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ON TOPOLOGICAL FUNDAMENTAL GROUPS OF QUOTIENT SPACES
ITPO TOHOJIOI'TYHI ®YHIAMEHTAJIBHI I'PYIIN ®AKTOP-ITPOCTOPIB

Let p: X — X/A be a quotient map, where A is a subspace of X . We study the conditions under which p..(7$*°? (X, z0))

is dense in 7{*°P(X /A, )), where the fundamental groups have the natural quotient topology inherited from the loop

space and p. is a continuous homomorphism induced by the quotient map p. In addition, we present some applications to

determine some properties of 7" (X /A, *). In particular, we establish some conditions under which 7{*°?(X /A, ) is

an indiscrete topological group.

Hexaii p: X — X /A — daxrop-inobpakenns, ne A — nigmpoctip X . JOCIHIKYIOTECS yMOBH, 32 SKHX Py (T3P (X, 20))

. . . . . . .
€ winbHo B 71 P(X/A, %)), ne dyHIaMeHTaNbHI rpynu HaJIeH! IPUPOIHO (aKTOP-TOIOJIOTIE, YCIa KOBAHOK Bt

MIPOCTOPY TETeNlb, a P, — HenepepBHUN ToMoMop(di3M, iHIyKoBaHWH (akTop-BimoOpaxeHHsM p. KpiM Toro, HaBemeHO

. : . t
JesiKi 3aCTOCYBAHHS 3 METOK BHM3HAUMTH Aesiki BiactuBocti 77 °F (X /A, +). Hanpukiax, BCTaHOBICHO YMOBH, 3a SIKHX

TP (X /A, %) € HETUCKPETHOIO TOMOJNOTIUHO0 TPYTIONO.
1. Introduction and motivation. Let p: (X, z0) — (Y, yp) be a continuous map of pointed topolog-
ical spaces. By applying the fundamental group functor on p there exists the induced homomorphism

pe: (X, 20) — m1(Y, %0)-

It seems interesting to relate the homology and homotopy groups of X with that of Y using properties
of p. Vietoris first studied the problem with his mapping theorem [18]. Also, Smale first discovered
an analog of Vietoris’s mapping theorem hold for homotopy groups [15]. Recently, Calcut, Gompf,
and Mccarthy [6] proved a generalization of Smale’s theorem as follows:

Let p: (X,xz9) — (Y,y0) be a quotient map of topological spaces, where X is locally path
connected and Y is semilocally simply connected. If each fiber p~'(y) is connected, then the induced
homomorphism p,.: m (X, xo) = m (Y, yo) is surjective.

For a pointed topological space (X,zg) by 73°?(X,zy) we mean the topological fundamen-
tal group endowed with the quotient topology inherited from the loop space under the natural map
Q(X,z9) — m(X,x0) that makes it a quasitopological group. A quasitopological group G is

1 and all translations are continuous. For

a group with a topology such that inversion ¢ — g~
more details, see [2, 3, 5]. It is known that this construction gives rise a homotopy invariant functor
W(llt(’p: hTop, — qTopGrp from the homotopy category of based spaces to the category of qua-
sitopological groups and continuous homomorphisms [3]. Also, 7] (X, x¢) is the fundamental group
endowed with another topology introduced by Brazas [4]. In fact, the functor 7] removes the smallest
number of open sets from the topology of W?tOP(X ,x) so that makes it a topological group.

Let X be a topological space and A1, Ao, ..., A, be a finite collection of its subsets. The quotient
space X/(Aq,...,A,) is obtained from X by identifying each of the sets A; to a point. Now, let
(A, a) be a pointed subspace of (X, a) and p: (X,a) — (X/A, %) be the associated quotient map.
In this paper, first we prove that if A is an open subset of X such that the closure of A, A, is path
connected, then the image of p. is dense in 7%°P(X /A, %). Then by this fact, we show that the
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image of p, is dense in 7{"°P(X/(Ay, Ag, ..., Ay,), *), where the A; are open subsets of X with
path connected closures and p: X — X/(A1, Ao, ..., A,) is the associated quotient map. Second,
we prove that if A is a closed subset of a locally path connected and first countable space X, then

the image of p, is also dense in ﬁ?mp (X/A, %). By the two previous results we can show that the

image of p, is dense in 71'P(X/(A1, A, ..., An), %), where X is first countable, connected, locally
path connected and the A; are open or closed subsets of X with disjoint path connected closures.
Moreover, we give some conditions in which p, is an epimorphism. Also, by some examples, we
show that p, is not necessarily onto. Finally, we give some applications of the above results to find out
some properties of the topological fundamental group of the quotient space X/(A1, A, ..., Ay). In
particular, we prove that with the recent assumptions on X and the A;, 7{*P(X/(A;, Aa, ..., A,), %)
is an indiscrete topological group when X is simply connected. It should be mentioned that since

the topology of 7] (X, x¢) is coarser than 7{*°P(X, z), the above results can be obtained when we

replace 7P with 77.

