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I'PYBICTh EKCIIOHEHIIAJIbHUX JJMXOTOMIN KPAMOBHX 3AJAY
JJIAA BATAJIBHUX I'NITEPBOJITYHUX CUCTEM ITHEPIIOI'O MOPAAKY

We examine the robustness of exponential dichotomies of boundary-value problems for general linear first-order one-
dimensional hyperbolic systems. It is assumed that the boundary conditions guarantee an increase in the smoothness of
solutions in a finite time interval, which includes reflection boundary conditions. We show that the dichotomy survives in
the space of continuous functions under small perturbations of all coefficients in the differential equations.

BuBuaetbcst Tpy0icTh €KCIOHEHIIANBHOT AUXOTOMIT ISl KpalHoBHX 3aad Ul 3aTJIbHUX JIIHIHHHUX TinepOoJIiYHUX CHCTEM
nepiroro nopsaxy. [lpumyckaerses, mo KpaioBi yMOBH 3a0€3M1€UyOTh MiABHIICHHS IIaJKOCTiI PO3B’S3KiB 32 CKIHYEHHHH
MIPOMIXOK Yacy, 110 J03BOJISIE TAKOXK PO3MIIAAATH YMOBHU BiIOUTTS Bia Mexi 06acTi. [TokazaHo, 1110 JUXOTOMIs 30epiraeThes
y TmpocTopi HemepepBHUX (QYHKIIIH npu Manux 30ypeHHIX BCiX KoedilieHTiB qudepeHmiaabHuX piBHIHb.

1. Introduction and main results. The concept of exponential dichotomy plays a crucial role in
various aspects of the perturbation and the stability theory [3, 4, 17—19]. An important problem
here is robustness of the exponential dichotomy of a system, i.e., its stability with respect to small
perturbations in the system. This problem is extensively studied in the literature, e.g., in [6, 13, 14, 20]
for finite-dimensional case and in [2, 7, 15] for infinite-dimensional case. It should be noted that the
hyperbolic case (see, e.g., [16]) seems more complicated here in comparison to ODEs and parabolic
PDEs, mostly due to worse regularity properties of hyperbolic operators.

We address the issue of stability of exponential dichotomies for general linear one-dimensional
first-order hyperbolic systems

(at +a(z,t,e)0; + b(x,t, 5))u =0, z€(0,1), (1.1)

subjected to (nonlocal) boundary conditions

n

wi(0,8) = > pi(®)un(0,6) + Y pi(t)ur(l,t), 1<j<m,

k=m+1 k=1
(1.2)
m n
ui(1L,) =) qie®ur(0,6) + > qie(t)ur(l,t), m<j<n.
k=1 k=m+1
Here u = (uy,...,uy) is a vector of real-valued functions, a = diag(ay,...,a,) and b = {bjk}?kzl

are matrices of real-valued functions, and 0 < m < n are fixed integers.
Set
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ROBUSTNESS OF EXPONENTIAL DICHOTOMIES OF BOUNDARY-VALUE PROBLEMS ... 237

I={(z,t):0<z <1, —00<t< o0}

Assume that there exists g9 > 0 such that for all € € [0, ¢o] and all (z,¢) € II the following conditions
are fulfilled:

aj, bjk, Pjk, qjx are continuously differentiable in =z, ¢, ¢ forall j,k <mn, (1.3)
aj >0 forall j<m and a; <0 forall j>m, (1.4)
in{ laj| >0 forall j <n, (1.5)
x7
sup {|a;|,|0za;l, |0wajl,|0-aj]} < oo forall j <mn, (1.6)
x,t
su%){]pjk], @ik, |0k, |0bjk|, |Objr|} < 0o forall j,k <n, (1.7)
x7

forall 1<j#k<n thereexist Bk, vjx € CT([0,1] xR x [0,&0))
such that  b;(x,t,0) = Bji(x,t,€) (ax(z,t,€) — aj(x,t,0)) (1.8)

and bjk($7t7€) = ’ij(ifat,f) (ak($7t7€) - aj((L',t,E)),
and

sup {10:8kl, 10:Bjkl, 10275k, |0vji|} < oo forall j # k. (1.9)

Given s € R, set
I = {(z,1): 0<z<1,s<t<oo}.
We subject the system (1.1), (1.2) by the initial conditions at time ¢ = s:
u(z,s) = p(z), = e€]0,1], (1.10)

and consider the initial boundary-value problem (1.1), (1.2), (1.10) in Il for arbitrarily fixed s € R.
Now we intend to switch to a weak formulation of the latter using integration along characteristic
curves: For given j < n, z € [0,1], ¢t € R, and ¢ € [0,&¢] the j-th characteristic of (1.1) passing
through the point (z,¢) € IL, is defined as the solution & € [0,1] — w;(&;x,t,e) € R of the initial
value problem

