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g-APOSTOL - EULER POLYNOMIALS AND g-ALTERNATING SUMS *
g-TIOJITHOMM AIIOCTOJIA -EWJIEPA TA ¢-3HAKO3MIHHI CYMH

We establish the basic properties and generating functions of the g-Apostol—Euler polynomials. We define g-alternating
sums and obtain g-extensions of some formulas in [Integral Transform. Spec. Funct.—2009.-20.-P. 377-391]. We also
deduce an explicit relationship between the g-Apostol — Euler polynomials and the g-Hurwitz—Lerch zeta-function.

BcraHoBNeHO OCHOBHI BIACTHUBOCTI Ta TBipHI QyHKILIi g-momiHOMIB Amocrtona — Eiinepa. BuzHaueHo g-3HaKo3MiHHI cymu
Ta OTPUMAHO ¢-TIPOJIOBKCHHS AeAKuX dopmyin 3 [Integral Transform. Spec. Funct.—2009.—20.—P. 377-391]. Buseneno
TaKOXX SIBHE CITIBBITHOIICHHS MiX g-mofliHoMamMu Anocroia— Eiinepa 1 g-n3era-¢ynkuiero Xypgina—Jlepya.

1. Introduction and definitions. Throughout this paper, we always use the following notation:
N = {1,2,3,...} denotes the set of natural numbers, Ny = {0,1,2,3,...} denotes the set of
nonnegative integers, Z, = {0, —1,—2,—3,...} denotes the set of nonpositive integers, Z denotes
the set of integers, R denotes the set of real numbers, C denotes the set of complex numbers.

The ¢-shifted factorial are defined by

(a;q)o =1, (a;q)r = (1 _a)(l_aq)"'(l_aqk_l)v k=1,2,...,

(a;0)00 = (1 —a)1—aq)...(1—ag")... = H(l —ag®).
k=0
1 __ A
The g-numbers are defined by [a], = . _qq , q# 1.

The above g-standard notation can be found in Gasper [12, p. 7].
The classical Bernoulli polynomials and Euler polynomials are defined by means of the following
generating functions (see, e.g., [1, p. 804-806], [11] or [25, p. 25-32]):

Let? o0 peg
pe— :ZBn(x)H, 2| < 2m, (1.1)
n=0
and
2e%? oo peg
1o ZOEn(mn!, |zl <, (12)
n=

respectively. Obviously, B,, := B,(0) and E, := FE, (0) are the Bernoulli numbers and Euler
numbers respectively.

Some interesting analogues of the classical Bernoulli polynomials were first investigated by
Apostol. We begin by recalling here Apostol’s definition as follows:
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g-APOSTOL -EULER POLYNOMIALS AND ¢-ALTERNATING SUMS 1105

Definition 1.1 [2]. The Apostol— Bernoulli polynomials B, (xz;\) are defined by means of the

generating function
Pz 0 N
L a3
n=0 ’

(|z| < 2m when A =1; |z| < [logA| when X\ # 1)
with, of course,
B, (z) = By (z;1) and B, (\) := B, (0; ),

where B,, (\) denotes the so-called Apostol—Bernoulli numbers (in fact, it is a function in \).

Recently, Luo further extended the Euler polynomials based on the Apostol’s idea [2] as follows:
Definition 1.2 (cf. [18]). The Apostol—Euler polynomials &, (x; \) are defined by means of the
generating function

2€ZEZ n
= log(— 1.4
pvER Ze (@) [l < Jlog(=). (14)
with, of course,
E,(z) =&y (x;1) and &, () =&, (0;\), (1.5)

where &, (\) denote the so-called Apostol— Euler numbers.

Recently, M. Cenkci and M. Can [6] further defined the following g-extensions of the Apostol -
Bernoulli polynomials, i.e., the so-called g-Apostol — Bernoulli polynomials.

