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GLOBAL WEAK SOLUTIONS
FOR THE WEAKLY DISSIPATIVE pu-HUNTER -SAXTON EQUATION

ITTOBAJIBHI CJIABKI PO3B’AA3KHU CJIABKOJAUCHIIATUBHOI'O
p-PIBHAHHSA XAHTEPA - CAKCTOHA

The paper deals with the global existence of weak solutions for a weakly dissipative p-Hunter —Saxton equation by using
smooth data approximate to the initial data and Helly’s theorem.

PosrsiHyTo MpobieMy ro6aabHOTo iCHYBaHHS CIA0KUX PO3B’sI3KIiB CIA0OKOANCHIIATHBHOTO (—piBHAHHS XaHTepa— CakcToHa
3a JOTIOMOTOI0 TIAJKUX JaHHX, IO € HAOMMKEHHSIM JI0 OYaTKOBHX JAaHHX, Ta TeopeMy Xei.

1. Introduction. Recently, Khesin et al. [7] derived and studied the following the p-Hunter — Saxton
(also called pu-Camassa—Holm) equation:

:U’(u)t — Utzx = —QM(U)UI + 2Ug Uz + Ulzgs,

which describes evolution of rotators in liquid crystals with external magnetic and self-interaction.
Here u(t,x) is a time-dependent function on the unit circle S = R/Z and p(u) = / udx denotes

S
its mean. The p-Hunter—Saxton equation lies mid-way between the periodic Hunter— Saxton and
Camassa—Holm equations. Moreover, the equation describes the geodesic flow on D*(S) with the
right-invariant metric given at the identity by the inner product [7]

(u,v) = p(u)p(v) + /uxvxda:.
S

The Cauchy problem of the p-Hunter — Saxton equation has been studied extensively. It has been
shown that the p-Hunter — Saxton equation is locally well-posed [7] with the initial data ug € H*(S),

s > 3 Interestingly, it has global strong solutions [7] and also blow-up solutions in finite time

3
[3, 5, 7] with a different class of initial profiles in the Sobolev spaces H*(S), s > 3 On the

other hand, it has global dissipative weak solutions in H'(S) [15]. Moreover, the y-Hunter — Saxton
equation admits both periodic one-peakon solution and the multi-peakons [7, 9].

In general, it is difficult to avoid energy dissipation mechanisms in a real world. So, it is reason-
able to study the model with energy dissipation. In [4] and [13], the authors discussed the energy
dissipative KdV equation from different aspects. Weakly dissipative Camassa—Holm equation and
weakly dissipative Degasperis—Procesi equation have been studied in [17, 19] and [2, 6, 18, 20]
respectively. Recently, Wei and Yin [16] discussed the global existence and blow-up phenomena of
the weakly dissipative periodic Hunter — Saxton equation.

In this paper, we will discuss global existence of weak solutions of the following weakly dissi-
pative p-Hunter — Saxton equation:
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GLOBAL WEAK SOLUTIONS FOR THE WEAKLY DISSIPATIVE pu-HUNTER -SAXTON EQUATION 1093
Yt + uyy + 2uzy + Ay = 0, t>0, zekR,

y = pu(u) — gy, t>0, x€eR,

(1.1)
u(0,z) = up(x), z € R,
u(t,z +1) = u(t, x), t>0, zeR,
or in the equivalent form:
p(w)r — Uiy + 2p(0) Uy — 2Ugtyy — Uz + A(p(u) — ugy) =0, t>0, zeR,
u(0,x) = up(z), xz € R, (1.2)

u(t,z +1) = u(t,x), t>0, zekR

Here the constant A is assumed to be positive and Ay = A(u(u) — uy,) is the weakly dissipative
term. The Cauchy problem (1.1) has been discussed in [10] recently. The author established the local
well-posedness, derived the precise blow-up scenario for Eq. (1.1) and proved that Eq. (1.1) has
global strong solutions and also finite time blow-up solutions. However, the existence of global weak
solutions to Eq. (1.1) has not been studied yet. The aim of this paper is to present a global existence
result of weak solutions to Eq. (1.1).