1
aj(&wj(&m,t,e),e)’

afwj(€5x7t75): wj($;xat>5) =1. (1.11)

Write
£

b ' .
Cj(g’x7t7€) = eXp/ (CL]J> (nij(m%taf)a@ dnv dj(é,l‘,t,&) = C](£’$’ 76)

aj(g,wj(g;a;at’g)’g)'

J
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238 1. YA. KMIT, L. RECKE, V. 1. TKACHENKO

Due to (1.5), the characteristic curve 7 = w;(&; x, ¢, ) reaches the boundary of I, in two points with
distinct ordinates. Let zj(x,t,¢) denote the abscissa of that point whose ordinate is smaller. Let us
introduce linear bounded operators R: C' (ﬁs)n — C ([s,00))" and B®: C (ﬁs)n — C (ﬁs)n and
an affine bounded operator S: C' (ﬁs)n — C (ﬁs)n by

n

(Rw);(t) = > pis(®)un(0,8) + > pi(tyur(1,t), 1<j<m,

k=m-+1 k=1
(1.12)
(Ru);(t) = Y a(un(0,t) + Y a(tyur(l,t), m<j<n,
k=1 k=m+1
(Beu)](xut) = Cj(ﬁj(l‘,t,{f),l‘,t,E)Uj (ij(Jf,t,é"),Wj(ﬁj(fE,t,é");l‘,t,5)) ) (1.13)

and

(Ru);(t) if t>s,
(Su)j(z,t) = . (1.14)
©j(x) if t=s.

By abuse of notation, we did not indicate the dependence of the above operators on s; in fact, in the
consideration below the value of s € R will be arbitrarily fixed.

Straightforward calculations show that a C''-map u: [0, 1] x [0, 00) — R™ is a solution to (1.1),
(1.2), (1.10) if and only if it satisfies the following system of integral equations:

uj(z,t) = (B*Su);(x,t)—

xT

- / dj(£,$,t,€)Zbjk(f,(dj(g;l',t,éf),&?)ﬂk(g,w]'(f;ZL’,t,E))d&, .] <n. (115)

Tj (I,t,&) k#j

Now, the notion of weak (continuous) solution in IT, can be naturally defined as follows.

Definition 1.1. A continuous function wu is called a continuous solution to (1.1), (1.2), (1.10)
in 1L, if it satisfies (1.15).

For given ¢ > 0, denote by U®(¢,s): C([0,1])" — C([0,1])" the evolution operator of the
system (1.1), (1.2) whose existence is given by Theorem 2.1, i.e., a bounded operator mapping the
values of solutions at time s into their values at time ¢ and satisfying the properties U¢(s, s) = I and
Ue(t,s)Us(s,7) = US(t,7) forall t > s > 7.

We examine robustness of exponential dichotomies for a range of boundary operators ensuring
that smoothness of solutions increases in finite time. With this aim we will assume that the sys-
tem (1.1), (1.2) has a smoothing property studied in [9, 10].

Definition 1.2. Let ¢ > 0. The evolution operator U¢(t, s) to the problem (1.1), (1.2) is called
smoothing if, for every s € R, there exists t > s such that U¢(t,s)p € C'([0,1])" for every
p e C([0,1])".

In the following definition the range of an operator P will be denoted by Im P.
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ROBUSTNESS OF EXPONENTIAL DICHOTOMIES OF BOUNDARY-VALUE PROBLEMS ... 239

Definition 1.3. Let e > 0. We say that the system (1.1), (1.2) has an exponential dichotomy on
R with exponent 3 > 0 and bound M if there exist projections P*(t), t € R, such that
(i) U=(t,s)P¢(s) = PE(t)U%(t,s), t > s;
(i) U*(t, 8)|tm(pe(s)) for t > s is an isomorphism on Im(P*(s)), then U*(s,t) is defined as an
inverse map from Im(P*(t)) to Im(P*(s));
(i) [|U=(t,s)(1 — P2(s))|| < MePt=5) t > s;
(iv) ||U=(t, s)P*(s)|| < MePt=9) t < s.
Here and below by || - || we denote the operator norm in £ (C([0, 1])").
Now we formulate our main result.
Theorem 1.1. Suppose that the system (1.1), (1.2) with ¢ = 0 has an exponential dichotomy
and the corresponding evolution operator U°(t, s) is bounded:
sup ||U(t, 8)| < o0. (1.16)
0<t—s<1
Moreover, assume that there is €y > 0 such that the following conditions are fulfilled: (1.3)—-(1.9)
and

there exists k € N such that (BER)k =0 forall e<ey. (1.17)

Then there exists € < e such that for all ¢ < €' the system (1.1), (1.2) has an exponential dichotomy.