Definition 1.3. The g-Apostol—Bernoulli numbers Bi,.q(\) and polynomials B, (z; \) are de-
fined by means of the generating functions

Upyg(t) = —tz/\” nelnlat — ib’mq(x): (1.6)
n=0 '
and
Uprg(t) = —tZA" ntaplntalet — ZBM ; >\ (1.7)
n=0
respectively.

Setting A = 1 in (1.6) and (1.7), we obtain the corresponding Carlitz’s definitions for the g-
Bernoulli numbers B, and ¢g-Bernoulli polynomials By,.q(z) respectively.
Obviously,

lim By,.q(z) = Bp(x), lim B, = By,
q—1 ’

q—1

and
él_% Bn;q(xS A) = By(x; M), ;1_)1% Bn;q()‘) = Bu(M).

It follows that we define the following g-extensions of the Apostol — Euler numbers and polyno-
mials (see [3-6, 9]).
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1106 Q.-M. LUO

Definition 1.4. The g-Apostol—Euler numbers E,.4(\) and polynomials &, (x; \) are defined
by means of the generating functions

Vag(t) = 22(—»"@1%["]“ = gsnw)i (1.8)
and
Varg(t) = 2g<—A>"q"“e["+ﬂqt = gjosn;qm A)f;”! (1.9)
respectively.

When A = 1, then the above definitions (1.8) and (1.9) will become the corresponding definitions
of the ¢-Euler numbers E,., and g-Euler polynomials E,,.,(z).

Clearly,

éi_}rri Enyq(z) = En(z), él—% Enyg = En

and
lim Epq(x; A) = En(x; N), lim &p.q(A) = En(N).
q—1 q—1

There are numerous recent investigations on this subject by, among many other authors, Cenki et
al. [6—8], Choi et al. [9, 10], Kim [14-16], Luo and Srivastava [17—24], Ozden [26] and Simsek
[27-29].

The aim of the present paper is to investigate the basic properties, generating functions, Raabe’s
multiplication theorem and alternating sums for the g-Apostol — Euler polynomials and to obtain some
g-extensions of some formulas in [Integral Transform. Spec. Funct. — 2009. — 20. — P. 377-391]. We
also derive some interesting formulas and relationships between the g-Apostol —Euler polynomials,
the g-Apostol — Euler polynomials and g-Hurwitz—Lerch zeta function.

2. The properties of the g-Apostol — Euler polynomials. The following elementary properties of
the ¢g-Apostol —Euler polynomials &, (x; A) are readily derived from (1.8) and (1.9). We, therefore,
choose to omit the details involved.
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Proposition 2.1 (the several values).
2

Eog(;A) = N+ 14

Erq(z;A) = Aq2+ 1qw[x}q T Oar 1)2();\(12 + 1)(1
o= 2

1) = o T

Eaq(N) = (g + 12)?gégi 1_)(1/2613 +1)’

E3iq(A) = — 2\q(N°q” — 4Ag* + 1)

Engla; ) = Z <Z> Ek;q()\)q(k—i-l)x[x]g—k.

k=0
Proposition 2.3 (difference equation).
Ansg(T + 1 0) + Enygl; N) = 2¢" (2]
Proposition 2.4 (differential relation).

0 log g
Oz

Proposition 2.5 (integral formula).

b

(Ag +1)(Ag® + 1)(Ag® + 1)(Ag* + 1)

Proposition 2.2. An expansion formula of q-Apostol — Euler polynomials

- Eniq(2;A) = Engq(w; A) log g + nﬁqx n—15q (@5 AQ).

b
g, o _1-q ,
/q Sn?Q(xa AQ) dz = nt1 /gn+1;q($7)\) dz + Iqu

a

Proposition 2.6 (addition theorem).

n n -
Englz+y:0) = <k> Ensg(a; N)gF Y[y n =k,

k=0
Proposition 2.7 (theorem of complement).

