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S1-BOTT FUNCTIONS ON MANIFOLDS
S'-®YHKIIII BOTTA HA MHOTOBHUJIAX

We study S*-Bott functions on compact smooth manifolds. In particular, we investigate S*-invariant Bott functions on
manifolds with circle action.

Busuatotscs S'-¢ynkuii BoTTa Ha KOMIAKTHUX IIaJKHX MHOTOBHAAX. 30KpeMa, J0CTimKyroThes S -inBapianTsi dyHKuii
BotTra Ha miagkux MHOTOBHIAX 3 JIEKO KOJA.

1. Introduction. Let M™ be a compact closed manifold of dimension at least 3. We study the S*-Bott
functions on M". Separately we investigate S'-invariant Bott functions on M?" with a semi-free
circle action which have finitely many fixed points. The aim of this paper is to find exact values of
minimal numbers of singular circles of some indices of S'-invariant Bott functions on M2".

Closely related to S*-Bott function on a manifold M™ is a more flexible object, the decomposition
of a round handle of M™. In its turn, to study the round handles decomposition of M"™ we use a
diagram, i.e., a graph which carries the information about the handles.

2. S1-Bott functions. Let M™ be a smooth manifold, f: M™ — [0,1] a smooth function, and
x € M™ one of its critical points. Consider the Hessian I';(f): T, x T, — R at this point. Recall
that the index of the Hessian is called the maximum dimension of 7T, where I',(f) is negative
definite. The index of I';(f) is called the index of the critical point 2, and the corank of T',(f) is
called the corank of z. Suppose that the set of critical points of f forms a disjoint union of smooth
submanifolds sz whose dimensions do not exceed n — 1. A connected critical submapifold Kj’g
is called nondegenerate if the Hessian is npndegenerate on subspaces orthogonal to Kjg (i.e., has
corank equal to n — ig) at each point x € K;g

Definition 2.1. A mapping f: M™ — [0, 1] is called a Bott function if all of its critical points
form nondegenerate critical submanifolds which do not intersect the boundary of M™.

Consider the following important example of Bott functions:

Definition 2.2. A mapping f: M"™ — [0,1] is called an S'-Bott function if all of its critical
points form nondegenerate critical circles.

Note that S'-Bott functions do not exist on any smooth manifold [12]. S'-Bott functions have
been studied and used by many authors [1-7, 9, 11, 14].The following theorem can be found in
(8, 11].

Theorem 2.1. Let M™ be a smooth closed manifold, f: M™ — [0,1] be a S'- Bott function,
and v C M™ its critical circle. Then there is a system of coordinates in a neighborhood of v of one
of the following types:
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1. Trivial v: S* x D"~ Y(g) — M™, where D"~ (¢) is a disc of radius ¢, v(S' x 0) = v, and

fw0,2)) =—af—... =23 +a3, +...+xi_y, for (0,2) € ST x D" (e).
2. Twisted 7: ([0,1]x D" Y(e)/ ~) — M™, where T is a smooth embedding such that (7([0, 1]) x
x 0/ ~) =7vand f(r(t,x)) = —af — ... — a3 + a3, + ... +22_, for (t,z) € (7:[0,1] x

x D" 1(g)/ ~ ). Here ([0,1] x D""Y(e)/ ~) is diffeomorphic to S' x D"~'(¢) by identifying
0 x D"1(¢) and 1 x D"Y(e) by the mapping: (0,1, ..., 2, Txi1,---Tn_1) <> (1, —21,..., T,
—Txt1ye -y Tp—1)-
The number \ is called the index of the critical circle .

Let M™ be a smooth manifold, and f: M™ — [0,n] an S!'-Bott function. We say that f is a
nice S'-Bott function if the submanifold M;(f) = f~! {O,i + %] contains all closed orbits of index

A < i. Bach nice S!-Bott function defines a filtration on the manifold M™ : My(f) C My(f) C ...
... © My_1(f) € M™. It is well known [11] that the existence of a nice S'-Bott function on a
manifold is equivalent to existence of a decomposition of the manifold by round handles. We recall
some necessary definitions.

