM. Y IIMX BHUIMAIKaX CHUTYallis 3 BiTHOIICHHIM = Mmoxe
n

OyTH IHILOIO.

1. Introduction. Let m := (mg, m1,...) be a sequence of positive integers not less than 2. Denote
N by the set of nonnegative integers and P by the set of positive ones. Denote by G, a finite group
(not necessarily Abelian) with order my, k € N. Define the measure on Gy, as follows:

) 1 .
Nk({]}) =—, j€GE keN.

mg

Let G be the complete direct product of the sets G, with the product of the topologies and measures
(denoted by p). This product measure is a regular Borel one on G with p(G) = 1. If the sequence
m is bounded, then G compact totally disconnected group is called a bounded group, otherwise it is
an unbounded one. The elements of G can be represented by sequences z := (zg, z1, ... ). It is easy
to give a neighbourhood base of G :

Iy(z) =G,

I(z) :={y € Glyo=20,. .., Yn-1 = Tn_1}

for x € G, n € P. Define the well-known generalized number system in the usual way. If My := 1,
My 1 = mip My, k € N, then every n € N can be uniquely expressed as n = Zoi n;M;, where
0 < nj <mj, j €N, and only a finite number of n;’s differ from zero. Let |n| := max{k € N :
ng # 0} (that is, Mjy < n < Miyjy) if n € P, and [0] = 0. Let n® := 3™ n;M;;.

Denote by X; the dual object of the group G, k € N. So each o € Ek]i_s a set of continuous
irreducible unitary representations of G, which are equivalent to some fixed representation U(%).
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Let d, be the dimension of its representation space and let {(1,...,(q, } be a fixed, but arbitrary
orthonormal basis in the representation space. The functions

ugg)(gj) = <UI(U)<“CJ>, Z,j & {1, . 7d0’}7 T € G,

are called the coordinate functions of U(?) and {Ci,...,Cq,} is the basis. Thus for each o € ¥}, we
get dg coordinate functions, mj number of functions for the whole dual object of G, in all.

Let {¢f: 0 < s < my} be a system of all normalized coordinate functions of the group G,. We
do not decide the order of the system ¢ now, but we suppose that go% is always the character 1. So
for every 0 < s < my, there exists a o € ¥y, 1,5 € {1,...,d,}, such that

Ph(2) = Vidul7 (), zeG.

Let ¢ be the product system of ¢}, namely

() = H o (xr), ze€G, neN.
k=0

We say that 1) is the representative product system of ¢. The Weyl — Peter’s theorem (see [3]) ensures
that the system 1 is orthonormal and complete on L?(G).
Let f: G — C an integrable function. Let us define the Fourier coefficients and partial sums by

k=0

n—1
fim [ KEN, Sufi=Y fan neP
G
We define the Dirichlet kernels in this way

n—1
Dy (y, x) ZZW(?J)%@(%’% nelP, Dy:=0.
k=0

We notice that in most of restricted systems (denoted by ) now) Dirichlet kernel functions depend
only on one element of the domain. The “one way” connection between the two conceptions is
Dn(y,x) = Dy(y — x).

It is easy to see that

Suf(x) = / F(4)Da (. 9)dp(y).
G

This shows the importance of the Dirichlet kernels in the study of the convergence of Fourier series.
For more on representative product systems see, e.g., [2].

The representative product systems are generalizations of the known Walsh —Paley and Vilenkin
systems. Indeed, we obtain the Vilenkin systems (which are generalizations of the Walsh—Paley
system) if the sequence m is an arbitrary sequence of integers greater than 1 and G = Z,,, , the
cyclic group of order m; for all £ € N. The characters of Z,,
functions:

., are the generalized Rademacher

i (z) = exp(2misz/my), s€{0,....,mp—1}, z€G, *=-1.
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Finally, let us define the maximal value sequence of Dirichlet kernels in the following way
D,, := sup |Dy(y,x)|, neN.
z,yeG
In the cases of the original (commutative) Vilenkin systems (and Walsh—Paley system) n = D,
holds for every n € N, because of n = D,,(0) > |D,,(z)| for all z € G and n € N in those systems.
In the case of general representative product systems the situation can be different.

