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ON THE GAUSS SUMS AND GENERALIZED BERNOULLI NUMBERS"
ITPO CYMMU I'AYCCA TA Y3AT'AJIBHEHI YU CJIA BEPHYJLJII

Using the properties of primitive characters, Gauss sums, and the Ramanujan sum, we study two hybrid mean values of
Gauss sums and generalized Bernoulli numbers and give two asymptotic formulas.

I3 BUKOpHCTAaHHSM IPUMITHBHUX XapakTepis, cyM ['aycca Ta cymn Pamanykana BUBIEHO 1B TIOPUAHUX CepefHIX 3HAYCHHS
cym Maycca ¥ y3aranpHeHHX 4ncen bepHymi Ta OTpUMaHO JBi aCHMOTOTHYHI (OPMYIH.

1. Introduction. Let y be a Dirichlet character modulo ¢ > 3. For any integer n, the Gauss sum
G(n, x) is defined as following:

Gl =3 x(a)e ().

a=1 q

where e(y) = 2™, Especially for n = 1, we write 7() = Zq 1X(a)e <a> . The various
a= q

properties and applications of 7(x) appear in many analytic number theory books (see reference [1]).

Maybe the most important property of 7(x) is that if x is a primitive character modulo ¢, then
I7(x)| = +/g. If x is a non-primitive character modulo ¢, 7(x) also appears many good value
distribution properties in some problems of weighted mean value. For example, Y. Yi and W. Zhang
[2] studied the 2k-th power mean of inversion of L-functions with the weight of Gauss sums, and
gave some interesting formulae.

Let x be a non-principal Dirichlet character modulo ¢q. The generalized Bernoulli numbers B,
is defined by the following:

te® > Bux n
2@y = 2 S
This sequence of numbers has considerable fascination and importance. The definition and basic
properties of generalized Bernoulli numbers can be found in [3]. H. Liu and W. Zhang [4] used the
properties of primitive characters and the mean value theorems of Dirichlet L-functions to study the
hybrid mean value
> X By

XFX0
x mod g
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and give a sharper asymptotic formula.

It might be interesting to study more mean value of the Gauss sums and generalized Bernoulli
numbers. In this paper, we use the properties of primitive characters, Gauss sums and Ramanujan
sum to study two hybrid mean value of Gauss sums and generalized Bernoulli numbers, and give
two interesting formulae. That is, we shall prove the following.

Theorem 1. Let q > 3 be an integer. Then for any given positive integers n > 1 and m we
have

m —1)ymom—=1ipnm
Z Bn,X _ ( 1)(23”)Tm€ ) qm(n_l)_1¢2(Q)H <1+1) +0 (qm(n—l)d(q»7

m -1
X7#X0 ™) rlla P
T(x)#0

where Zx 4y, denotes the summation over all non-principal characters modulo q with 7(x) # 0,
7(x)#0

H | denotes the product over all prime divisors p of q with p | q and p* { q, ¢(q) is the Euler
function, d(q) denotes the divisor function, and the O-constant depends on m and n.
Theorem 2. For any fixed positive integers m > 2 and n > 1, we have

" _1\(n+)m (1 \m
Z Z T(X1X2) Bn,x» :( 1)(27ri)n7r(zn.) qm(n_1)¢2m(Q)+

x1 mod g \Xx27#Xo

10 ) 0 (),

where the O-constant depends on m and n.
2. Some lemmas. To complete the proof of the theorems, we need the following lemmas.
Lemma 1. For any integer q > 3, let x be a non-primitive character modulo q, and q* denote
the conductor of x with x <= x*. If (n,q) > 1, we have

e () G e (i) 2007 () 00 o =ty

q1
0 *
; q # (q)’

where p(n) is the Mobius function, and q is the largest divisor of q that has the same prime factors
with q*.
If (n,q) = 1, then we have
G(n,x) =X"(n)x () p () T(X")-
q q
Proof. See reference [5].

Lemma 2. Let q and r be integers with ¢ > 3 and (r,q) = 1, x be a Dirichlet character
modulo q. Then we have the identities

S =Y u(3)ew

x mod g d|(g,r—1)
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and

= ud)¢ <%) :

dlq

*
where Z 4 denotes the summation over all primitive characters modulo q, and J(q) denotes
x mod ¢

the number of primitive characters modulo q.
Proof. This is Lemma 3 of [6]. Also one can see Lemma 4 of [7].
Lemma 3. Let ¢ = wv, where (u,v) = 1, u be a square-full number or w = 1, v be a

square-free number. Then for any given positive integers n > 1 and m we have

" ~ too - om—1 42 1
dlv x mod ud | |} 7”7;50 q pllg p
Proof. 1t is easy to show that
. XHu®)e(t) <= x(r)
DI D DD e Dl B
dlv x mod ud | t|% r=—00
r#0
o = xuo) x|
= [1+X(=1)(=1)"] e =
%1; X r%;i ud tzg: t 7‘231 r
. o e Zxm |
2 %szww %: o 2 , if2|n,
_ x-n=1 _° N
- . X))o (t) = x(r) .
2 %X%;w tZ w2 | if 24 n.
. x(=1)=-1 !