Definition 2.3. We define an n-dimensional round handle Ry of index A by Ry = S' x D* x
x D"~ where D' is a disc of dimension i.

Define a twisted n-dimensional round handle T R) of index A\, 0 < A\ <n—1,by TRy = [0,1] x
x DA x D"A~1/ ~ where identification is given by the map: (0,21,...,Tx,Tx41s.. > Tn_1) <
<~ (1, —X1yeee s TN, —TXL1y - - - 71'71—1)-

Apparently, Thurston [15] was the first to note that the existence of a S'-Bott function on mani-
fold is equivalent to existence of a decomposition of the manifold by handles. We shall describe this
fact in more details.

Definition 2.4. We say that the manifold MY is obtained from a smooth manifold M™ by
attaching a round handle of index \ if My = M" U@ St x DA x D=1 where p: ST x 0D* x
x D" A1 5 OM™ is a smooth embedding.

Manifold My is obtained from a smooth manifold M"™ by gluing a twisted round handles of index
X if MY = M"J,[0,1] x D x D271/ ~, where ¢: ([0,1] x @D x D" A1/ ~) — M" is a
smooth embedding.

Definition 2.5. Decomposition of a smooth manifold M™ by round handles is called a filtration
OM™ x [0,1] = MJ(R) C M]*(R) C ... C M]’_;(R) = M™, where the manifold M'(R) obtained
Sfrom the manifold M | (R) by gluing round and twisted round handles of index i. In the case when
M™ is a closed manifold, filtration begins with round handles of index 0.

In what follows we recall the relationship between S' and the decomposition by round handles
[11].

Theorem 2.2. Let M" be a smooth closed manifold. The following two conditions are equiva-
lent :

1. On the manifold M™ there is a nice S'-Bott function with the critical circles 1, ...,V of
index A1, ..., A\ with trivial coordinate systems and critical circles 71, ..., of indices i1, ...,
with twisted coordinate systems.
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S'-BOTT FUNCTIONS ON MANIFOLDS 1687

2. Manifold M™ admits a decomposition by round handles consisting of round handles Ry, . ..
..., Ry, ofindex \i,..., )\, and of twisted round handles TR, , ..., TR, of indices ji1,..., [ so
that the critical circle ; corresponds to a round handle Ry,, 1 < i < k, and the critical circle ;
corresponds to a twisted round handle TR,;, 1 < j <.

Thus each nice S!'-Bott function on manifold M™ generates a round handle decomposition of
M™ and vice versa.

The following result belongs to D. Asimov [5].

Theorem 2.3. Let M™ be a smooth closed manifold (n > 3), and suppose that the Euler
characteristic x(M"™) = 0. Then M"™ admits a round handle decomposition.

For three-dimensional manifolds the situation is much more complicated [1, 12], there are closed
three-manifolds which do not admit a round handle decomposition. Of recent results in the three-
dimensional Poincare conjecture implies that a simply connected three-dimensional manifold admit
a round handle decomposition.

We are interested in conditions when an S!-Bott function on M™ has the property that all of its
critical circles have trivial coordinate system. We recall the necessary facts from [4].

By definition an n-dimensional handle H, of index X\ is Hy = D* x D" *. We say that a
smooth manifold M7} is obtained from a smooth manifold M"™ by attaching handles of index A if
M} = M"{, D* x D", where : dD* x D""* — 9M™ is a smooth embedding. dD* x 0
(D* x 0) is called the core (disc), and D" x 0 (D™ x 0) is called co-core sphere (disc) of the
handle D* x D"~

A decomposition of a smooth manifold M™ by handles is a filtration OM™ x [0,1] = M C
C M C ... C M} = M", where the manifold M;* is obtained from the manifold M;* , by
attaching handles of index <.

In the case where M™" is a closed manifold, filtration begins by handles of index 0. There is
a close relationship between the expansion of manifold by round handles and handles, in [5] the
following lemma was proved.

Lemma 2.1. Let M"™ = M['+ Hy + H)yy1 be a smooth manifold obtained from manifold with
boundary M{" by attaching handles of indices A and X\ + 1, which do not intersect (n > 2). Then
if A\ > 0, the manifold M™ can be represented as M"™ = M7 + Ry, where R denotes the round
handle of index ).