2. Notations and preliminaries. For a topological space X, by a path in X we mean a continu-
ous map «: [0,1] — X. The points a(0) and «(1) are called the initial point and the terminal point
of a, respectively. A loop « is a path with a(0) = «(1). For a path a: [0,1] — X, a~! denotes
a path such that a=!(t) = a(1 — t), for all ¢ € [0, 1]. Denote [0,1] by I, two paths o, 3: [ — X
with the same initial and terminal points are called homotopic relative to end points if there exists a
continuous map F': I x I — X such that

a(t), s=0,
F(t,s): /B(t)v s=1,

a(0) = p(0), t=0,

a(l) =p(1), t=

The homotopy is an equivalent relation and the homotopy class containing a path « is denoted by [«a].
Since most of the homotopies that appear in this paper have this property and end points are the same,
we drop the term “relative homotopy” for simplicity. For paths o, 3: I — X with «(1) = £(0),
a * 3 denotes the concatenation of o and [ that is a path from I to X such that (a * §)(t) = a(2t),
forall0 <t <1/2and (axB)(t) =2t —1), forall 1/2 < ¢ < 1.

For a pointed topological space (X, z), let Q(X,z) be the space of based maps from I to X
with the compact-open topology. A subbase for this topology consists of neighborhoods of the form
(K,U) = {v € QX,z) | v(K) C U}, where K C I is compact and U is open in X. When X
is path connected and the basepoint is clear, we just write 2(X) and we will consistently denote
the constant path at = by e,. The topological fundamental group of a pointed space (X, z) can be
described as the usual fundamental group 7 (X, x) with the quotient topology with respect to the
canonical map (X, z) — 71 (X, z) identifying homotopy classes of loops, denoted by W?tOP(X , ).
A basic account of topological fundamental groups may be found in [2], [5] and [3]. For undefined
notation, see [12].

Definition 2.1 [1]. A quasitopological group G is a group with a topology such that inversion
G — G, g~ g1, is continuous and multiplication G x G — G is continuous in each variable.
A morphism of quasitopological groups is a continuous homomorphism.
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Theorem 2.1 [3]. w?mp is a functor from the homotopy category of based topological spaces to
the category of quasitopological groups.

A space X is called semi-locally simply connected if for each point x € X, there is an
open neighborhood U of z such that the inclusion ¢: U < X induces the trivial homomorphism
is: m (U, ) — w1 (X, ) or equivalently a loop in U can be contracted inside X.

Theorem 2.2 [3]. Let X be a path connected space. If W(lltOP(X ,x) is discrete for some x € X,
then X is semi-locally simply connected. If X is locally path connected and semi-locally simply
connected, then TP (X, x) is discrete for all = € X.

3. Main results. In this section, (A, a) is a pointed subspace of (X, a), p: (X,a) — (X/A, %)
is the canonical quotient map so that ¢ := p|x_4: X — A — X/A — {x} is a homeomorphism.
Also, by applying the functor 7{*°" on p we have a continuous homomorphism p, : 73P(X, a) —
— mlP(X /A, %).

Lemma 3.1. If A is an open subset of X, then any loops o: I — m C X/A based at * is
nullhomotopic.

Proof. Define F': [ x I — X/A by

F(t,s) =

If we prove that F' is continuous, then F' is a homotopy between « and e,. For this, let U be an open
set in X/A. We show that F~1(U) is open in I x I.
Case 1. If x € U, then

FHU)=F Y ({x}) U (a1 (U) x {0}) =
= (I x(0,1)) U (a "} U) x {0}) =
= (I x(0,1)) U (a1 (U) x 1)

which is open in I x [.

Case 2. If x ¢ U, then U N 9{x} = & since if there exists x € 9{x} such that z € U, then
{¥}NU # @ which is a contradiction. Since UN{*} = (UN{x})U(UNI{*}) = @ and a(I) C {*},
we have F~1(U) = @.

Lemma 3.1 is proved.

Theorem 3.1. Let A be an open subset of X such that A is path connected, then for each a € A
the image of p. is dense in T{"P(X/A, ), i.e.,

P (m{P (X, a)) = 7 (X/ A, %).