—1)"

( _
Eniq(1 — a3 A) = T]ngn;q—l(x; ATh,
_1)
Eniq(1+ a3 0) = (qu Eng1 (—2 A7),
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Remark 2.1. 1f ¢ — 1, then the formulas (2.1)—(2.8) become the corresponding formulas

for the Apostol—Euler polynomials (see [18, p.918, 919], Egs. (3)—(11) when o =

1). So the

above formulas are g-extensions of the corresponding formulas of the Apostol —Euler polynomials

respectively.

Remark 2.2. When A = 1, then the formulas (2.1) — (2.8) become the corresponding formulas

for the ¢-Euler polynomials (see [3 —5]).

3. The generating functions of g-Apostol — Euler polynomials. By (1.8) and (1.9) yields that

E: +a [ntalgt _
x)\q _2 nna:nac]q_

[e.e]

N qn+ac :
e YAy
n=0

k+

—Qefqi() Ve Z AgEHIYn
B — (1—qk &

X (_1\k,k+ Dz k Lk

=2y G ()

prd 1+ Aght 1—q/ k!

Therefore, we obtain the generating function of &,.,(x; A) as follows:

X (_l)kq(k+1):p 1 k 4k o . n
Vg (t) = 2eT-4 kz—o 1+ Agkt1 1—gq Kl = gé‘n;q(xa )\)ﬁ

Clearly, setting = 0 in (3.2) we have the generating function of &,.,(\):

() k o0 n
V) =205y D (L _she 0
4 1+ AFtP\1—-¢q/) k! )

k=0 n=0
Putting A = 1 in (3.2) and (3.3), we deduce the generating function of E,,.,(x) and E,.,

& (_1>kq(k+1)m 1 k itk o n
Viq(t) = 2e7-4 Z 11 ghtl ( > e ZEn;q(f’f)m

k=0 1-¢ n=0
and
N G D A T S N
v =2y o () =Y b
+1 _ ! o
— 1+4+4¢ 1—q/) K = n!
respectively.

It is not difficult, from (3.2) and (3.3) we get the following closed formulas:
2 " /n (_1)kq(k+1)w
Eng (3 N) = ——— —_—
iq (z; ) (1—q)n kzzo <k> 1+ M\ghtl
and

2 " /n\  (—=1)F
oo )= 1= 2 (1) T

3.1)

(3.2)

(3.3)

(3.4)

3.5)

(3.6)

(3.7)
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g-APOSTOL -EULER POLYNOMIALS AND ¢-ALTERNATING SUMS 1109

Remark 3.1. In the same way, we can also obtain the generating function of ¢-Apostol—
Bernoulli polynomials as follows:

B e oo (_1)kq(k+1)x 1 k tk B 9] . m
Ux;)\;q(t) = —tel-q kZ:O 1 — )\qk:—l—l 1— q E - nz%Bn;‘I(xv A)ﬁ (38)

4. g-Raabe’s multiplication theorem, g-alternating sums and their applications.
Theorem 4.1 (g-Apostol-Raabe’s multiplication theorem). For m,n € N, A € C, then we have

m—1 . -
[mlg 2= (=AY Ensgm (:n + %; Am> : m is odd,
=0
Eng(ma; X) = 4.1
2 m—1 ) j
_ n -\ jBn o <. AT ’ . .
n+1 [m]q j;)( ) +1;q <ZE + m > m is even

Proof. 1f m is odd, we compute the following sum by (3.2):

[l e (s | =
[e%s) ma k m—1 .
— ety y GO < : > g (—2d"1) =
k1) _ |
— 1+ (Ag") 1—g¢q i
o k (k+1)ma kE Lk
— 1+ Aghtl 1—q) K
o0 t”
= Enyg(ma; A= (4.2)
vt n!

n

t
Comparing the coefficients of — on the both sides of (4.2), we obtain the first formula of Theo-

n!
rem 4.1.