Let 7,,(r) denote the m-th divisor function (i.e., the number of positive integer solutions of the
equation 7 = 7173 ...7y,). Note that J(u) = ¢*(u)/u, if u is a square-full number. Then using the
methods of Lemma 3 in [4] and Lemma 2 in this paper we have

+ m

)BID BN DBEC LD SR

dlv x modud | t[3 r=1

x(—1)=-1
+o0
_ ZZ Z p(ty)- )QSS?) - P(tm) Z Tmff) Z Tt )X () =

dlv t1|3 tm|5 om r=1 " x mod ud
x(—1)=-1
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1 ud (t1) t b )T (T
:QZZ“<5> Z Zzﬂl )¢(;)T -9(tm) ()_
dlv s|lud t1]g tm|% r=1 m )

t1...tm;ur=1 mod s

1 ud tl t1)... tmeT
_QZZ%*(J Z ZZM ¢>(t:ﬁ)¢( )Tin(r) _

dlv s|ud t1]g tm| g 7=

t1...tmr=—1mod s

— 13" tua) +o(zz¢ ZW) ¥

dlv dlv s|ud

+oo 1
" (sz)(s) 2 - 1)"1“) )

dlv s|ud =1

Zjud )+ 0O (d(q)) = 2u EFJ Y+ 0 (d
d|v dlv

20y, 2(,, 2
=W -1+ o = 2] [(p (144

plv plv

+0(d(g) =

2
_ ¢’2(;) 11 <1 + 11> +0(d(g)).

p—
pllg

Similarly we can get

* " 2
> {ZX X:j] :WH<1+;1>+0(d(q)),

dlv x mod ud | ¢|% r=1 pllg
x(=1)=1
So we have
. YOut)e(t) X xr) | 27163 (g) 1
X (X X | e ) o).
dlv x mod ud | t|% r=-—00 rllg

r#0

Lemma 3 is proved.
Lemma 4. Let x be a Dirichlet character modulo q and n > 1 be a fixed integer. Then we
have

Z (r—1)" )o (q1/2d(q)) , otherwise.

r=—00

&y {(1)%@) +0d(g), i X =xois the principal character,
r#l
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Proof. First we suppose that x is a non-principal character modulo ¢. Noting that
G(r,x) < (r,9)g"?,
then we have

= G( 1/2 1/2 d —
Z( n <4 Z =dPy =1

r=—00 dlg 2/d<l<+oc0
r#l

=4q

> (l__:i/d)n<< q'd(q).

d|q 2/d<l<+o0

If x = xo is the principal character modulo ¢, then G(r, xo) = Cy(r) is the Ramanujan sum.
Noting that

0= X ()

d|(g,7)

then we have

=X a(r, = X dp(q/d)
> ey i X (@) =2 ¥ G-

r=—00 r=—00 d\ q,r) l*—oo
r#1 r#l ld#1
+o0
dp(g/d) _
S0 () + 20 X
dlq dlq l=—0o0
ld#1
1#0

D" du (%) +0(dla) = (~1)"¢(a) + O (d(a))

dlq

Lemma 4 is proved.

3. Proof of the theorems. In this section, we complete the proof of the theorems. Let ¢ > 3
be an integer, and x be a Dirichlet character modulo ¢q. The generalized Bernoulli numbers can be
expressed in terms of Bernoulli polynomials as

B B nl X e (rz) " <
n(x)__(Qm‘)” Z 0 if 0<z< 1.
=—00
r#£0

Therefore
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q to e (X n—1 199
B = qn—l ZX(Q) _ (2n' Z ( g ) _ 77%!(] ' Z G(T‘, X) ) (1)
a=1

mi)r =t (2mi) —~ ™
r#0 r#0

Let ¢ = wv, where (u,v) = 1, u be a square-full number or u = 1, v be a square-free number.
Let ¢* denote the conductor of x with y <= x*, then

T(x) =x" <qq*> p <qq*> T(x") #0

if and only if ¢* = ud, where d | v. So from Lemmas 1 and 3 we have

_”!Q";IZ (dt) ( ) X

(271'2 n tl% tn¢ ( ) St
Z =3 > —
X#XO dlv x mod ud X (E) H (g) T (X)
T(x)#0

Noting that

V)= x (e w(5) =

then we get

() (@) o0 o xommsn
o (3)x(gu(y) @@

Therefore by Lemma 3 and the above we have

Bin _ (=1)™(n))mgmn * X(t x(r)|
Z Tm(;) - (273)™™ Z Z Z Z o
X#X0 dlv x mod ud | ¢|7 r=—00
T(x)#0 r#£0

_ (—1)221’:);§n')mqm(n1)1¢2(q) H <1 4 11> +0 ( m(n— 1)d(q)) .

p—
pllg

Theorem 1 is proved.
From the orthogonality relations for character sums, formula (1) and Lemma 4 we can get

> T(x1Xa) By, = — 2m Z = 2 TuXe)G(rxe) =

X27X0 T=—00  X27#X0
r#0
nlg™ 1 1 br
- z le ()2 (%) X mlana -
b=1 X27#X0

r;ﬁO
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(=1)"*'nlg"'¢?(q)
(2mi)n

(0] (q”H/Qd(q)) , otherwise.

+0(q"d(q)), if x1 = xo is the principal character;

Then we have

Z Z T(X1X2) Bn,xs

x1 mod g \Xx2#Xo

m

= Z T(XoX2)Bnyxa | + Z Z 70X2) Br.x

X27X0 X17X0 \X27X0

(_1)(n+1)m(n!)m

_ m(n—1) ;2m m(n+1)—1 m(n+1/2)+1 ym
i)™ q ¢ (q) + O (q d(a)) +0 (q d (q)),

which is valid for m > 2.
Theorem 2 is proved.
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