Throughout the paper, we denote by * the convolution. Let || - ||z denote the norm of Banach
space Z and let (-,-) denote the H'(S), H~1(S) duality bracket. Let M(S) be the space of Radon
measures on S with bounded total variation and M *(S) (M~ (S)) be the subset of M (S) with positive
(negative) measures. Finally, we write BV (S) for the space of functions with bounded variation, V( f)
being the total variation of f € BV (S).

Before giving the precise statement of the main result, we first introduce the definition of weak
solution to the problem (1.2).

Definition 1.1. A function u(t,x) € C(RT x S)NL>®(RT; H'(S)) is said to be an admissible
global weak solution to (1.2) if u satisfies the equations in (1.2) and z(t,-) — 29 as t — 0% in the
sense of distributions on Ry x R. Moreover,

At

p(u) = p(uo)e” and ||ug(t, ) 2(s) = € luoall2s).

The main result of this paper can be stated as follows.

Theorem 1.1. Let ug € HY(S). Assume that yo = (u(uo) — uozz) € MT(S), then the
equation (1.2) has an admissible global weak solution in the sense of Definition 1.1. Moreover,

u € L?(?C(R+; WLOO(S)) N H11()C(R+ X S)

Furthermore, y = (j1(u) — uazz(t,-)) € MT(S) for a.e. t € RY is uniformly bounded on S.

Remark 1.1. If yo = (u(uo) — uo,zz) € M~ (S), then the conclusions in Theorem 1.1 also hold
with y = ((u) — usa(t, ) € M~ (S).
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1094 J. LIU

The paper is organized as follows. In Section 2, we recall some useful lemmas and derive some
priori estimates on global strong solutions to (1.2). In Section 3, we obtain the global existence of
approximate solutions to (1.2) with smooth approximate initial data. In Section 4, we show that the

conclusions in Theorem 1.1 hold by using Helly’s theorem.
2. Preliminaries. On one hand, with y = p(u) — s, the first equation in (1.2) takes the form
of a quasi-linear evolution equation of hyperbolic type

1
Uy + Uty = —Op, A1 <2u(u)u + 2u926> — Au, 2.1
where A = p — 0?2 is an isomorphism between H* and H*~? with the inverse v = A~ 1w given
explicitly by [1, 7]

and

A7 %w(z) = —w(z) + /w(;v)da:. (2.2)
0
On the other hand, integrating both sides of the first equation in (1.2) with respect to z on S, we

obtain

%u(u) = —Au(u),

it follows that

p(u) = plug)e ™ = poe™, (2.3)

where

po = p(ug) = /uo(ac)dx.
S
Using (2.1) and (2.3), the equation (1.2) can be rewrited as

1
g+ uty = —0, A1 <2,uoe_’\tu + 2u§> — Au, t>0, zeR,

u(0.) =u(x).  weR @9
u(t,x + 1) = u(t, z), t>0, zeR.
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If we rewrite the inverse of the operator A = p — 02 in terms of a Green’s function, we find

1
(A7tm)(z) = /0 g(z — 2" Ym(z")dx' = (g m)(x). So, we get another equivalent form

1
U + Uy = —0rpg * (2;106_/\% + ui) — A, t>0, zeR,

2
u(0,x) = ug(x), xz € R, 2.5)
u(t,x + 1) = u(t, z), t>0, zeR.
where the Green’s function g(x) is given [9] by
g(z) = 1alc(:U -1+ 13 for z €S8, (2.6)

2 12

and is extended periodically to the real line. In other words,

N2 o 13
g(x—x’):(x 2:6) _|x2x|+127 z, ' €S.

In particular, p(g) = 1.
Given ug € H® with s > —, Theorem 2.2 in [10] ensures the existence of a maximal 7" > 0 and

a solution u to (1.2) such that
u = u(-,up) € C([0,T); H*(S)) N C'([0,T); H*~1(S)).
Consider now the following initial value problem:

g =u(t,q), te€l0,T),
2.7)
q(0,2) = z,z € R.