Proof. Step 1. First, we show that for every loop a: (I,0I) — (X/A, %) such that a1 ({*}€)
is connected, we have [a] € Im(p,). By assumption and openness of {*} in X /A, there exist s1, so €
€ (0,1) such that o~} ({*}¢) = [s1, s2]. Since a~1({*}¢) is a compact subset of I, it suffices to let
s1 = inf{a 1 ({*})} and so = sup{a~1({*}°)}. Let @ : [s1, 5] — X by @(t) = ¢~ *((t)), then
@(s1),a(s2) € A. Since if G is an open neighborhood of @(s1) and G N A = @, then ¢(G) = p(G)
is an open neighborhood of «(s1). Using continuity of «, there exists an open neighborhood J of
s1 in I such that a(J) € G. On the other hand, by definition of s1, for all s < s1, a(s) = *
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which implies that * € ¢(G) which is a contradiction since x ¢ Im(q). Similarly a(sy) € A.
Since A is path connected, there exist two paths Aq: [0,s1] — A and Ay: [s2,1] — A such that
)\1(0) = )\2(1) =a, /\1(81) = @(81) and )\2(0) = 5(82). Definea: I — X by

A(t), 0<t<sy,
a(t) =qat), s <t<sy,
Ao(t), so <t <.

By gluing lemma « is continuous, so it remains to show that p o & ~ arel{*}. Put a1 = afjg 4,
Qg = a[,,1) and let ¢y : [0,1] — [0, 1] and @a: 0, 1] — [s2, 1] be linear homeomorphisms such
that ¢1(0) = 0 and ¢2(0) = s9, then po\;0p; =~ ;o p;, rel{0, 1} since the (po ;0 ;)0 (ajoip;) !
are loops in {*} which by Lemma 3.1 are nullhomotopic.

Step 2. By continuity of a;, a1 ({*}¢) is a closed subset of 1. Connected subsets of I are intervals
or one point sets, also connected components of a1 ({*}) are closed in a1 ({*}¢) and so they are
compact in I. Therefore a component of a~!({}¢) is either closed interval or singleton. Given
[a] € m1(X/A, x), we show that there exists a sequence of homotopy classes of loops {[c] }nen in
Im (p,) such that [a,,] — [a] in 7{*°P(X/A, *).

We claim that the number of non-singleton components of o~ ({*}¢) is countable. Let S be the
union of singleton components of a~!({x}¢) and for each n € N, B,, be the set of non-singleton
components of o~ ({*}¢) with length at least 1/n. Each B, is finite since if B, is infinite, then it
has at least n + 1 members. Therefore (Jocp € C o' ({*}¢) C I which implies that

(n+1)x1/n< Z diam (C) < diam (I) =1
CeBn

which is a contradiction. Thus each B, is finite which implies that B = UneN B,, is countable.
Rename elements of B by I; = [a;,bi], i € J = {1,2,...,s}, where s = |B| if B is finite and
1 € N = J if B is infinite. For every n € J define

Oé(t), t e U?:l[ai, bz‘],

*, otherwise.

an(t) =

If B is finite, put o, = «g, for every n > s. We claim that the «, are continuous. For, if V C X/A
is open, then
(i) If x € V, then
a7 H(V) =[0,a1) U (by, 1] U a][;ibl](V)

which by continuity of « is open in I.

(i) If * ¢ V, then we show that a; ' (V) = | fa1.b1] (V)= a\@lhbl)(V) which guaranties a1 (V)
is open. For this it suffices to show that «v;(ay), al(bl) ¢ V.

For each n € N, a(a,),a(b,) € {*} and {a(a)| « € S} C {*}. For, if G is an open
neighborhood of a(a,), then a~!(G) is an open neighborhood of a,, so there exists ¢ > 0
such that (a, — €,a, +¢) € a~1(G) or equivalently a((a, — €,a, +¢)) C G. If * ¢ G, then
(an — €,an +¢) C a1 ({*}°) which is a contradiction since [a,,b,] is a connected component of

~L({*}°). Similarly a(b,,) € {*} for each n € N and a(S) C {*}. Thus if a1(b1) = a(by) € V,
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then V' must meet {*} which is a contradiction since * ¢ V. Therefore o is a continuous loop such
that [a;] € Im(p,). Similarly, all the «;, are continuous. Also, for every n € N, [«,] is a product
of n homotopy classes of loops which are similar to loops introduced in Step 1. This implies that
[an] € Im(py) since Im(p,) is a subgroup.

Now we show that the sequence {cv,} converges to . Let o € (K,U), where K is a compact
subset of I and U is an open subset of X /A, then

(i) If * € U, then for each n € N, oy, € (K, U) since for each t € K, a,(t) = a(t) or o, (t) = *
which in both cases «(t) € U.

(i) If K C a1 ({*}°) and K NS # &, then there exists a € K NS C a1 (U), so a(a) € U,
but a(a) € {*} and U is open. Thus * € U and by (i), for each n, o, (K) C U.

(iii) If K C U,2, I, and there exist ni, ng, ..., n, such that K C | J7_, I,,,, then by definition
of the ay,, for each n > max{ni,...,ns} we have o, (K) C U.