Lemma 2.2. Let M™ be a smooth manifold (n > 2) obtained from manifolds with boundary
M7 by attaching a round (or twisted round) handles of index X > 0. Then the manifold M" can be
represented as M" = M{" + Hy + Hy41. If the round handle R) was glued, then the intersection
index of Hy and H )1 is equal to 0.

If we glue to the twisted handle T Ry, then the intersection index H)y and H )1 is equal to £2.

Proof. The case when the handle is attached was proved in [4] (Lemma VIIIL.2). If glue twisted
handle TRy to M} , then the argument is the same. Let ¢: ([0,1] x dD* x D" 271/ ~) —
— OM7 be a gluing map. Represent ([0,1] x 0 x 0/ ~) as the sum of two segments [; and I
such that [y NIy = &I} = 8l and I; UL, = (¢([0,1] x 0 x 0/ ~ ). Consider the submanifold
Hy = I, x D* x D" *~1_ Obviously it can be regarded as a handle of index A, which is attached
to OMJ along the set 9D* x D"~ x I; with the restriction of ¢. It is clear that the manifold

ISSN 1027-3190. Yxp. mam. xcypu., 2012, m. 64, Ne 12



1688 D. REPOVS, V. SHARKO

Hyy1 = TRy \ (I; x D* x D"=2=1) = [, x D x D"~*~1) is the handle of the index A+ 1, which
is attached to O(MP* U H)) along the set (0l x DA U Iy x D) x D" 71,

By construction, the intersection index of these two handles is £2.

Lemma 2.2 is proved.

Lemma 2.3. Let M™ be a smooth closed manifold, f: M™ — [0, 1] an S*-Bott function, and c
its critical value. Suppose ¢ > 0, and that on the interval [c—e, c+¢] there are no other critical values.
Assume that on the surface level f~'(c) there are critical circles v1,. ..,V of indices A1, ..., \;
with trivial coordinate systems and there are critical circles ¥1,...,7; of indices 1, ..., u; with
twisted coordinate systems. Then the homology groups H,(f~'lc —e,c+¢€], f ' (c — €),Z) is gen-
erated exactly by the handles which correspond to the critical circles v1,...,%k, Y1,---,7. Each
circle vy; generates two subgroups that are isomorphic to 7, a direct product of the homology group
Hy, (fYe—e,c+el, f~Hc—¢),Z), and the other in the homology group H), , (f'[c —e,c+
+ €], f e —e), Z). Each circle vy; generates a subgroup Zo which is direct product in a group
Hy, (fte—ecte], fHc—e),Z).

Proof. Consider a function f associated to the decomposition of the manifold f~![c—e, c+¢] by
the round and twisted handles. Thus the critical circles lie on the same level of the decomposition of
the round and twisted handles We can choose the handles so that they do not intersect each other. If
we replace the round handles by handles from the previous lemma it follows that each twisted round
handle of index A generates the homology of a subgroup isomorphic to Z, in dimension A, and each
round handle of index A generates the homology of two subgroups isomorphic to Z in dimensions A
and A + 1.

Lemma 2.3 is proved.

Corollary 2.1. Let M™ be a smooth closed manifold, f: M™ — [0, 1] an S*-Bott function, and
1, ..., ¢k its critical values. Suppose €; > 0, 1 < i < k, such that the interval [c; — €;, ¢; + €;] has
no other critical values. Then on a level surface f~1(c;) there are only critical circles with trivial
coordinate systems if and only if the nonzero homology groups H, (f_l [ci—ei, citeil, f (ci—es), Z)
are free Abelian groups.

Thus we have a homological criterion when S'-Bott functions do not have critical circle with
twisted coordinate systems.

In the next section, we give another class of S'-Bott function which do not possess the critical
circle with twisted coordinate systems.

3. Diagrams of S'-Bott functions and their applications. In this section we explore S'-Bott
functions. We recall the definition of partitions of diagrams [4]. Partition diagrams represent the
construction of S'-Bott functions, especially for simply connected manifolds.