If m is even, we calculate the following sum by (3.8) and (3.2):

=0 j=0
> 1)k g (k+1)ma 1 kgl mZ1 ;
- oy (7)1 5 0’ -
= 1— (A" —q =
O (_1\k, (k+1)mx k 4k
L= sy G
prd 14+ Aght 1—¢q/) k!
o t”
= Z Ensq(ma; )‘)ﬁ- 4.3)
= n!

ISSN 1027-3190. Yxp. mam. xcypnu., 2013, m. 65, Ne 8



1110 Q.-M. LUO

n

Comparing the coefficients of t—' on the both sides of (4.3), we obtain the second formula of Theo-
rem 4.1. "

Theorem 4.1 is proved.
Clearly, the above formulas (4.1) of Theorem 4.1 are a g-extensions of the multiplication formulas in
[20, p. 386] (Eq. (43)).

Taking A = 1 in (4.1), we obtain the following corollary.

Corollary 4.1 (g-Raabe’s multiplication theorem). For m,n € N, then we have

[m ];‘2( 1)7 Epyqm <5B+1‘;>, m is odd,
Epq(max) = (4.4)
2 m=1 . j
_ n 1Y\j - J . .
— 1[m]q ]go( 1)’ Bry1yq (a:+ m> , m is even

Obviously, the above formulas (4.4) are a g-extensions of the classical Raabe’s multiplication theorem
of Euler polynomials in [20, p. 386] (Eq. (45)).
We now define the following alternating sums:

Zisq(min; X) =Y _(=1)T Mg R[]k =
j=1
Ziog(min) = > (=L@ RE = g H 1]k = 2l 4 (1) g ),
7=1
(4.6)
_ Z(—l)j“)\jj"“ = MF A28 ¢ (—1)m Ik 4.7)
j=1
1)j+1jk _ 1lc o 2k 4o+ (_1)m+17nk7 (4.8)
j=1

m,n,k €N; n>k; AeC,

which are called the g-A-alternating sums, q-alternating sums, A-alternating sums and alternating
sums respectively.
It is easy to obtain the following generating functions of Z;(m; A) and Zi(m) respectively:

) o _)\)m+1e(m+1):p + \e”
Z ity = 4.
Z km)\ ;( YN e 1 , (4.9)
Z 1)/ tted _ ! : 4.1
kZ_o k(m) ; pra) (4.10)
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g-APOSTOL -EULER POLYNOMIALS AND ¢-ALTERNATING SUMS 1111

Theorem 4.2. Let m be odd. For m,n € N; XA € C, the recursive formula of q-Apostol— Euler
numbers

g ) = €)= 3 () lsEin ") Zoaglin =254 153) @)
k=0

holds true in terms of the q-\-alternating sums defined by (4.5).
Proof. 1If m is odd, taking x = 0 in (4.1) we obtain

= by e (37) =

J

—

n m—1
n n—
() imtam ) S (A L3+ =

=0 7=0

ol

- Z ( > kgk g (A™) Zn—psq(m — Lin + 1, A) + [mmgn;qm (A™). (4.12)

The formula (4.11) follows.
Theorem 4.2 is proved.
Clearly, the above formula (4.11) is an g-extension of the formula in [20, p. 389] (Eq. (60)).
Putting A = 1 in (4.11), we obtain the following corollary.

Corollary 4.2. Let m be odd. For m,n € N, the recursive formula of Apostol— Euler numbers
holds

" (n
[m]y Engm — Enyq = Z (k:) [m]];Ek;qm n—kig(m —1;n 4+ 1) (m is odd). (4.13)
k=0

Clearly, the above formula (4.13) is a g-extension of the formula in [20, p. 389] (Eq. (61)).
Theorem 4.3. Let m be even. For m,n € N, \ € C, the formula of q-Apostol— Euler numbers