3
Lemma 2.1 [10]. Letug € H?® with s > > T > 0 be the maximal existence time. Then Eq. (2.7)

has a unique solution ¢ € C1([0,T) x R;R) and the map q(t,-) is an increasing diffeomorphism of

R with
t

q:(t,x) = exp /uw(s,q(s,x))ds >0, (t,z)el[0,T)xR.
0

Moreover, with y = p(u) — Uz, we have

y(t,q(t,2))qs = yo(z)e ™.

Lemma 2.2. Ifyo= pio—uoze € H L(S) does not change sign, then the corresponding solution
u to (2.5) of the initial value ug exists globally in time, that is uw € C'(R*, H3(S))NC'(RT, H(S)).
Moreover, the following properties hold-

(1) p(u) = poe ™, t € [0, 00),

1/2
(2) Hu$||%2(8) = 6_2>\tﬂ%7 te [07 OO)? with H1 = </ ug,xdx) ’
S
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1096 J. LIU

Ot < ol + 2o

) y(t,x), u(t, ) have the same sign with yo(x), and ||uz || oo r+xs) < |ttol,

5) lnole™ = lllzrge™ = Iw(t. i) = lutt. i)

Proof. Except for (4) and (5), all of the conclusions in Lemma 2.2 can be found in [10]. So we
only need to prove (4) and (5) here.

Firstly, Lemma 2.1 and v = g xy, g > 0 imply y(¢,z) and u(¢,x) have the same sign with
yo(z). Moreover, from the proof of Theorem 5.1 in [10], we have wu, (¢, x) > —|uo|. Now note that
given t € [0,7T), there is a £(¢) € S such that u,(t,£(t)) = 0 by the periodicity of u to xz-variable. If
yo > 0, then y > 0. For x € [£(t),&(t) + 1], we have

uy(t,z) = / Ou(t,z)dr = /(,u(u) —y)dx =
£(t) £(t)
= p(u)(x — &) — / ydo < p(u)(x —£(t)) < |pol-
£(t)

It follows that uy(t,z) < |up|. On the other hand, if yo < 0, then y < 0. Therefore, for z €
€ [£(t),&(t) + 1], we obtain

xT

a(t, 7) = / O2u(t, z)dz = / () — y)dr < a(u) (2 — (1)) — / yde =
£(t) £(t) S

= p(u)(z = £(1)) — /(H(U) = Ugg)dr = p(u)(z — £(t) = 1) < |pol-
S

It follows that u; (¢, ) < |uo|. So we have |[uz||foc(r+xs) < |pol, this completes the proof of (4).
By the first equation of (1.1), we get

/y(t,x)d:p = /yo(x)dx e M = pge M.
S S
If yo > 0, then iy > 0 and po > 0, we have

lWllzis) = / y(t, 2)dz = / yo(@)dz | e = [lgoll e = poe ™.
S S
If yo < 0, then y < 0 and pp < 0, we obtain

Iyl = — /y(tu r)dr = /(—90(33))d33 e M = lyollpig e = —poe™ ™.
s s

It follows from this two equalities that |ug|e ™ = HyOHD(S)e_’\t = |ly(t, )[lL1(s)- A similar discus-

sion implies ||y (¢, )| 1(s) = [[u(t, ) L1(s)-
Lemma 2.2 is proved.
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GLOBAL WEAK SOLUTIONS FOR THE WEAKLY DISSIPATIVE p-HUNTER -SAXTON EQUATION 1097

Lemma 2.3 [14]. Assume X C B C Y with compact imbedding X — B (X,B and Y are
Banach spaces), 1 < p < oo and (1) F' is bounded in LP(0,T; X), (2) |tnf — fllze(o,r—nyy — 0
as h — 0 uniformly for f € F. Then F is relatively compact in LP(0,T; B) (and in C(0,T; B) if
p = 00), where (1,f)(t) = f(t+ h) for h > 0, if f is defined on [0, T, then the translated function
[ is defined on [—h,T — h).