Consider the decomposition of a closed smooth manifold M™ by handles My C M C ...
... C M} = M™, where the manifold )" is obtained from the manifold M;* ; by attaching handles
of index i. Assume that C; = H;(M, M |,Z) ~ Z & ... ® Z, where k; is the number of handles

S
of index 7. Mean discs handles of index i form a basis for the homology groups H; (M, M |,Z).

Using the exact homology sequence for the triple M* | C M C M}, ; we can construct a chain

complex of free Abelian groups: (C,0): Cy < ... < Ci_1 il C; &ﬂ Cit1 < ...« C,, whose
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S'-BOTT FUNCTIONS ON MANIFOLDS 1689

homology coincides with the homology of the manifold M ™. Suppose that manifold M™ is oriented.
The choice of orientation allows to orient medium and comedium sphere of the handle which allows
to determine the homology indices A and A + 1 in manifolds OMY'. Thus the homomorphism )
given by the matrix of indices of homologous intersections of right-hand and left-hand spheres of
handles in the submanifold OM?'.

If each handle determines a vertex, and bridge the edges of those vertices for which the corre-
sponding handles have a non-zero intersection, then we obtain a graph. Note that the structure of this
graph can be complicated. However, it can be simplified.

It is known [4] that with the addition of handles all the matrices of homomorphisms 9;, 0 < i < n,
can be made diagonal.

Suppose that M™ is a simply connected manifold, n > 5 and there are no handles of the indices 1
and n — 1, then certainly the homology of the intersection indices of right-hand and left-hand spheres
coincide with their geometric intersection indices.

Thus a pair of adjacent handles with indices A and A + 1 may either not intersect or have inter-
section +1, £2 or +m, where |m| > 2. Since the Euler characteristic of a closed smooth manifold
M™ which admits a round handles decomposition is zero, it follows that the decomposition M"™ by
handles, we can introduce the following object, a diagram. A diagram is a disconnected graph whose
vertices correspond to handles and whose edges connect vertices if and only if the intersection of the
handle is nonzero. More precisely:

Definition 3.1. Q, is called a diagram of length n, if the plane is given by (n+ 1) set of points

(a(l), . ,a}co; a%, el a,{,l; coar, ... ,azn), which satisfy the following conditions:

1) for some i the set (a},... ,a};i) may be empty,

2) ko—k1+k2—...+(—1)"kn:0,

3) point of the set (af,... ,a}ﬂ), 1 < i < n—1, can be connected either with only one point
yom the set (ai™',....,ai~" ) or with only one point from (a:t!,...,aiT' ) in one of three ways.

1 ki1 Yy P 1 ki1 ).
- — — — — — — — o, e’ ® .
)
A set of points a, . .. ,a}go; coal ,a};i is called an i-skeleton diagram 2,,.

A point at which the chart is not linked to some other point is called free. If the chart has a
fragment
i+1
t

b

1
o ————
CL] a

then a§ is called a semi-free point (intersection of the handle is +2). If there is a fragment
a;c— — — — —edi™!

then a§ is called a dependent point (intersection of the handle is +m). Fragment
1+1

1
o— 0 U
CLJ t

is called inserted in dimension ¢ (the index of intersection of corresponding handles is equal to £1).
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Definition 3.2. A pair of points of dimension i and © + 1 are independent in the dimension 1,
if there is no connection between them or if they form a fragment.

In what follows we divide a chart into disjoint pairs of independent points. Let us make a
restriction for the fragments of the diagram form

i i+l i+ i i+1
i i+1 ] i+1 4 1+1
“ve- — — — -eu ae——=ea; ;. ay

We do not allow breaking any of the fragments into a pair of the form (a;'», a/t™), (ai,aith).

Definition 3.3. [f a chart 2, can be represented as the disjoint union of independent pairs of
points, then it admits a partition. A pair of points (aé—, a?l) of this partition is called the vertices of
the partition in dimension i.

Let us fix a partition diagram €2,, denoted by 2,,(o). It is possible that the diagram €2,,(c) does
not admit a partition since in some dimensions it may not have enough points for the formation of
independent pairs.

Definition 3.4. The base of the diagram Q,, is the diagram Q,, obtained from §,, by eliminating
all inserts.