(vi) If K C (J;2, I, and there exists an infinite subsequence {1, } such that K NI, # &,
then there is a sequence {x, |z, € K NI, } such that it has a subsequence {z,,_} converges to
an element of K, b say, by compactness of K. Since b € K C a~!(U), there exists ¢ > 0 such that
(b—e,b+e) C a~}(U). Also, there exists so such that for each s > sg, z,,,, € (b—¢/2,b+e/2) since
Tp,, — b. Since diam(I,,) — 0, there is ng such that for each n > ng, diam(Z,,) < /2. Choose
s1 € N such that s; > so and ny, | > no, thenxp, € (b—¢/2,b+¢/2). Also zyn, € KNIy, and
diam(ly,, ) < €/2,80 an,, € 1In, S (b—eb+e)C a~1(U) which implies that a(an,, ) €U
and therefore * € U since a(an,, ) € O({*}). Using the last (i) we have an(K) C U, for each
n € N.

Theorem 3.1 is proved.

Definition 3.1. Let X be a topological space and Ay, As, ..., A, be any subsets of X, n € N.
By the quotient space X/(Ai,...,A,) we mean the quotient space obtained from X by identi-
fying each of the sets A; to a point. Also, we denote the associated quotient map by p: X —
—)X/(Al,AQ,...,An>. -

Corollary 3.1. If A1, As are open subsets of a path connected space X such that Ay, Ay are
path connected. Then for every a € A1 U Ag the following equality holds:

p(m*P(X, a)) = m{"P(X/ (A1, A2), %).

Proof. We can assume that the A; are disjoint. If they are not disjoint, the result follows from
Theorem 3.1. Let p1: X — X/A;, pa: X/A1 — X/(A1, As) be associated quotient maps and
a1 = a € Aj. By Theorem 3.1, (p1).(n{*P(X,a1)) = 71P(X /Ay, %), where *; = pi(ay).
Since X is path connected, so is X/A;. Also, pi(As2) is an open subset of X/A; and the clo-
sure of p1(Az2) in X/A; is path connected. Let as € p1(Az), then (p2)«(m qtoP(X/Al,ag)) =

TP (X /(Aq, Ag) %9), where *9 = po(az). Since X/A; is path connected, there exists a home-
omorphlsm @1: TP(X /Ay, %1) — 7l°P(X/A1,a2) by p1([a]) = [y * a * 4], where v is a
path from a; to . We have (p2). 0 @1 0 (p1)« (1" P (X, @) 2 ((p2)+ 0 1) ((p1)« ()" P (X, a))) =
= ((p2)xop1) (" P(X /A1, %1)) = (p2)s(m"P (X /A1, a2)) = Im(ps). which implies that Tm(pz)..0
@1 0 (p1)« is dense in 71 (X/(Ay, Ag), *9). If ¥/ = pg 0, then wo: 7" P(X/(A1, Ag), *9) —>
— 7IP(X/ (A1, Ag), %1) by wa([a]) = [y~ ax~/] is a homeomorphism. Hence Im (0 (p2)«
@10 (1)) is dense in 7P (X /(Ay, Ag), *1). Moreover s o (p2)« 0 1 0 (p1)« = p« Which implies
that Tm (p,) is dense in 7P (X /(A1, Ag), *), as desired.

Corollary 3.1 is proved.

ISSN 1027-3190. Ykp. mam. scyph., 2013, m. 65, Ne 12



ON TOPOLOGICAL FUNDAMENTAL GROUPS OF QUOTIENT SPACES 1705

By induction and Corollary 3.1, we have the following results.
Corollary 3.2. Let Ay, As, ..., A, be open subsets of a path connected space X such that the
A; are path connected for each i = 1,2,...,n. Then for any a € |JI| A; the following equality
holds:
P (TIP(Xa)) = 7{*P(X/ (A1, Ag, ..., Ap), %).

Corollary 3.3. Let A1, Ao, ..., A, be open subsets of a connected, locally path connected space
X such that the A; are path connected for every i = 1,2,...,n. If X/(A1, Ao, ..., A,) is semi-
locally simply connected, then for each a € |, Ai, ps: 70"P(X,a) — 7{*°P(X/(Ay, Ag, . ..

..y Ap), %) is an epimorphism.

Proof. Let U be an open neighborhood of € (X/A;)\ {*}. Since X is locally path connected,
there is a path connected open neighborhood U C p~1(U) of = ¢~ !(Z) such that U N A; = .
Then V := p(U) = q(U) C U is a path connected open neighborhood of Z. X/A; is locally
path connected at * since {x} is an open subset of X/A;. Let U be an open neighborhood of
Z € O({*}), then there exists a path connected open neighborhood U C p~1(U) of . Since
p~ Y p(U)) = U U Ay, p(U) is a path connected open neighborhood of Z in U. Therefore X /A,
is locally path connected. Similarly X/(A;, As, ..., A,) is connected, locally path connected. Since
X/(A1,Ag, ..., Ay) is a connected, semi-locally simply connected and locally path connected space,
by Theorem 2.2, 7X°P(X/(A1, Ay, ..., A,),) is a discrete topological group which implies that
Im(p.) = 77"P(X/(A1, Ag, ..., Ay,), %) by Corollary 3.2.