Remark 1.1. Note that the boundary conditions (1.2) together with the property (1.17) general-
ize boundary conditions appearing in models of chemical kinetics [1, 21].

2. Basic facts. The first fact follows from the results obtained in [8, 11] and entails, in particular,
the existence of an evolution operator.

Theorem 2.1. Under the conditions (1.3)—(1.9), for given ¢ > 0, s € R, T > 0, and ¢ €
€ C([0,1))" fulfilling the zero-order compatibility conditions

0;(0) = (Rp);(s), 1<j<m,
2.1)
pj(1) = (Rp)j(s), m<j<m,

the initial boundary-value problem (1.1), (1.2), (1.10) has a unique continuous solution in 11y and
this solution satisfies the apriori estimate

lulle@an,.m = CDelleg (2.2)

with a constant C(T') > 0 depending on T, but not on s, @, and € < €.

The second fact can be readily obtained by [10] (Theorem 2.7) and the argument used in its
proof. It states the smoothing property of the evolution operator as well as the fact that the time at
which the continuous solution to (1.1), (1.2), (1.10) reaches the C'-regularity does not exceed a fix
number d, whatsoever initial time s € R.

Lemma 2.1. Under the conditions (1.3)—(1.9) and (1.17) the evolution operator is smoothing
and satisfies the following property:

there exists d >0 such that forany s €R and 1t as in Definition 1.2,
(2.3)
the inequality |t —s| < d is true for all ¢ < gy.
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240 1. YA. KMIT, L. RECKE, V. 1. TKACHENKO

The third fact is a variant of [5] (Theorem 7.6.10).
Theorem 2.2. Assume that the evolution operator U(t,s) has an exponential dichotomy on
R and satisfies (1.16). Then there exists 1 > 0 such that for all € > 0 with

|U°(t,s) — US(t,s)|| <n, whenever t—s=2d

the evolution operator U (t, s) has an exponential dichotomy on R also.
Proof. Given s € R and € > 0, set

tn, = s+ 2dn, T: =U(tg + 2d(n + 1),to + 2dn) for neZ.

If the evolution operator U°(t,s) has an exponential dichotomy, then the sequence {T,?} has a
discrete dichotomy in the sense of [5] (Definition 7.6.4).
By [5] (Theorem 7.6.7), there exists 7 > 0 such that for all € > 0 with

sup ||, — T3l <
n

{T:} has a discrete dichotomy.
Now we are in the conditions of [5, p. 229, 230], Excersise 10 (see also a more general statement
[7], Theorem 4.1), what finishes the proof.
3. Proof of Theorem 1.1. Given s € R and ¢ > 0, let us introduce linear bounded operators D*,
Fe: C (I,)" — C ()" by
x

(Daw)] (l’,t) = - / dj(£,$,t,€)ijk(ﬁ,&]j(g;l',t,5),5)1Uk(£,(dj(£;$,t,5)) dé.v

Ij(l‘,t,a) k;j

x
(et = [ datofoEant.o)ds
zj(z,t€)
Here again we dropped the dependence of D® and F*® on s, as throughout the proof s € R is
arbitrarily fixed. To simplify further notation, set

a(z,t) = a(z,t,0), b(xz,t) = b(x,t,0), cj(z,t) = ¢j(x,t,0), dj(z,t) = dj(z,t,0),
aa(x>t) = a(x,t,s), ba(xat) = b(l‘,t, 6)7 ]a'k(xvt) = ﬁjk(xatag)a

w;(&x,t) = w;(&2,t,0), zj(z,t) = zj(z,t,0), D= DY F=F"
3.1)

Fix arbitrary values s € R and ¢ < ¢p and an arbitrary initial function ¢ € C([0,1])" in
(1.10). Let u and v be the continuous solutions to the problem (1.1), (1.2), (1.10) with e = 0 and ¢,
respectively. By Lemma 2.1, the evolution operator U¢(¢, s) is smoothing with the time of smoothing
not exceeding d. This means that starting at ¢ = s 4 d the solutions v and v are continuously
differentiable and, therefore, satisfy the system (1.1) pointwise. Hence, the difference u — v fulfills
the equation
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ROBUSTNESS OF EXPONENTIAL DICHOTOMIES OF BOUNDARY-VALUE PROBLEMS ... 241

(O + a(x,t)0y + b(x, t))(u —v) = (a°(z,t) — a(x,t)) Ogv + (b°(x,t) — b(z,t)) v, (z,t) € z44,