Definition 3.5. A stabilization of the diagram (), in dimension i is a diagram of the form
Qg(i) =Q, LZJ A;, where A; is a new insert on dimension 1.

Lemma 3.1. For each chart ), there exists its stabilization in dimensions i1, . .. ,is, denoted
by Q5 0t9) cuch that the diagram Q5 01) gdmits a partition.

Definition 3.6. The number x;(0,) = ki — ki_1 + ...+ (=1)" kg is called i-th Euler char-
acteristic of the diagram Q,,.

Obviously, the insertion of dimension 7 increases the i-th Euler characteristic of Qg(i) the unit
and it does not change the values of the remaining j-Euler characteristics x; (Qg(i)) = x; () for
J# i

Lemma 3.2. [f'the diagram (), admits a partition, then the number of vertices of the partition
O, in each dimension is the same for all of its possible partitions.

Suppose that the diagram (2, admits a partition. Denote by m;(€2,) the number of vertices in
dimension ¢ of a partition €2,, and by M (£2,,) the number M (£2,,) = Z;o m;(Q2y).

In light of the lemma this numbers does not depend on the choice of a particular partition of the
diagram €,,.

Definition 3.7. Dimension )\ of a chart Qy, is called singular if xx—1(2n) = xo+1(2n) = 0,
XA(Q) = k > 0 and chart Qy, in dimensions \ does not consist of semi-free fragments.
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S'-BOTT FUNCTIONS ON MANIFOLDS 1691

In the process of decomposition of the diagram (2, into a pair of independent points is necessary
in this situation it to make one box of dimension A—1 or in dimension A+ 1 which leads to ambiguity.
The result will be different number of pairs in dimension A + 1 or in dimension A + 1, depending on
whether in any dimension we have made insertions.

Lemma 3.3. The diagram Q,, = (a(l), e ,a}m; al,..., a,lcl; Lopat, . ,a};‘n) admit a partition
if and only if it has no negative i-th Euler characteristics and singular dimensions. If the diagram €,
admit partition then the number of vertices in dimension i of a partition is equal m;(2,) = x; ().

If the diagram €, not admit partition then there exists its stabilization €25, such that the dia-
gram €5 admits a partition. Raises the question of the minimum possible number of the vertices in
dimension ¢ among stabilized diagram ng have a partition.

For diagram (2,, denote by m;(£2,,) the minimum possible number of the vertices in dimension
i among stabilized diagram (2, have a partition.

Let N be the set of integers, put p(n) = %(n + |n|), where n € N.

Theorem 3.1. Let Q, be an arbitrary diagram, then m3;(Qy) of the diagram Q, is equal
m$ () = p(xi(Qm)). If QU is a stabilization of diagram Q,, then m3 (€25) > m3 ().

Definition 3.8. For the diagram ), its i-th Morse number M;(y,) is the the number m$ (),
where ), is the base of the diagram Q,,.

Definition 3.9. A diagram €, is called exact if there exists a stabilization Q5+ of Q,,, such
that Q5+ admit partition with the number of vertices in dimension i is equal m;(Q25*) = M;(Qy,)
simultaneously for all 1 .

Theorem 3.2. The diagram (), is exact if and only if it does not have singular dimensions.

A stabilization of diagram €2, is called economical if

1) when x;(€,) = k < 0, perform k insert in the dimension 4,

2) when ¢ is singular dimension, then perform on insert in the dimension ¢ — 1 or in dimension
1+ 1.

We now describe how we can construct a diagram (2,, on a decomposition of a smooth closed
manifold M™ on round handles.

Let MJ(R) C M{"(R) C ... C M_;(R) = M™, be a round handle decomposition M". By
Lemma 2.2, we replace each hand index A on two ordinary handles of indices A and A + 1. As a
result, we obtain an expansion of the manifold M" by handles: My C M C ... C M} = M".
Using this handle decomposition of M™ we can construct a chain complex of free abelian groups:
(C,0): Cy 4 ...+ Ci_1 hal C; @ Cii1 < ...+ C,. Citing the matrix of differentials to the
diagonal form, we construct a diagram §2,,. The following fact holds:

Proposition 3.1. Let MJ(R) C M{"(R) C ... C M]'_;(R) = M" be a round handle decom-
position of manifold M™ and ), be a diagram associated to this decomposition. Assume that the
diagram $,, has no semi-free vertices. If the diagram S, is the economical stabilization of its base

Q,,, then the original decomposition on the round handles had missing twisted round handles.