Lemma 2.4 (Helly’s theorem [12]). Let an infinite family F of function f(x) be defined on the
segment |a,b]. If all functions of the family and the total variation of all functions of the family are
bounded by a single number |f(z)| < K, \/Z(f) < K, then there exists a sequence fy(x) in the
Sfamily F which converges at every point of [a, b] to some function p(x) of finite variation.

memlﬂﬂ}LaT>Oy7geL%mJ%HWM)md%€%eL%@TﬁH*@»
then f, g are a.e. equal to a function continuous from [0,T) into L*(R) and

(181, 9(0) — (). () = / (D g(r)) ar + / (19D, 1oy ) ar

Sorall s,t €10,T).

3. Global approximate solutions. In the section, we will prove the existence of global approx-
imate solutions and give some useful estimates to the approximate solutions. Now we consider the
approximate equation of (2.5) as follows:

1
up + uul} = —0g * <2,u6‘e/\tu” + 2(ug)2> —Au”, t>0, zekR,

u"(0,2) =ug(z), xeR, (3.1

u(t,z+ 1) =u"(t,z), t>0, zeR,

where uf}(z) = ¢y, x ug € H*(S), uf = /ug(x)dm and
S

-1

On(z) = /¢(§)d§ no(nz), reR, n>1,

R

where ¢ € C°(R) is defined by

/@ =D z| < 1,

¢(z) =
0, |z| > 1.
Obviously, ([¢n[/11®) = 1. Clearly, we have
ud —ug in HY(S), as n — oo (3.2)

and
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1098 J. LIU

lugllzzs) < lluollrzs),  llugzllrzes) < lluoellrzs),
(3.3)
lug e sy < lluoll ), lugllzis) < lluollLis)
in view of Young’s inequality. Note that
i = nta) = [wi@de = [ [ ontwyunte ~ w)dude = [ [ 6utw)un(e ~ ydedy -
S S R R S
— [out) | [uote = v ) dy= [0 | [wo(eriz | dy =
R S R S
= /¢n(y)u(uo)(w —y)dy = én * p(uo) = p(uo) = po-
R
We can rewrite (3.1) as follows:
1
up +u'ul} = —0pg * <2M06_>‘tu” + 2(u2)2) —Au”, t>0, zekR,
u™(0,z) = ug(x), x € R, (3.4

u"(t,x +1) =u"(t, z), t>0, zekR
Moreover, for all n > 1, yi = p(ug) — uf ., = po — uf ., € H'(S) and
yg = M(UBL) - u(]L,mc = (rbn * M(UO) - @Z)n *UQzx = d)n * Yo = 0.

Thus, by Lemma 2.2, we obtain the corresponding solution u” € C(R*; H3(S))NCH(RT; H2(S)) to
Eq. (3.4) with initial data u{}(x) and y" = p(u™)—u?, > 0, u" = gxy™ > 0 for all (¢,z) € RT xS).
Furthermore, combining Lemma 2.2 with (3.3), we have

p(u) = pge = poe™, ¢ €[0,00), (3.5)
w72y = €M ug ol 72y < lluoxliag = pi ¢ € [0,00), (3.6)
u™(t, )l peo(s) < o] + ?HUO,I r2s) < lpol + ?HUOJHLQ(S) = |pol + 5 H (3.7
|uz | Lo mtxs) < 6] = [rol, (3.8)
lole™ = [ly™ (£, )l prs) = Ilu" (& )l ps)- (3.9)

4. Proof of Theorem 1.1. In this section, with the basic energy estimate in Section 3, we are
ready to obtain the necessary compactness of the approximate solutions u"(¢,z). Acquiring the
precompactness of approximate solutions, we prove the existence of the global weak solutions to the
equation (1.1).
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GLOBAL WEAK SOLUTIONS FOR THE WEAKLY DISSIPATIVE p-HUNTER -SAXTON EQUATION 1099