(3.2)
and the boundary conditions
(uj—vj)(O,t):(R(u—v))j ), 1<j<m, t=>s,
(3.3)
(uj —vj)(1,t) = (R(u—v)); (t), m<j<n, t=>s,
or, the same, the operator equation
(u—v)|g = BR(u —v) 4+ D(u —v) + F ((a® — a) 0yv) + F ((b° = b) v). (3.4
A similar equation is true for v — v under the operator B R, what entails
(u—v) Moy = (BR)*(u —v) + (I + BR)D(u — v)+
+(I + BR)F ((a® —a) 0,v) + (I + BR)F ((b° —b)v).
Doing this iteration, on the k-th step we meet the property (see (1.17))
(BR)* (u—v) =0 (3.5)
and, hence, get the formula
k—1 ' k—1 ' k—1 '
(w=0)g,, = > (BR)'D(u—v) + Y (BR)'F((a" — a) 0xv) + Y _(BR)'F ((b° — b)v).
i=0 i=0 i=0
In particular,
k—1 '
(u—v)(z,s+2d) = [((BR)'D(u — v)](z, s + 2d)+
i=0
k—1 k—1

+) [(BR)'F((a® — a)9v)](z,5+2d) + Y [(BR)'F ((b° —b)v)](z,s + 2d). (3.6)
‘ :

1=

@
Il
=)

Therefore, on the account of Theorem 2.2, we are done if we show that, given n > 0, there is &’ < ¢
such that

[(w —v) (-, s+ 2d)[|c o, < nllellegon)s (3.7)

the bound being uniform in s € R, ¢ < &', and p € C ([0, 1])" . To derive (3.7), we estimate each of
the three sums in (3.6) separately.

To obtain the desired estimate for the first sum in (3.6), we first derive the formula for D(u — v)
contributing into this summand. To this end, use the operator representation for v and v, namely,

u = BSu + Du, v = B*Sv + D%v,

where the functions u and v are restricted to Il \ IIs424 and the operators B¢, S, and D° are
restricted to C (ﬁs \ H5+2d)n. Note that, as it follows from the definition, B®, S, and D* map
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242 1. YA. KMIT, L. RECKE, V. 1. TKACHENKO

C (ﬁs \ HS+2d)n into C' (ﬁs \ H5+2d)n . Thus, for the difference we have
u—v=DBS(u—-v)+(B—-B°)Sv+ D(u—wv)+ (D — D%uw, (3.8)
hence
D(u —v) = DBS(u—v)+ D (B — B®) Sv 4+ D*(u — v) + D(D — D). (3.9)
Our next objective is to rewrite the last equation with respect to the new variable
w = D(u—v). (3.10)
With this aim we substitute (3.8) into the first summand in the right-hand side of (3.9) and get

w = D(BS)*(u —v) + D(I + BS) (B — B°) Sv+ D(I + BS)w + D(I + BS)(D — D%)w.
(3.11)

Continuing in this fashion (again substituting (3.8) into the first summand in the right-hand side of
(3.11)), on the r-th step we arrive at the formula

r—1
w = D(BS)"(u—v)+ DY (BS) (B-B°)Svt+
=0
r—1 r—1
+D> (BS)'w+ DY (BS)'(D — D). (3.12)
=0 =0

Since (u — v)(-,s) = 0 on [0, 1], there exists ro € N such that (BS)™(u — v) = 0. Therefore, the
resulting equation for w restricted to I, \ II5 124 can be written as

ro—1 ro—1 ro—1
w=DY (BS)(B-B)Sv+D» (BS)(D-D)w+D> (BS)w. (3.13)
=0 =0 =0

Our goal now is to show the existence of a function a: [0, 1] — R with a(e) — 0 as € — 0 for
which we have

lwlle (@, o0 < @Elelleqor (3.14)

the estimate being uniform in s € R and ¢ € C([0,1])" satisfying the zero-order compatibility
conditions (2.1). With this aim we first show that there is a function &(¢) meeting the same properties
as a(e) such that the C (II, \H5+2d)n-norm of the first two summands in the right-hand side of
(3.13) is bounded from above by a(e)[¢|c(jo,1)»- Afterwords, we use the boundedness of the
operators B, S, D restricted to C (ﬁs \ HS+2d)n, then apply Gronwall’s inequality to (3.13), and
this way derive (3.14). To this end, observe that the integral operator D can be considered as Volterra
operator of the second kind. This follows from the fact that D can be equivalently defined by the
formula

4 n
(Dw), (z,t) = - / di(r,,1) S a5 (s 2, 1), T)wi (@5 (s 3, 1), 7) d,
tj(xvt) Z;}

ISSN 1027-3190. Ykp. mam. xcypn., 2013, m. 65, Ne 2



ROBUSTNESS OF EXPONENTIAL DICHOTOMIES OF BOUNDARY-VALUE PROBLEMS ... 243

where 7 € R — @;(7;2,t) € [0,1] is the inverse form of the j-th characteristic of (1.1) passing
through the point (z,t) € II, ¢;(x,t) is a minimum value of 7 at which the characteristic 7 =
= W;(1; x,t) reaches OIl,, and

T

dj(t,2,t) = eXp/bjj(@j(n;m,t),n) dn.
t

Thus, the estimate (3.14) will be proved as soon as we derive the upper bound a&(e)||||c(jo,1])
for the absolute value of the first two summands in (3.13). The idea behind the proof is a smoothing
property of the operators representing those summands. We prove this only for one summand in each
sum (when ¢ = 0). For all other summands we apply similar argument.