Proof. Indeed, in this case, the diagram €2, does not allow the insertion of the round twisted
handle. All the points of insertion involved for the formation of vertices with other points of the
diagram. And by condition of the proposition semi-free vertices are not present.
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Remark 3.1. 1t is easy to construct a decomposition of a manifold M" by the round handles,
among which are twisted round handles, but at the same time have associated with this decomposition
diagram no semi-free vertices.

Definition 3.10. Let M™ be a smooth closed manifold. The number x;(M™) = p(H;(M™,Z))—
— u(Hio1(M™,Z)) + ... + (1) w(Ho(M™, Z)) is called the i-th Euler characteristic of M™,
where u(H) is a minimal number of generators H.

Definition 3.11. A dimension \ of closed manifold M™ is called singular if Hx(M"™,Z) is a
nonzero finite group distinct from Zo & ... ® Zg and x x—1(M™) = xxp1(M™) = 0.

Definition 3.12. Let M™ be a smooth closed manifold. A round handle decomposition is called
quasiminimal, if one of the following holds:

1) the number of round handles of index i equals to p(x; (M ")) + &4, where ¢; = 0, if dimension
i + 1 is nonsingular and €; = 1, if dimension i + 1 is singular;

2) the number of round handles of index i equals to p(Xi(M ”)), if dimension i + 1 is singular,
then there is only one handle of index i + 2.

In both cases, the number of round handles of index i + 1 equals to p(XH_l(M”)). A round
handle decomposition is called minimal, if number of round handles of index i equals to p(Xi(M”))
for all 1.

Using the decomposition of manifold on handles and the diagram technique, we can easily prove
the following fact [4].

Proposition 3.2. Let M™ be a smooth closed simply-connected manifold (n > 5). Then M"
admits a quasiminimal decomposition into round handles. If manifold M™ have not singular dimen-
sions, then M™ admits a minimal decomposition into round handles.

Definition 3.13. Let the manifold M"™ admits S'-Bott function, then S'-Morse number
MZ-Sl(M”) of index i is the minimum number of singular circles of index i taken over all S'-Bott
functions on M™.

Lemma 3.4. Let on a closed manifold M™ exist a smoth function f: M™ — R such that
each connected component of the singular set Xy of f is either a nondegenerate critical point p;,
i=1,...,k, or a nondegenerate critical circle S]l, j=1,...,1. Then the Euler characteristic of the

manifold M" is equal to x(M"™) = Zle(—l)index(pi).

Proof- 1t is known that for any Morse function on the manifold M™ g: M"™ — R with critical
points p;, i = 1,...,q, there is the formula x(M") = Zj_l(—l)index(pi). By small perturbation of
the function f any nondegenerate critical circle .S ]1 of index \ can be replaced by nondegenerate crit-
ical points of idexes A and A+ 1 [1]. Therefore the contribution in the formula for Euler characteristic
of these critical points will be zero and we obtain the desired formula.

4. Manifolds with free S-action. Let on smooth manifold M™ there is smooth free circle action.
Then of course the set A" /S is a manifold and natural projection p: M™ — M™ /S is fibre bundle.
Any smooth S!-invariant function f : M™ — R on a manifold M™ is called an S'-invariant Bott
function if each connected component of the singular set X is nondegenerate critical circle.

It is clear that if f be a S'-invariant Bott function on the manifold M™ then it projection
m(f): M™/St — R, is a Morse function. And conversly, if g: M™/S' — R be a Morse function
on the manifold M™/S* then m; !(g) = gom: M™ — R is S'-invariant Bott function on the manifold
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S'-BOTT FUNCTIONS ON MANIFOLDS 1693

M™. The critical point of the index A of the function g correspond to critical circle of the index A of
the function 7, %(g).