Lemma 4.1. For any fixed T > 0, there exist a subsequence {u"*(t,x)} of the sequence
{u™(t, )} and some function u(t,z) € L= (R*; HY(S)) N H([0,T] x S) such that

u™ —u in HY[0,T] xS) as ny — oo, 4.1

and
" —wu in L*([0,T] xS) as mnp — oo. 4.2)

Moreover, u(t,x) € C(RT x S).
Proof. Firstly, we will prove that the sequence {u"(¢,z)} is uniformly bounded in the space
H([0,T] x S). By (3.6), (3.7), we have

T T 2
n n n ﬁ
0" oy = | [ (adwde = [ |r%2<g)dws<|uo|+6m T @)
0 S 0

T
4z 112 0,7x) :// )2dwdt = /HU"’B ydo < (i T, (4.4)

0

Moreover, by (3.8) and (4.3), we obtain

V3
luugll L2 o,mxs) < 1u"[lL2jo,rxs) 1w | Loe (0,17 x ) < <|ﬂo\ + 5 1ol VT, 4.5)
— n 1 n
1029 * (2p0e™Mu™ + §(uz)2)”L2([O,T]><S) <
—At, n 1 n\2
< 11929 22(p0.11x9) l1210¢ ™ 0™ + 5 (ug) |1 0.11xs) <

—_

T
T 1
<55 [ [ (2olher+ G2 ) der <
0 S

V3
5+ (Jo| + —=p1)* + pi|.

5 (4.6)

—_
ol

Combining (4.3), (4.5), (4.6) with Eq. (3.4), we know that {u}(¢,x)} is uniformly bounded in
L?([0,T] x S). Thus, (4.3), (4.4) and this conclusion imply that

T

[ @+ @+ i yodt < K,

0 S

where K = K(|pol, p1,T,A) > 0. It follows that {u"(¢,z)} is uniformly bounded in the space
H([0,T] x S). Thus (4.1) holds for some v € H'([0,T] x S).
Observe that, for each 0 < s5,t < T,
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1100 J. LIU

t 2 T
u™(t,-) — u™(s, .)H%Q(S) = / 6;(7-, x)dr | do < |t — s[//(u?)%lxdt.
T

S s 0 S

Note that {u™(¢,z)} is uniformly bounded in L> ([0, T]; H'(S)), {u®(t,z)} is uniformly bounded
in L2([0,T] x S) and H'(S) C C(S) € L>=(S) C L*(S), then (4.2) and u(t,x) € C(RT x S) are a
consequence of Lemma 2.3.

Lemma 4.1 is proved.

2
from (3.5), (3.7)-(3.9) that the sequence ul*(¢,-) € BV (S) with

V(ugk(ta )) = Hugé(t, ')HLl(S) - Hﬂ(unk) - ynkHLl(S) <

1
Next, we will deal with u} and 0,9 * <2,uoe_’\tu” + (ug)2> For fixed t € [0,77, it follows

n n \/g
S H,U'(u k)HLl(S) + Hu kHLl(S) S 2|M0’ + ?Nl

and

n V3
[z (8, )| o gy < 0] < 2lpaol + 6 M

Applying Lemma 2.4, we obtain that there exists a subsequence, denoted again {ugk (¢, )}, which

. . . . . 3
converges at every point to some function v(¢, ) of finite variation with V(v(t,-)) < 2|uo| + 5 M
Since for almost all ¢ € [0, T, ul*(t,-) — ux(t,-) in D'(S) in view of Lemma 4.1, it follows that
v(t,-) = ugz(t,-) for a.e.t € [0,T]. So we have

uk(t, ) = ug(t,-) ae. on [0,T] xS, as  np — 0o, 4.7

T

and for a.e. t € [0, 7],

3
Vat,) = st s < 2l + Lopm. @)

Therefore,

<

L= ([0,T]xS)

1 1
0z9 * (Q,uge)‘tu”’“ + 2(u2’“)2> — 0pg * <2,uge)‘tu + 2(%)2)

)\t( <

L>°([0,T]xS)

< 1029l 21 (jo.71x5) || 2106 (W™ = w) + < (upF)? = (ug)?