Thus, to get the desired estimate for the summand D (D — D¢)wv, it suffices to show that, given
J < n, the function (DD®v), (z,t) is continuously differentiable in ¢ and that the derivative is
bounded on Il \ II5; 24 uniformly in s € R and ¢ < ¢g. Indeed, following the techniques from [9],
fix a sequence v' € C! ()" such that

ot = v in C (T \si0q)” as 1 — oo (3.15)

We are done if we prove that 0. [(DD%Z)]. (z, t)} converges in C' (I, \ Is424) as { — oo and that

the limit function is bounded on Il \ II54 24 uniformly in s € R and £ < (. Consider the following
expression for (DDEUZ)J. (x,1):

n n z é
(o) @ =33 [ [ dutenstawisnx

k=1 i=1
k#j i#kTj (I,t) T (é:wj (£§1'7t)75)

vl (n, wi(n; &, w; (& 2, 1), €)) dndé (3.16)
with
d]k?’b(£7 n,,t, 6) = d](é.v xz, t)dk(W» 570*)](57 €, t)? g)bkl(na Wk(ﬁv Ev UJJ(&, x, t)v 5)7 5)‘

Let xj;(x,t, <) denote the x-coordinate of the point (if any) where the characteristics w;(&; x,t) and
wi(&;0,8,¢) if & < m and the characteristics w;(&;x,¢,¢) and wi(§;1,s,¢€) if & > m intersect.
Hence, ;i (x,t,€) satisfies the equation

Wj(i‘jk(l',t,?:);ﬂf,t) = (Uk(l'jk(iﬁ,t,E);O,S,g) (3.17)
if & < m, and the equation
wj(wjk(z,t,e);2,t) = Wiz (z, t,€); 1,5, €) (3.18)

if & > m. Suppose for definiteness that j < m and k > m (similar argument works for all other
J # k). Thus, if z;;(x,,¢) exists for some (x,1, ), then the integrals in (3.16) admit the decompo-
sition

ISSN 1027-3190. Yxp. mam. xcypnu., 2013, m. 65, Ne 2



244 1. YA. KMIT, L. RECKE, V. 1. TKACHENKO

i (z,t,€) £ T £
/ / dnd§ _ / / dnd§ n / / dndé,  (3.19)
xj(x,t) zp (§wj (&), zj(x,t) wp(§w;(&e,t).e zjp(z,te) 1

where the function x (&, w;(§; x,t), ) in the right-hand side satisfies the equality

wi (2 (& wi(&x,t),€); 6 wi(&x,t),e) = s. (3.20)

Now we intend to show that the derivatives 0.z (£, w;(&;2,t),€) and 0.z (x,t,€) exist. With this
aim we introduce a couple of useful formulas

T

1 @aj
zWilG; Ly T, = T — 5 y Wi\ 4, 1,€), ) 21
B (€i2.1.9) = — e ( ag ) (1,372, 1,), €)d (3.21)
13
Btaj
atw](f,x,t,s = exp (U»Wj(ﬁ§$,ta5)75)d777 (322)
13

15)
Oew;(&;2,t,€) —exp/< taj) (n,w;j(n; z,t,€),€)dnx
¢

s

Ora;
Xexp/( ; >(171,wj(771,x,t,5) ) dny dn. (3.23)

J

edj

) U:wy(nal‘tﬁ) )X

x

Then the existence of the derivatives 0.2 (&, w;(&; 2, 1), €) and 0.z, (x,t, <) follow from the equal-
ities (3.20) and (3.18), respectively. Furthermore, we derive the formulas

Ocxp (&, wi(&x,t),e) = —ap(zr(§,w; (& 2, t),€), ) Oawr (2 (&, wji (& 2, ), €); &, wji(& 2, ), €)

(3.24)
and
ag, — aj
O-jp(w,t,€) e (k. t,€),wj(xjn(x,t,e);2,t)) = Oaw(xji(x, t,€);1,5,6).  (3.25)
17k
Hence, on the account of the assumption (1.8), from the last equality we get
Ocxjp(x,t,€)bji (i, t, €),wj(zjp(x, t,e);2,t)) =
= (ﬁfkajai) (ji(x,t,e), wj(zn(x, t,€);x,t))Oswp(xji(x, t,€); 1, 5, €). (3.26)