Corollary 3.3 is proved.

In the following example we show that with the assumptions of Theorem 3.1, p, is not necessarily
onto.

Example 3.1. Let A, = {1/(2n—1),1/2n} x [0,1 4+ 1/2n]J[1/2n,1/2n — 1] x {1 + 1/2n}
for each n € N. Consider X = (e An) U{0} x [0, 1]U[0, 1] x {0} with a = (0,0) as the base
point and A = {(z,y) € X | y < 1} (see Figure). A is an open subset of X with path connected
closure. Assume I,, = (1/2+ 1/2(n + 1),1/2 + 1/2n] and f,, be a homeomorphism from I,, to
A, —{(1/2n,0)} for every n € N. Define f: I — X by

the point (0,2¢), ¢ ¢€[0,1/2],

fn(), tel,.

ft) =

We claim that & = po f is a loop in X /A at «. It suffices to show that « is continuous on t = 1/2 and
boundary points of I, since f is continuous on [0,1/2) and by gluing lemma on |Jint([,,). Since
« is locally constant at t = 1/2 + 1/2n for each n € N, « is continuous at boundary points of I,,.
For each open neighborhood G of f(1/2) = (0,1) in X, there exists ng € N such that G contains
A, N A° for n > ng. Therefore continuity at ¢ = 1/2 follows from «(1/2) € {*}. Now let B C N
and define

(po (1), te UmeB I,

*, otherwise.

gB(t) =

Then gp is continuous and for By, By C N such that By # Bs, [9B,] # [9B,] which implies that
m1(X/A, %) is uncountable. But by compactness of I, a given path in X can traverse finitely many
of the A,, and therefore 71 (X, a) is a free group on countably many generators which implies that p
does not induce a surjection of fundamental groups.
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Ay

Ay
As ]

Let (X, x) be a pointed topological space such that {z} is closed. If a: [0,1] — X is a loop
in X based at =, then a~*({z}) is a closed subset of [0, 1]. Its complement, a1 ({z}¢) is therefore
the union of a countable collection of disjoint open intervals. We denote this collection of intervals
by W,,.

Definition 3.2. Let (X, x) be a pointed topological space. A loop o in X based at x is called
semi-simple if W, = {(0,1)} and is called geometrically simple if Wy, has one element. If W, is
finite, then the loop « is called geometrically finite [11].

Lemma 3.2. FEvery geometrically simple loop is homotopic to a semi-simple loop.

Proof. Let « be a geometrically simple loop at € X. Then there are r,s € [0, 1] such that
a 1({z}°) = (r,s) and a(r) = a(s) = z. Let B := al,s) and @: [0,1] — [r,s] be a linear
homeomorphism, then (3 o ¢ is a semi-simple loop at  and o ~ S o .

Lemma 3.2 is proved.

In the sequel, for a semi-simple loop ov: I — X /A denote & = ¢~ oo 1): (0,1) — (X —A),
where A is a closed subset of a topological space X.

Lemma 3.3. Let A C X be a closed subset of X and « be a semi-simple loop at * in X/A. If
lim;_,o a(t) and lim;_,1 a(t) do not exist, then for each to € (0, 1), there are by, by € A such that b
is a limit point of a((0,%o)) and by is a limit point of &((to, 1)).

Proof. Let ty € (0,1) and by contrary suppose that each b € A has an open neighborhood Gy,
such that G, N a((0,t9)) = @. Then G = | J,c 4 Gy is an open neighborhood of A and so p(G) is
an open neighborhood of * (since p~!(p(G)) = G) such that does not intersect a((0,tg)) which is a
contradiction to continuity of «.

Lemma 3.3 is proved.

Theorem 3.2. If A is a closed path connected subset of a locally path connected space X such
that every point of A has a countable local base in X, then for each a € A we have

po(mP (X, a)) = 73P(X /A, %).
Proof. Step 1. Let [a] € m(X/A, %), where « is a semi-simple loop in X /A at x.
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Case 1. Assume ag = lim;_,¢ a(t) and aq = limy_,; a(t) exist, so ap,a; € A and we can define
a path @: I — X such that @1y = a, @(0) = ap, @(1) = a;. Since A is path connected, there
exist paths Ag, A\1: I —> A such that \g is a path from a to ag and Ay is a path from a; to a.
Therefore Ao * @ * A1 is a loop at a such that p,([Ag *x @ x \1]) = [a].