2
[m]qgn;q()\) + n+ 1 [m]g—‘rllgn_i_l;qm ()\m) =
n+1
2 n+1 .
! Z ( k >[m]58k%qm()‘ )Znt1-kig(m — L;n + 15 A), (4.14)
k=0

holds true in terms of the q-\-alternating sums defined by (4.5).
Proof. 1f m is even, setting z = 0 in (4.1) we have

2 1 n+1 k-1 m = 1IN ki [n 1=k —
= (M)l B ) 3 (1N
k=0

ISSN 1027-3190. Yxp. mam. xcyphu., 2013, m. 65, Ne 8
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2
n—+1

2 & n+1 k-1 m n m
= > (M) Brygm (A™) Zn— s 1,g(m — Ly + 1, X) — (]! Br1;gm (A™).

n+1 — k
(4.15)
The formula (4.3) follows.
Theorem 4.3 is proved.
Clearly, the above formula (4.3) is a g-extension of the formula (see [20, p. 390], Eq. (63) for
£=1):

n+1
n m 2 n+1 m .
mEn(A)+n7+1m B 1 (A™) = ] E < f )kak(A )Znt1—k(m—1;X) (m is even),
k=0

(4.16)
where \-alternating sums defined by (4.7).
Putting A = 1 in (4.3), we have the following corollary.
Corollary 4.3. For m be even, m,n € N; X\ € C, the formula of q-Euler numbers

nt1
(M) g Ensq + nil[m]gﬂBnH;qm - nil kzo <n Z 1) (M)} Brigm Zn1—ksq(m—13n+1), (4.17)
holds true in terms of the q-alternating sums defined by (4.6).

Clearly, the above formula (4.17) is a g-extension of the formula in [20, p. 390] (Eq. (64) for
£=1).

Remark 4.1. Setting A = 1 in (4.16) and noting that Zy(m — 1) = 1 for m even, we derive the
following interesting sum formula:

n
Z (n—;— 1)kaan+1k(m —-1)= m(nQ—kl)En (n € N; m is even). (4.18)
k=0
Applying the relation F,, = 2 (1 —2"*"YB, .1 to (4.18), we find that
" O n+1
Z (n i )kaan+1—k(m —1)=m(1-2""HYB, (n € N; mis even), (4.19)

k=0
which is just the formula of Howard (see [13, p. 167], Eq. (33)).

1
Remark 4.2. Separatting the odd and even terms in (4.19), and noting that By = 1, By = >
Bop11 =0, n € N, we have

n—1

2
Z <22> M2 Boy Zon—op(m — 1) = m(1 — 22") Bay, + mnZay_1(m — 1) — Zop(m — 1) (4.20)
k=1

(n € N; m is even)

and

n
2n +1 m(2n + 1
Z < o >m2kB2kZ2n—2k+1(m -1)= (2)Z2n(m —1) = Zopy1(m—1)  (4.21)
k=1

(n € N; m is even),

where the alternating sums Zx(m) defined by (4.8).
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g-APOSTOL -EULER POLYNOMIALS AND ¢-ALTERNATING SUMS 1113

Below we give the evaluations for the alternating sums (4.5), (4.6) given by (4.22) and (4.24)
respectively.
Theorem 4.4. For m,n € N, X € C, the following formula of q-A-alternating sums:

m
—\)mtte, 13A) — Eng(A
an(m n+ 1 A — Z ]+1/\] }q — ( ) an(m;_ ) ) n,q( )7 (422)
7=0
holds true in terms of the q-Apostol— Euler polynomials.
Proof. 1t is easy to observe that
m
A)mHL Z Jgmtitlelmtitilet 4 Z A) ¢felilat = Z(—l)j+1)\jqje[j]qt. (4.23)
7=0 7=0

By (1.8), (1.9) and (4.23), via simple computation, we arrive at the desire (4.22) immediately.
Theorem 4.4 is proved.
Clearly, the above formula (4.22) is a g-extension of the formula in [20, p. 388] (Eq. (55)).
Setting A = 1 in (4.22), then we have

“ mE 1)+ E,
T+ 1) = (-1 = — Pl ) By (4.24)
J=0

which is a g-extension of the well-known formula in [20, p. 388] (Eq. (56)) and [1, p. 804], (23.1.4).