In this situation for the manifold M™ S'-equivariant Morse number of index i, M as’! (M™) is
the minimum number of singular circles of index i taken over all S'-invariant Bott functions on M™.

For the manifold M"/S' Morse number of index i, M;(M"/S") is the minimum number of
critical points of index 7 taken over all Morse functions on M"/S*.

Therefore for a calculation of the S!-equivariant Morse number of the index i there is possible
to use a Morse functions on the manifold M™/S!. The following fact is clear:

Corollary 4.1. Let on smooth manifold M"™ there is smooth free circle action. Then for the
manifold M"™ S'-equivariant Morse number of index i is equal Morse number of index i for the
manifold M™/S*.

Good example in this direction is the fibre bundle p: S?"+! — CP". For this S'-action a S'-
equivariant Morse number of even indexes equal 1 and for odd indexes equal 0.

The next example to show that S'-equivariant Morse number of the manifold M"™ depends on
circle action.

Let p: S — S? be the Hopf fibre bundle. Suppose that circle trivial act on S'. Using Hopf fibre
bundle and trivial circle action on S* we shall construct new fibre bundle p xid: S x S1 — 52 x S1.
It is clear, that on manifold S? x S there is a Morse function with one critical point of the indexes
0, 1, 2, 3. Therefore for such circle action on manifold S? x S the S 1—equivariant Morse number
for any index equal 1.

On the other side, let circle act trivially on S® and ¢ is rotation on S'. Consider fibre bundle
id x g: $% x S — S3. On S? there is a Morse function with one critical point of the indexes 0 and
3. Therefore in this situation for the manifold S® x S! the S'-equivariant Morse number for indexes
0 and 3 equal 1 and O for other indexes.

Remark 4.1. This example shows that for manifold S'-equivariant Morse number and S!-
Morse number of some index may be different.

Definition 4.14. Let on smooth manifold M™ there be a smooth free circle action. Then this
free circle action is minimal if for all indexes S'-equivariant Morse number is equal S'-Morse
number for the manifold M™.

Corollary 4.2. Let on smooth simply-connected manifold M™ there be a smooth minimal free
circle action. Then manifold M™ have not singular dimensions.

Proof. Obviously, for dimension three corolary is valid.

A manifold, which allows free circle action has Euler characteristic zero. If n = 4, then free action
on simply-connected manifolds M* non exist, since the Euler characteristic of a simply connected
four-dimensional manifold is always positive.

From the structure of the homology groups follows that simply-connected manifold M"™, 8 >
> n > 5, have not singular dimensions.

Let n > 9. Suppose that on M™ there be a minimal smooth free circle action. Obviosly, that
there be a equality M;(M"/S') = quSI(M"). By Smale theorem [10] on manifold M;(M™/S?!)
there be a Morse function with the number of critical points of index i is equal M;(M™/S*) for all
i simultaneously. Therefore on the manifold M™ there exist S'-invariant Bott function f with the
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number of critical circles of index i is equal M;(M"/S') = M} qsl(M ") for all ¢ simultaneously.
Since free circle action is minimal, therefore M;® (M™) = qusl(M ™). If simply-connected manifold
M™ have singular dimension then S*-Bott function on M™ can not have the number of critical circles
of index i equal to i-th S'-Morse number MZ-SI(M ™) for all ¢ simultaneously. Consequently, the
manifold M" has no singular dimensions.

Corollary 4.2 is proved.

Theorem 4.1. Let on smooth simply-connected manifold M™ there be a smooth free circle ac-
tion. Then this circle action is minimal if and only if u(H;(M™)S*, Z)+u(Tors H;_1(M"/S', Z) =
= p(xi(M™)) for all i.

Proof. From exact homotopy sequence of fibration follow that manifold M"/S* is simply-
connected. Let n = 3, using results about three dimension Poincare conjecture [13] can obtained that
M3 = S3, M3/S' = S? and we have Hopf fibre bundle p: S* — S2. Therefore, Theorem 4.1 is
proved.

If n = 4, then free action on simply-connected manifolds M non exist.