Now, using the regularity assumption (1.3), we are able to compute the derivative

ISSN 1027-3190. Ykp. mam. xcypn., 2013, m. 65, Ne 2



ROBUSTNESS OF EXPONENTIAL DICHOTOMIES OF BOUNDARY-VALUE PROBLEMS ... 245

0. [(DD)(x.1)| =

5> / / ae[djm-(s,n,x,t,ss)bjk(s,wj(g;:c,t>>]x

k=1 i=1
k#j wék:m] It xk(f,w] f:lft

x ol (n, wi (1; €, w; (€ 2, ), €)) dndé+

+ZZ / / diki(&,m, @, t, )bk (§,w;(§; 2, 1)) <

2y k() T (Ews (G ,t).e)

Xaéwk(n; g: Wy (57 z, t)a 5)82v7lj (77, Wk(n; 57 Wy (ga €T, t)v 5)) dnd§+

+ Z Z (B]Eka]a‘i) (.’Ejk(l', t, E),Wj(.ﬁlfjk(.%', t, 5); €, t))84w](x]k(x, t, 5); 17 S, €)X

k=1 i=1
k#j itk

X / |:djki(§v777x)tag)vé(nvwk(n; f,(.dj(fﬂl),t),&)) dT/_
€:$]‘]€(Q?,t76)
zg (T (T,t,6)w;i (Tjk (T,8,6)5,t) €)

Tjk (w,t,&)

3 [ dmtewGan. bl w (&)

k=1 i=1
ki itk T5(@t)

X | dipi (€, ,x,t,svﬁ swe(n & wi(&x,t), e dé—
diwi(&mst eyl Ei&r )] o de

n n

- Z Z (B]aka]ai) (xjk(mvt>€)awj($jk($a t,€);$,t))6460j($jk($, t,E); 1, 37€)X

k=1 i=1
k#j itk

€:$jk (Z‘,t,:’:‘)

¢
< [ [t .t 2)ol o650, . (3.27)
1

where 0,g here and below denotes the derivative of g with respect to the r-th argument. Note that
x(zjk(z,t,e), wj(xp(x, t,€); 2, t),e) = 1, hence the third and the fifth summands in the right-hand
side cancel out. The first and the fourth summands converge in C ( s\ Hs+2d) as [ — oo. Our task
is therefore reduced to show the uniform convergence of all integrals in the second summand. For
this purpose we will transform the integrals as follows: Changing the order of integration and using
(1.3) and (1.8), we get (to simplify notation in the calculation below we drop the dependence of x;
on z and t)
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/ / (6,1, @ 1, €)bju(€, w01 (€ 2, 1)) Dot (1 €, i (657, £), €) X

x vl (n, wip(n; &, wj (& 3, 1), €)) dédn =

://djki(€7na$7t7€)8€wk(n;ngj(f;xat)7E)bjk(é.awj(g;w:t))x

X [((%wk) (1€, wj (& 2, 1), 8)] (00! (o (7 €, (85 1), )y =

— [ [ diteonnst, )0 oy (0.1).0) (Bpaga ) € i, ) 5

x Oswip(m; €, w; (& 2, t),€) (0evl) (m, wi(m; &, wi (& 3, 1), €))dEdn =

_ / / Ay (6,2, 1, ) (060t (m, on (1 €, 03 (5 2, ), £))dly =

= _//8665]1%(577]31:77576)@5 (nawk(nang](£7x7t)7€)) d£d17—|—

x; 7
T i -

+ [ [Gusteon ot € sl .00, 2) | dn (3.28)
Tj

Here

gjkl(ﬁv n,x, t? 8) = ]kl(§7 n,x, t: €>85wk(777 57 w](§7 x, t)v 8) X

X Dzwi (1 €, wj (& 2, 1), €) (B5pajag) (€ wj (&, t)).
Now, the desired convergence follows from (3.15) and (3.21)—(3.23). The desired boundedness of
the limit function is a consequence of the assumptions (1.6), (1.7), and (1.9).
Returning to the formula (3.13), similar argument works also for the operators contributing into

the first sum: Again, for ¢ = 0, on the account of the definition of the operators D and B¢, we have
to show that the e-derivative of

(DBgvl)j(a:, t) =

xj(x,t)