5. Some relationships between the g-Apostol-Euler polynomials and ¢-Hurwitz—Lerch
zeta-function. The Hurwitz— Lerch zeta-function ®(z, s, a) defined by (cf., e.g., [29, p. 121]).

o0 n

D(z,8,a) = Z (n—zkia)s

n=0

(a € C\ Zy; s € Cwhen |z| <1; R(s) > 1 when |z| =1)

contains, as its special cases, not only the Riemann and Hurwitz (or generalized) zeta-functions

() = B(1,5,1) = € (5,1) = o ¢ ( 1) ,

25 — 1 2
00 1 -
C(s,a) ¢:q>(1a37a):n§%<n+a)sa R(s)>1, ad¢Zy,
and the Lerch zeta-function:
(€)=Y e _ it g (62’”'5 s 1) EER, NR(s)>1
S L ns - bl ) 9 ) bl

n=1

but also such other functions as the polylogarithmic function:

[e.9]
Lis(z Z Z— (z,s,1)

ISSN 1027-3190. Yxp. mam. xcypnu., 2013, m. 65, Ne 8
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(s€eC when |z <1; R(s)>1 when |z

= 1)
and the Lipschitz—Lerch zeta-function (cf. [29, p. 122], Eq. 2.5 (11)):

e2n7ri§

o a,s):= 3 = ¥ s a) =1 L(£,s,a)
nz:;) (n+a) ( )

(a € C\Zy; R(s) >0 when &€R\Z; R(s)>1 when ¢€Z).

We define the g-Hurwitz — Lerch zeta-functions as follows:
Definition 5.1. For R(a) > 0, g-Hurwitz— Lerch zeta-function is defined by

n n+a

< q

D,(2,8,a) = W

n=0

, R(a) >0, ad¢lZ,.

Theorem 5.1. The following relationship:
Enyg (a3 A) =284 (— A, —n, a), neN, [N<1, aeC\Z,,

holds true between the q-Apostol— Euler polynomials and the q-Hurwitz— Lerch zeta-function.

Proof. We differentiate the both sides of (1.9) with respect to the variable ¢ yields that

n oo
Engla; N) = %Vm;q(t) 22 A)F k+a — {e[k+a]qt} _
t=0 =0 t=0
o k k-‘,— > k k+a
a
=2 (-A ([k +aly)" =2 Z al
k=0 k=0 q

Theorem 5.1 is proved.
Letting ¢ — 1 in (5.1), we have the following corollary.
Corollary 5.1. The following relationship:

En(a;N) =2P(—\, —n, a), neN, [N<1, aeC\Z,,

holds true between the Apostol— Euler polynomials and Hurwitz— Lerch zeta-function.
On the other hand, we define an analogue of the Hurwitz zeta-function as follows:
Definition 5.2. For R(s) > 1, a ¢ Z , L-function is defined by

L(s,a) := Z (771)713

= (n+a)

1 4 1
Clearly, L(s,a) = ¢ <2, a, s> =®(e™,s5,a) =L <2, s, a,).

Next we define an g-extension of the L-function.
Definition 5.3. For R(s) > 1, a ¢ Z, the q-L-function is defined by

Ly(s,a) = Z M

— [n+a]j

(5.1)
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g-APOSTOL -EULER POLYNOMIALS AND ¢-ALTERNATING SUMS 1115

In the same way, we can obtain the following relationships.
Theorem 5.2. The following relationship:

E, 4 (a) =2Ly(—n,a), neN, aeC\Z,

holds true between the q-Euler polynomials and q-L-function.
Corollary 5.2. The following relationship:

E, (a) =2L(—n,a), neN, aecC\Z,

holds true between the Euler polynomials and the L-function.
We define an analogue of the Riemann zeta-function:
Definition 5.4. The I-function is defined by