Case 2. 1If at least one of the above limits does not exist, then we make a sequence {[an]}nen
in Im(p,) so that converges to [«]. Without lost of generality, we can assume that ag = lim;_,o ()
exists and a; € A is a limit point of &((1/2,1)) by Lemma 3.3. We can define a continuous map
@ : [0,1) — X such that @) = @, @(0) = ap. By hypothesis, there is a countable local base
{O;}ien at a;. Let {G; }ien be a sequence of open neighborhoods of a; such that G; = O1N...NO;.
Since X is locally path connected and the GG; are open neighborhoods of a1, there exist path connected
open neighborhoods G, C G; of a;. Since the point a; is a limit point, there are ¢; € (1/2,1) such
that a(t;) € G}, t; < tiy1, t, —> 1 and there are paths v;: [t;, 1] — G’ from @(¢;) to a;, for all
i € N. Since A is path connected, there exist paths Ag, A\;: I — A such that )\ is a path from a to
ap and A; is a path from a; to a. Let @y, := Ao *@l[g 1,1 ©§n %V © Cn ¥ A1, Where &, 1 [0, 1] — [0, 2,)]
and (,: [0,1] — [tn, 1] are increasing linear homeomorphisms. Note that every @, is a loop in X
at a and if 3, := p o (7, 0 (), then

O[;'L ‘=poap :e**a‘[o,tn] 0 &n * B * €

is a loop in X at x and p.([a@,]) = [o,]. Define v, : I — X/A by

which is a loop at * and [,] = [a,]. Thus it suffices to prove that o, — . If « € (K, U), where
K is a compact subset of [0, 1] and U is an open subset of X /A, then

(i) If * ¢ U, then K Na~!(x) = @. Let m € N such that ¢,, > max K. Since for each t € K,
t < tm,, we have o, (t) = a(t) € U, for all n > m which implies that oy, (K) = a(K) C U, for each
n>m.

(i) If x € U, then p~1(U) is an open neighborhood of A, thus there exists m € N such that
G! C p~Y(U), for each n > m. Therefore Im(~y,) C G/, which implies that Im(p o \,,) C U. Thus
for all t € K and n > m we have

at) e U, t € [0,t,],
an(t) =
(poym)(t) €U, tE€ [tn,1].
Therefore for a semi-simple loop « in X/A we have [a] € Im(p,). Similarly, for every loop « such
that a1 ({*}) is finite, [@] € Im(p,) which implies that the homotopy class of every geometrically
finite loop belongs to Im(p,) by Lemma 3.2.
Step 2. If o is not geometrically finite, W, is countable since every open subset of I is a

countable union of open intervals. Let [; = L; where W, = {L;|j € N} and let

(0 at), telhu...Ulj
Oéj t) =
*, otherwise,
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then [o;] € Im(p.) since the a; are geometrically finite.

Since (Im(ps)) = Im(p.), it suffices to show that a; — a. For, if a € (K, U) for a compact
subset K of [0, 1] and an open subset U of X /A, then

(i) If * € U, then for each t € K and j € N, «;(t) takes value a(t) or * which in both cases
belongs to U, so a;(K) C U, forall j € N.

(ii) Ifx ¢ U, then KNa~1({*}) = @, s0 K C U,L;. By compactness of K we have K C U;Lj;,,
for s = 1,2,...,ng. Let M = max{js|s = 1,2,...,nk}, then o;(K) = a(K) C U, for each
Jj=M.

Theorem 3.2 is proved.

Corollary 3.4. Let Ay, Ao, ..., Ay, be disjoint path connected, closed subsets of a first countable,
connected, locally path connected space X. Then for every a € |J;—_, A; the following equality holds:

P (TP (X, a)) = 7" P(X/ (A1, Ag, ..., Ay), %).

Proof. Let p;: X/(A1,Ag,..., A1) — X/(A1,As,..., A;). Since every point of each

pi—1(A;) has a countable local base in the connected, locally path connected space X/(Aj, Ao, ...
.,A;_1), by Theorem 3.2 the result holds.

Corollary 3.5. Let A1, Ao, ..., A, be disjoint path connected, closed subsets of a first countable,
connected, locally path connected space X such that X (A1, Aa, ..., Ay) is semi-locally simply con-
nected. Then for each a € | J;_ A;, pi: m1(X,a) — m1(X/(A1, Ag, ..., Ap, %) is an epimorphism.

Proof. Since X/(Aj, Ag, ..., Ay,) is connected, locally path connected and semi-locally simply
connected space, ﬂ?tC’p(X /(A1, Ag,..., Ay),*) is a discrete topological group which implies that
Im(p,) = m1(X/(A1, A, ..., Ay), %) by Corollary 3.4.

In the following example, we show that the condition “path connectedness for A”is necessary in
Theorem 3.2.

Example 3.2. Let A = {(1,0),(0,1)} ¢ X = S’ Clearly X/A is homeomorphic to the Fig-
ure 8 space, S'\/ S!. Since X and X/A are locally path connected and semi-locally simply con-
nected

pe: TEP(X,0) 27— 8P (X /A, %) 2 7+ Z

is a continuous homomorphism of discrete topological spaces. Since the free product Z * Z is not
abelian, p, is not onto and since 7{"P(X /A, ) is discrete, Im(p) is not dense in 7P (X /A, *).
In the following example, we show that the condition “locally path connectedness for Xis

necessary in Theorem 3.2.