=Y [ e Ob(E wGin o Ga 1)), s (G 1). )%

k#j T
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Xvir(l'k(gawj(ga z, t)7 E),u)k(l‘k(f, wj(§7 €, t)v 5)7 £,Wj(£; x, t)’ E)dé' (329)

converges uniformly on II, \ IIs 24 and that the limit function is bounded uniformly in s € R and
e < gg. To show this, we differentiate (3.29) in ¢, use (1.8), and integrate by parts. To be more
precise, fix arbitrary j < m and k > m (similarly for all other j # k) and rewrite the k-th summand
in the right-hand side of (3.29) as (up to the sign)

zjp(x,tE)
/ dj(ga €, t)bjk(ga UJ](&, €z, t))Ck(!L’k(g, wj(gv x, t)’ 5)a 57 Wy (g, x, t)’ 5) X

xj(x,t)
vk (24 (€, wy(& 3, 1), €), 8)dE+

+ / d](§7x>t)b]k(§>w](£7xat))ck‘(lagawj(fvxvt)>€)x
zj(z,t€)
XUZ(I,LUk(l;f,Wj(f; l’,t),E))dg. (330)

Then the e-derivative of this expression equals

T

/dj(f,x,t)bjk(f,wj(f;x,t))@ack(xk(ﬁ,wj(f;x,t),e),f,wj(f;az,t),e)x

xj(x,t)
X (wp (6 wj (& @, 1), €), 5)dE+
i (2,t,€)
+ / dj({,x,t)bjk<§,wj'(f;$,t))Ck($k(§,Wj(£;.’L',t),E),f,w]‘(f;l',t),E)X
xj(x,t)

xO:x (€, w; (& 2, 1), )01 (w1 (&, wi (& 2, t), €), 8)dE+

+ / dj(§7x7t)bjk(§7wj(§;xat))ck(Lgawj(é;x7t)7€)><

Tk ("E7t)6)

X 0wy (1; &, w;(&; x, 1), E)GQ’UL(l,wk(l;é,Wj(§;$,t),€))d§. (3.31)

For the first summand the desired convergence and the uniform boundedness of the limit function is
obvious. The last two summands are equal to

zjp(z,t€)
dj(€7 z, t)bjk(éa w](€7 z, t))Ck(JIk(g, wj(§7 €, t)a 5)7 57 wj(gv xz, t)a 8) X

xj(x,t)
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X Oeap (&, wj (&, 1), €) [Be (€, w; (& 2, 1), )] Bevy(wy (€, wi(&; 1), €), 8)dé+

+ / dj(’fawvt)bjk(€7wj(§;1'7t))ck(la§7wj(£;xvt)7€)8€wk(1;£awj(é;xyt)ag)x

Tk ($7t7€)

X [Ogwr (156, 0 (&5 2, 1), €))] " Devg (1, wi (15 €, w;j (& 2, 1), 2))dE. (3.32)
Next we use the formulas (3.20), (3.21), and (3.22) and calculate

€ _ .
CLk a;

8€$k(§,Wj(f;$,t),5) = ak@k(fa%(&% l’,t),&"), S)( )(ngj(é; xat))x

ajay
X83Q)k($k(§,w](§7x,t),c€), §7w](§7 xvt)7€)7

E _ .
ak, Qj

afwk(lafvw](ga iL',t),E) = < )(§7wj(§7$7t))a3wk(17£7w](§a iL',t),E).

ajay,
Now, due to the assumptions (1.3) and (1.8), we are in a position to bring the expression (3.32) to a

desirable form

zjp(z,t,€)
d](€7 x, t)ck<xk<£7 w](gv T, t): E)v &7 w](ga T, t)v 8)85%({,%(5; €, t)? 5)X

xj(x,t)
Xak(xk(g’wj(é; x, t)? 6)? 3)83Wk($k(§,wj(§, z, t)v 5); 57 w](fa z, t)v 6) X

x (ajagB5;) (& wi(& a,))Oevy (wk (€, wy(& . 1), €), 8)dE+

+ / dj(g,.f,t)Ck(l,g,Wj(f;33',t),E)aEWk(l;g,Wj(g;Jf,t),E)X

ijk(m,t,ﬁ)

Xa?)wk(lang](gvx?t)ve) (a]akﬁjk) (gaw](éa xvt))afvgv(ka(lvgawj(ga'T7t)75))d£ =

zj(,t,€)
== [ depnt oG n.0) e+

x;(x,t)

zjk(T,t,€)

+ek(€s @, b, ) v (2r (€, wi (&5 2, 1), ), 8) o wt)
=x;(T,

- / D€, t, )b (L i (15 €,y (€5 2, 1), €))dé +

zjk(T,t,€)
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x

+é1(&, . t, 5)2}2(1, wi(1; &, wj(&2,t),€)) (3.33)