) =3 0 w1

nS

n=1

1
Obviously, I(s) = s <2> = Lis(—1).

It follows that we define an g-extension of the [-function:
Definition 5.5. The q-l-function is defined by

l(s) = Z:l (_[;)gqn, R(s) > 1

Similarly, we can obtain the following explicit relationship:
Theorem 5.3. The following relationship:

E, 4 =2l,(—n), n € N,

holds true between the q-Euler numbers and q-l-function.
Corollary 5.3. The following relationship:

E,=2I(—n), n €N,

holds true between the Euler numbers and l-function.

6. Some explicit relationships between the g-Apostol — Bernoulli and ¢-Apostol — Euler poly-
nomials. In this section, we will investigate some relationships between the g-Apostol — Bernoulli
and g-Apostol — Euler polynomials. We also obtain an g-extension of Howard’s result.

It is easy to observe that

00 00 00
) Z )\an2n+w€[2n+m]qt N Z )\nqn—&-a:e[n-‘ra:}qt _ Z(_)\)nqn—&—me[n-‘,—x}qt‘
n=0 n=0 n=0

By (1.7) and (1.9), via the simple computation, we obtain

2

gn;q(I'; A) = m

n x
Busiial@s X) = 21205 Buynge (5:07) ] 6.1)
which is just an g-extension of the formula of Luo and Srivastava (see [19, p. 636], Eq. (38))

ISSN 1027-3190. Yxp. mam. xcypnu., 2013, m. 65, Ne 8



1116 Q.-M. LUO

2 n T
En(x;A) = ] [Bnﬂ(ﬂ?;)\) — 2" B, (5;/\2)} :
Setting x = 0 in (6.1), we get
2 n
qu()\) - 7 [Bn+1;q()‘) - 2[2]q8n+1;q2 (/\2)] : (6.2)
n+1
Putting A = 1 in (6.1), we have
2 n x
Busg(®) = — [ Busra®) = 223 Burne (5)] (6.3)
which is an g-extension of the well-known formula (see [1])
2 T
E,(z) = —— [Bn _ontlp <7>} .
(z) ntl +1(z) +1{5
Remark 6.1. If taking x = 0 in (6.3), we obtain
2 n
nyg — nt1 (Bn+1;q - 2[2]an+1§q2)
is an g-extension of the formula (see [1, p. 805] (Entry (23.1.20)) and [25, p. 29])
2
= ——(1-2""B,,.
L )Bni1

Remark 6.2. By (4.3) and (6.2), we easily obtain the following explicit recursive formula for
the ¢-Apostol — Bernoulli numbers:
n— . n m n m
(Mg (Bnig(A) — 212107 ' B, 2(X%)) = Z (k) (M) Brigm (X™) Zyy— s (m—1; 15 X) = [m] Brsgm (A™).
k=0
(6.4)
Remark 6.3. Setting A =1 in (6.4), we have

k

_ " (n n .
[m]q (Bnyq — 2[2]} 'B.gz2) = Z < )[m}’;Bk;qm n—ksq(m — 1;n) — [m]y Bpgm (m is even)
k=0

is an g-extension of Howard’s formula [13, p. 167] (Eq. (33))

n—1
m(1—2")B, = Z (Z) Bym*Z,_(m — 1) (m is even).
k=0

Remark 6.4. Letting ¢ — 1 in (6.4), we obtain a new formula for the Apostol—Bernoulli

numbers as follows:
m (Bn(A) = 2"B,(\?)) = Z (Z) mFB(AN™) Zy_i(m — 1;0) —m"B,(\™)  (m is even).
k=0
(6.5)

Obviously, by setting A = 1 in (6.5) we get a new recurrence formula for the Bernoulli numbers:

n k—1

n\m " Z,_r(m—1 .

B, = E (k:) . 22 +(m"1 )Bk (m is even).
k=0
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