T 1
<7 (2N0|Hunk — | oo (j0,1)xS) T 5”“2’“ + g Loo (0,1 %) llUz® — uxHLoo([o,T]xS))-
Combining this inequality with (4.2), (4.7) and note that
Huw(ta ')HLOO(S) < nlli)noo HUZ’“ (ta ')HLoo(S) < |N0‘a

we obtain
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GLOBAL WEAK SOLUTIONS FOR THE WEAKLY DISSIPATIVE p-HUNTER -SAXTON EQUATION 1101

1 1
Org * <2M0€ Ayt 4 2( ’“)2> — 029 * <2uoe_Mu+ 2u926> (4.9)

a.e. on [0, 7] x S. The relations (4.2), (4.7) and (4.9) imply that u satisfies Eq. (2.5) in D'(][0, 7] x S).
Moreover, since

V3
[t )| oo sy < imflu™ ()l oe(s) < lpol + 5=,

we get u € L° (]RJr Wt OO(S)) in view of T in (4.2) and (4.7) being arbitrary.

loc

Now, we prove that () = p(uio)e ™, 2o gy = € o lZagy and ((u) — as(t, ) €
€ M*(S) is uniformly bounded on S.
On one hand, by (4.2), we have

/u"’v (t,z)dx — /u(t,a:)da: = p(u) as  mp — o0.
S S

On the other hand,
/u”k (t, x)dz = p(u™) = poe .
S

We find that p(u) = p(up)e™ by the uniqueness of limit.
By w satisfies (2.5) in the sense of distribution, we obtain

Differentiating (4.10) with respect to x, we get

(s ) 0 (i) = =0 () + ) = 2wt 3 ) = A6,

here we used the formula (2.2). Multiplying the equality above with ¢,, * u, and integrating the result
with respect to x on S, we obtain

1d

5% (b * ug)?dx + /(¢n * Uy ) (P * (Ulgy))de =

S S

__ /(qﬁn . <¢n F (2(n(u)? + %u(ui) ~ ou(u)u + ;u )) do — /(an v up)2da.

S S
Note that
[ Gnx ) () + Sz =0
S
and
/ (6n * 1) (60 % (~2pa(u0))) iz = —2ps(us) / (6 1) (o )z = 0,
S S
we have
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% /(gi)n % ug)da 42X /(gi)n % Ug) dr =

S S

. / (6 * 1) (B * (1ttigs))dez — / (60 * 1) (6 % u2)d.

S S

/¢n*ux Z,
S

=2 [ (ppn * uy) (uum))dx — [ (n * uz) (¢ * ui)dw,
s /

Let

then we obtain
dfn(t)
dt
Applying Lemma 2.5 to ¢, * uy, it follows from (4.11) that

+2Xfn(t) = gn(t), for ae. teRT. 4.11)

t

£ult) = 1, (0) = [ g (5)ds. (“.12)

0

Note that g, (t) — 0 as n — oo for a.e. t € RT. For any T > 0, there exists a constant K(T') > 0
such that |g,(t)] < K(T'), t € [0,T], n > 1. An application of Lebesgue’s dominated convergence
theorem to (4.12), we get

Tim | falt) = e 2 £ (0)] = 0.

Let t € RT be given. We have Hur”m(g = e M ||ug |12, )"
Note that L'(S) € M(S). By (4.8) and p(u) = poe™*, we obtain

V3
lro(ue) =ttt ) g5y < (@) Lrs) + N (s Mlars) < Blaol + =4

It follows that for all t € R, (u(u) — uge(t,-)) € M(S) is uniformly bounded on S. In view of (4.2)
and (4.7), we have

[(u™) —uZk(t, )] = [w(w) — uae(t,))] in D'(S) for ng— oo, te€l0,7T]

Since p(u™) — ulk(t,-) = y™(t,-) > 0 for all (t,z) € RT x S, we have (u(u) — uz.(t,)) €
€ Lig (RT, MT(S)).
Theorem 1.1 is proved.
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