)
gzw]k (Z‘,t,&)

where
ejr(§,w,t,e) = d; (€, z, ) e (wp (€, wji (& @, 1), €), § wi (& 2, ), €)Oeap (§, wj(§5 2, ), €) X
Xag(xy(€,wi(& 2, t),€), 8)Oswp (2 (&, wj (& 2, 1), €); &, wy(& . 1), €) (ajag B5) (& wi(€;2,1)),
&jn(§ @, t,e) = dj(&, w,t)ep(1, € wj(§ 2, 1), €)Dewp (15 €, wj (& @, £), ) X

X (ajaiﬁjk) (gaw](‘fv z, t))83wk(17 §7wj(§7 xz, t)? 5)'

To finish with the first summand in (3.6) it remains, similarly to (3.28), apply the conditions (1.6),
(1.7), (1.9), (3.15), and the formulas (3.21)—(3.23).

The last two summands in (3.6) are treated by means of the assumptions (1.5), (1.6), (1.9) (entail-
ing, in particular, the uniform boundedness of the operators B and F restricted to C' (IT; \ Is24))
as well as by the smoothing apriori estimate

H”‘|c(ﬁs+d\ns+2d)” + “aacv”c(ﬁs+d\ns+2d)" < CH‘P”C([O,I])”: (3.34)

where the constant C' > 0 depends on d but not on € < gy and s € R. We are therefore reduced to
prove the estimate (3.34). To this end, we start with the operator representation of v in Il 4 \ gy 24,
namely,

v = B*Rv + Dfv.

After a number of iterations we derive the following formula suitable for our purposes:

v=S (B*R) (DEBER + (D5)2> . (3.35)

E
—_

I
o

The estimate (3.34) now readily follows from the smoothing property in x of the operators D* B* and
(Df )2 and the apriori estimate (2.2) with 2d in place of 7. Showing the smoothing property of the
operators D¢ B¢ and (D* )2 in z, we follow a similar argument as in the proof above of the smoothing
property in . We illustrate this by example of the operator (D* )2 (and similarly for D B®): We take
into account that [(DE)2 vl} (z,t) on Iy g \ 5404 is given by the formula (3.16) where by, is
replaced by b5; x;(2,1) = (J) if j < m; and z;(z,t) = 1 if j > m. Below we therefore drop the
dependence of z; on x and ¢. Changing the order of integration, we have

0, [((D7)2') ()] =

Y / / O [dss(€, 1, 3, € (6, (€, ), )] 0L (1, s £, (€ 3, , 2), 2)) i+

k=1 i=1 "
k#j izk T N
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+ZZ//djki(gﬁnaxat7€)bjk(§7wj(§;xat>6)7€)x

k=1 i=1
k#j izk T3 T

Xa3wk(777 57 wj (57 Z, t? 6)7 8)812(")] (67 Z, ta 5)821}7[; (777 Wk(777 67 w] (ga Z, t? 8)7 5))d§d77 (336)

Let us transform the second summand similarly to (3.28): For given k # j and ¢ # k we have (using
the assumptions (1.3) and (1.8))

//djkl(€7 7,2, ¢, €)bjk(§7w](§7 x,t, 8)7 €)X

< O3wi, (1 &, w; (& 2, €),€)Opw; (& 2, 1, €) D0l (m, wi (0; &, wj (& 2, t,€), &) )dédn =

= / / d]kz(€7 n,Z, L, €)a3wk(777 §7 Wi (57 x,t, 8)7 E)aij (57 x,t, 6) X

x; N
ijk(éa w](éa x,t, 5)a 5) [(afwk) (7]7 ga wj(ga x,t, 6)7 6)] B X

X (Devl) (1, wi (0 €, w; (& 2, ,€), €))dédn =

- / / djkl(é‘a n,, t? E)al‘wj (é.a x, t) E) (akaj’}’jk) (67 Wy (gv &€, ta 5)7 E) X

xjn

X (Devl) (1, wi (1 €, w; (& 2, ,€), €))dédn =

://ijl(ﬁanax?tvE)(aﬁvg)(nﬂwk(nvgaw](gaxatv‘g)?E))dgdn:

CE]"I’]

= —//8562%1(5,77;%’575)”5 (ank(%f,%(faxyt;f?)?g))dfd??‘f‘

T

+/ [iji(§7n1x7t7€)vﬁ (ank(mfawj(@iU,t,ff),ff))} dna

T
where

Czjkl(gv n,, t) = jkl(éa n,, t? 5)83;&1]‘ (57 €, t? 6) (aka]f)/jk) (57 Wy (57 €, t7 5)7 5)'

Now in (3.36) we can pass to the limit as [ — co and then to the right-hand side apply the apriori es-
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timate (2.2). Combining the resulting inequality with the formula (3.35) and the apriori estimate (2.2)
gives (3.34).
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