2
Example 3.3. Let X1 = {(z,sin(2r/z)) e R? |0 <z < 1}, Xy = {(:c,y) eR?| 2%+ yZ =

=1, y§0},X3:{(x,O)ER2 | -1 <2 <0}and 4 ={(0,y) eR? | -1 <y <1}.If
X = X7 UXoUX3UA, then m(X,z09) = 0 and 71 (X /A, %) = Z. Since X/A is a locally path
connected and semi-locally simply connected space, W?tOP(X /A, x) is discrete which implies that
Pe(TIP(X, 20)) # 7P (X/A, %),

In the next example, we show that with the assumptions of Theorem 3.2, p, is not necessarily

an epimorphism and hence the hypothesis semi-locally simply connectedness in Corollary 3.5 is
essential.
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1\° 1
Example 3.4. Let C), = {(m,y) € R? ‘ <x— +y? = 2}, forn € N, HE, =
n n

= Unen Con—1, HEe = U,enyCon and X = (HEy x {0}) U (HE. x {1}) U A, where A =
= ({(0,0)} x I). One can easily see that X /A is the Hawaiian Earring space. Let o be the loop in
X /A that traverse p(C1), p(C2), ... in ascending order. By the structure of the fundamental group of
the Hawaiian Earring [7] we have [«] ¢ Im(p,) since if p.([5]) = [a], then the loop 5 must traverse
infinitely many times A which is a contradiction to the continuity of 5.

Corollary 3.6. Let Ay, Ao, ..., Ay, be subsets of a first countable, connected, locally path con-
nected space X with disjoint path connected closure such that each A; is closed or open. Then for
any a € |J;_, Ai we have

(TP (X, @) = 78 (X/( A1, A, ..., An),%).

Proof. By changing the order, we can assume that Ay, ..., Ay are closed and Ay4q,..., A, are
open, for a 1 < k < n. By applying Corollary 3.4 we have

qx ( qtop(X a)) - W?top(X/(Al’AQ’ s 7Ak)a *)a

where q: X — X/(A1, Ag, ..., A) is the natural quotient map. Consider the natural quotient map
r: X/(A1,Ag, ... Ay) = X/(A1,..., Ak, ..., Ay). Note that p = 7 o ¢ and since the A; have
disjoint path connected closures, Aij is also path connected in X/(Ay,..., Ag), for all j > k. Now,
using Corollary 3.2 the result holds.

Remark 3.1. Note that since the topology of 7] (X, z) is coarser than 7{*°P(X, z), the results

. . t .
of this section can be restated for 7] when we replace 7" with 7].

4. Some applications. It seems interesting to investigate on the topology of quasitopologi-
cal fundamental groups and some people have found some properties of this topology (see [2-35,
10, 13, 14, 17]). In this section, we intend to give some applications of the results of the previ-
ous section to find out some properties of the topological fundamental group of the quotient space
X/(A1,Ag, ..., Ap). By (X, Ay, Ag, ..., A,) we mean an (n + 1)-tuple of spaces with one of the
following conditions (é):

(i) The A; are open subsets of X with path connected closures.

(i) X is a connected, locally path connected, first countable space and the A; are closed subsets
of X with disjoint path connected closures.

Theorem 4.1. For an (n + 1)-tuple of spaces (X, A1, Aa, ..., Ay) with the assumption (&), if
X is simply connected, then n*P(X (A1, Ag, ..., Ay), %) is an indiscrete topological group.

Proof. Since X is simply connected, p. (75" (X, a))={[e.]}, where e, is the constant loop at * in
X/(Ay, Ag, ..., Ay). Then by Corollaries 3.2 and 3.6 {[e.]}is a dense subset of 7P (X /( Ay, Ay, . ..

., Ay),%). Since 7{"P(X/(A1, Ag, ..., An), %) is a quasitopological group, for every [o] €
€ m"P(X/(A1, Az, ..., Ap),*), the left multiplication Ly, : n{"P(X/(Ay, As, ..., Ay), %) —
— 71P(X/(A1, Ay, ..., Ay,),*) given by Lio)([8]) = [+ B] is a homeomorphism which implies
that {[a]} is also dense in 7*P(X/(A;, As, ..., Ay,), *). Hence every nonempty open subset of

7' P(X/(Ay, Ag, ..., Ayn), %) contains every element [o] of 7*°P(X/(Ay, Ag, ..., A,),*) which
implies that 71"P(X/(Ay, Ag, ..., Ap), *) is an indiscrete topological group.