2. Auxiliary results.
Lemma 1 [2]. Letx,y € G, n € N. Then

My, if y e In(z),

0 if y¢&Iu(x).

Lemma 2 [2]. Let x,y € G, n € N. Then

'r'Lq',—l

Du(y,2) = Dar(v,2) | D @l )@L (1) | i (1) i) ()
i=0 Jj=0

The next result helps us in the counting of the Dirichlet kernels.
Lemma 3 [4]. Let n € N. Then

D,, = sup Dy(z, ).
zelG

Lemma 4 [1]. Let n € P. Then

The study of quotients —~ is important in order to estimate the Dirichlet kernels. As it was

mentioned these quotients equal 1 in the commutative cases, but they can be unbounded if the
dimensions of the representations appeared in the finite groups are also unbounded (for more see [4]).

On the other hand the order of the systems plays an important role in the value of the quotient —-.
n

The statement of the following lemma is necessary to the proof of one of my new result.

Lemma 5 [1]. Sequence D,, is monotonically increasing.

3. Results on special systems. If the system is based on the product of same groups, and the
generalized Rademacher functions are also the same on them, we get an interesting property of the
Dirichlet kernel functions.

Lemma 6. Let x € I),,|(y)\I|n|+1(y), where x,y € G, n € N and let Z := (21, 22, .. .) for any
z€ G. If my =pand ¢ (x) = ¢*(x) forall x € G, k €N, s € {0,...,p— 1}, where2 <pec N
is fixed, then

Dpn(y, .T) = pDn(Zj, "f)

Proof. From Lemmas 1 and 2 we obtain, that if = € I,,|(y)\/j+-1(y), where z,y € G and

n € N, then
n| n;—1

Day,e) =S M [ 3 @@ (@) | Yoirn @)ty @)
i=0 =0
holds.

ISSN 1027-3190.  Yxp. mam. oucyph., 2014, m. 66, Ne 11



ON THE DIRICHLET KERNELS WITH RESPECT TO SOME SPECIAL REPRESENTATIVE PRODUCT SYSTEMS 1581

In this way, because of |pn| = |n| + 1 and (pn); = n;—1 we get

[pn| (pn)i—

Dpn(y, x ZM Z @ ()@ (1) | om0 )Py i () =
Jj=

|n|+1 n;_1—1
= > M| Y )P (@) | Yipmyern @)y (@) = (5).
im =0

If |(pn) V)| = 0 then |n(?| = 0. Otherwise |(pn) Y| = |pn|. Let k= := k — 1. Using (pn)+1 =
= pn and z;, = %,- it is easy to see that

lpn| n|+1

Yy (2) = H ‘P((pn)(hq) H ¥ b 2k) =
k=0
[n|+1 » [n| ©
= [T & = IT & i) = 0 ().
k—=0
So
|n| - -
(x) = -41 90] Wi-+)P (@i 41) | Ym0 (D) -0y () =
i 70 Jj=
In| B
=D Z M;- Z (P] (Zi-) ¢n(r+1)(37)¢n<r+1)(f) =pDn (9, 7).
i~ =0 Jj=

Lemma 6 is proved.
Corollary 1. If my, = p and @j(x) = ¢°(x) forall x € G, k € N, s € {0,...,p — 1}, where
2 < p € N is fixed, then
Dpn = pDn

holds.

Proof. Considering the definition of D,,, it is an obvious consequence of Lemmas 6 and 3.

This Corollary 1 can account for the fractal-like, self-similar structure of the graph of D,, in the
case of any regular order of the system for S3 (see, e.g., Fig. 1 or [4]) and in the case of other systems,
as for Q9 or for U,. For more see [4].