Theorem 4.1 is proved.
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Theorem 4.2. For an (n + 1)-tuple of spaces (X, A1, Ao, ..., Ay,) with the assumption (&), if

7P (X, a) is compact and TP (X/(A1, A, ..., An), %) is Hausdorff, then the quasitopological

fundamental group thOP(X J(A1, Ag, ..., Ay), %) is either a discrete topological group or uncount-
able.

Proof. 1f m'°P(X/(A1, As, ..., A,),*) has at least one isolated point, then every singleton is
open since left translations

L[Oé]. qtop(X/(AlaAQa s 7A ) ) — W?top(X/(AlaA% v 7An)7*)

are homeomorphisms, for every [a] € 78'P(X/(Ay, Ag, ..., Ap),*). Thus 71*°P(X/(A;, As, . ..
.., Ap), %) is a discrete topological group. It is a well-known result that a nonempty compact Haus-
dorff space without isolated points is uncountable [12] (Theorem 27.7). Hence if 7§*°P (X /( Ay, As, . . .

.., Ap), ¥) has no isolated points, then in order to show that 7P (X /(Ay, Ay, ..., Ay,), *) is un-
countable it is enough to show that 7{*°P(X/(Ay, Ag, ..., A,),*) is compact. By Corollaries 3.2
and 3.6,

P (TP(X, a)) = 7{*P(X/ (A1, Ag, ..., Ap), %).

Since 71P (X, a) is compact and p, is continuous p. 7 *°P(X, a) is compact in 7{"P(X/(A1, As, . ..

.., Ap),*). Since 7'P(X/(Ay, Ag, ..., Ay),*) is Hausdorff, p.(7%°P(X,a)) is closed in
TiP(X/(A1, Ag, ..., Ap), %) and so p.(78P(X,a)) = 78P(X/(A1, Az, ..., An),*). Hence
7" P(X/(Ay, Ag, ..., Ay), %) is compact and so it is uncountable.

Theorem 4.2 is proved.

Corollary 4.1. For an (n + 1)-tuple of spaces (X, A1, Aa, ..., Ay) with the assumption (&),
if ™"P(X,a) is a compact, countable quasitopological group, then either X/(Ay, Ag, ..., Ay) is
semi-locally simply connected or 1P (X /(A1, Ag, ..., Ay), %) is not Hausdorff:

Proof. Let n{*°P(X/(Ay, Ag, ..., A,),*) be Hausdorff, then by a similar proof of Theorem 4.2
p« is onto. Therefore 7{"P(X/(Ay, Ag, ..., Ay),*) is countable since 7{*°P(X, a) is countable.
Theorem 4.2 implies that 7{"°P(X/( A, Aa, ..., A,),*) is a discrete topological groups. Hence by
Theorem 2.2 X/(A1, Ag, ..., Ay) is semi-locally simply connected.

If U is an open cover of a connected and locally path connected space X, then the subgroup
of 71 (X, z) consisting of all homotopy classes of loops that can be represented by a product of the

following type:
n
H ujvjuj_l,
j=1

where the u; are arbitrary paths (starting at the base point x) and each v; is a loop inside one of the
neighborhoods U; € U, is called the Spanier group with respect to U, denoted by = (U, x) [8, 16].
Definition 4.1 [8, 16]. The Spanier group of the space X which we denote it by " (X, x), is
defined as follows:
w(Xx)= [ U )

open covers U

The authors [10] introduce Spanier spaces which are spaces such that their Spanier groups are
equal to their fundamental groups. Also, the authors prove that for a connected and locally path
connected space X, {[e,]} C mP(X,x). Hence, for an (n + 1)-tuple of spaces (X, Ay, Aa, ..., Ay)
with the assumption (&), where X is simply connected, we have
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ﬂ(lltOp(X/(Ala vy Ap)yx) = pu(m (X, 2) = {lex]} C P (X/(Ax, ..., Ay), *).

Clearly simply connected spaces are Spanier spaces which we can call them trivial Spanier spaces.
It is interesting for the authors to obtain some ways to construct nontrivial Spanier spaces. The
following result which is an immediate consequence of the above argument gives a way to construct
some Spanier spaces from simply connected spaces.

Theorem 4.3. For an (n + 1)-tuple of spaces (X, A1, Aa, ..., Ay) with the assumption (&), if
X is simply connected, then X/(A1, Ao, ..., Ay) is a Spanier space.

In the following example, we show that there exists a simply connected, locally path connected
metric space X with a closed path connected subspace A such that X /A is not simply connected and
by Theorem 4.1 7{*°P(X /A, %) is an indiscrete topological group. Hence X /A is a nontrivial Spanier
space.

Example 4.1. Using the definitions of Example 3.4, let CHFE, and C'H E, be cones over HE,

1
and H E, with height 3 and let X = CHE,UCHFE.U A. By the van Kampen theorem, X is simply

connected, but X /A is not simply connected (see [9]). Hence X /A is a nontrivial Spanier space.
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