On the other hand, Corollary 1 could help us counting preciser estimates to expressions containing

. . D C . .
D,,. For example Lemma 4 gives us a rough upper estimate as — < p in this special case, but using

n
Corollary 1 we can verify the next theorem, which is a good tool to get a better estimation.
Theorem 1. If my, = p and ¢} (x) = ¢*(z) forall x € G, k € N, s € {0,...,p — 1}, where
2 < p € N is fixed, then
— < e-Lp" max —
n ke{pr—1+1,..p7} k
for all r,n € P.
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Fig. 1. D, on the complete product of Ss.

Proof. If n < p, then the proof is trivial. Otherwise let us define sequences n[k] and {[£] in the
following way. Let n[0] := n and n[k] := p(n[k + 1] — 1) + {[k], where [[k] € {0,...,p — 1} and
n[k] € {p"=* - 1,... p"I*1=*}, Using Corollary 1 and Lemma 5 we have

Do) Dpwfen-n+is) o Dpnlivr) - D)
n[j]  pj+1—-1)+1[] ~p[j+1]—-1) n[j+1]—1
_ Dujjryy nfj +1] < Dy . 1
nj+1nlj+1]—-1" n[j+1] plnl=i-1 )~
From this inequality we obtain
In|—r 00

D, Dy, 1 Dy, 1
— < a. 5 1+— ) < a. —_— 14+ —- ,
n ke{p”zrll%»}l{,...,p’"} k jl_‘[) < p|”|J1> ke{przrll+}1<,,,,7p7”} k H) < prl+z>

and from the arithmetic-geometric mean inequality

n

n 1
() o[ ]

r—1+41
=0 p

>
. i=0 pr—1+i 1

n

Theorem 1 is proved.
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Table 1. A possible system for S

e (12)  (13)  (23) (123) (132
o |1 1 1 1 1 1
3|1 -1 -1 -1 1 1
V6 V6 V6 V6
o0 Sy Ty
V6 V6 V6 V6
L L e N e

1
Since lim, o e®~1P"™" = 1, Theorem 1 give us a relative error easily. In this way we can

. n .
approximate sup,,cp s arbitrary.

Now let us investigate a concrete system. Namely, let us see the complete product of S3, which is
the symmetric group on 3 elements. It means that my; = 6 holds for all £ € N. 53 has two characters
and a 2-dimensional representation. The values of the system ¢ obtained from the 2-dimensional
representation depend on the chosen basis. Table 1 contains the values of a possible system ¢ (for
details see [4]). You can see a part of D,, sequence from this system in Fig. 1.

Corollary 2. Let the system be the described one in Table 1 for Ss. In this case

D
— <2.04
n

foralln € P.

Proof. With some manual counting we verified that

Dp Ds 5

kelret k33

In this situation this estimate is definitely better than the 6, what we got from Lemma 4. Enlarging
value of » we can obtain even better upper estimates.
Corollary 3. Let the system be the described one in Table 1 for Ss. In this case

D,
1.92303 < sup — < 1.92309.
nep N
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63 6*

Fig. 2. 1 < % < 1.92309 on the complete product of Ss.

Proof. With similar method and using a computer program to the mechanical counting it is easy

_1 38880
38880 1.92
and e 50218 < 1.92309 (see

to show that the exact upper limit is between 1.92303 <
Fig.2).
Of course we can use this method to estimate for other systems, too.

20218

D
In the end, maximizing —k (with the help of a computer program) on the set {6"~! +1,...,6"},
5 30 180 1080 6480 38880
37167 94° 1562 33707 20218’
. r—

formula for this finite sequence, it is B where by = 3 and b, = 6b,_1 — 2. If this idea also

where r € {1,...,6} we get respectively. It is easy to find a

worked for the following members of the gequence, we would find the exact upper limit easily.
Conjecture. Let the system be the described one in Table 1 for Ss. In this case
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