Let n > 5. Necessary. Suppose that on M™ there be a minimal smooth free circle action. If
n > 5 from results of Smale and Barden [3, 10] it follows that Morse number in dimension ¢ of the
manifold M™ /S is equal M;(M™/S) = p(H;(M™/S*,Z)) + p(Tors Hi—1(M™/S*, Z)). There
is equality M;(M™/S) = M, qul (M™). Because of the condition of minimal free circle action there
is equality M;(M"™/S') = qusl(M") = MF(M™) = p(xi(M™)).

Sufficiently. Consider on manifold M™/S' Morse function with the number of critical points of
index i equal M;(M"™/S') = u(H;(M™/S, Z)) + u(Tors H;_1(M™/S', Z)). By the construction
and condition of the theorem we have the equalities M;(M™/S') = Mf as'! (M™) = p(xi(M™)). But
M? (M) = p(xi(M™)) and therefore free action of S* is minimal.

Theorem 4.1 is proved.

Corollary 4.3. Let on smooth manifold M™ there be a smooth free circle action. Suppose that
manifold M™ /S is

a) m(M"/SY) ~Z,or my(M"/SY) ~Z®Z, n > 6

b) w1 (M™/SY) is infinite, n > 8.

Then S'-equivariant Morse number of index i for manifold M™ equal

a) Sjy(M"/S") + SiHH(M™/SY) + dimy g1 (Hiyy (M /S, Z));

b) DY(M"/S") + Siy (M"/S) + SHH (M™ /S") + dimy 1) (Hipy (M /S', 2)), for 3 < i <
<n-—3.

Proof. 1t follows from results of [4, 14] that on M™ there is Morse functions with the number of
critical points of index i equal Morse number of the manifold M™/S*.

5. Manifolds with semi-free S'-action. Let M/>" be a closed smooth manifold with semi-free
S1-action which has only isolated fixed points. It is known that every isolated fixed point p of a semi-
free S'-action has the following important property: near such a point the action is equivalent to a
certain linear S' = SO(2)-action on R?". More precisely, for every isolated fixed point p there exist
an open invariant neighborhood U of p and a diffeomorphism A from U to an open unit disk D in C"
centered at origin such that 4 is conjugate to the given S'-action on U to the S*-action on C" with
weight (1,...,1). We will use both complex, (z1,..., 2y,), and real coordinates (z1,y1,...,Tn, Yn)
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on C" = R?" with z; = x; + v/—1y;. The pair (U, h) will be called a standard chart at the point
p. Let f: M?" — R be a smooth S'-invariant function on the manifold A/?". Denote by % 7 the set
of singular points of the function f. It is clear that the set of isolated singular points X ¢(p;) C X of
f coincides with the set of fixed points M~ "

For a nondegenerate critical point p; there exist a standard chart (Uj, h;) such that on U; the
function f is given by the following formula:

F=F0) =1zl = =l P+ o+ [zl

Notice that the index of nondegenerate critical point p; is always even.

Denote by X /(S 1) the set singular points of the function f that are disconnected union of circles.
These circles will be called singular.

Acircle s € ¥ f(Sl) is called nondegenerate if there is an S'-invariant neighborhood U of s on
which S* acts freely and such that the point 7(s) is nondegenerate for the function 7. (f): U/S! —
— R, induced on U/S! by the natural map 7: U — U/S'. An invariant version of Morse lemma
says that there exist an S'-invariant neighborhood U of the circle s and coordinates (1, . .., T2, 1)
on U/S?! such that the function . (f) has the following presentation:

m(f) =m (F(r(s))) —af — ... —aX + 231 + ... + 25,1

By definition A is the index of singular circle s.

Definition 5.1. A smooth S'-invariant function f: M?** — R on a manifold M?" with a
semi-free circle action which has isolated fixed points is called: S}-Bott function if each connected
component of the singular set ¥y is either a nondegenerate fixed point or a nondegenerate critical
circle.

Theorem 5.1. Assume that M?" is the closed manifold with a smooth semi-free circle action
which has isolated fixed points p1, ..., py. Let for any fixed point p;j consider standard chart (U;, h;)
and function

fi = £ = |1l == Lo P+ el o 2l

on Uj, where \; is an arbitrary integer from 0,1,... n.
Then there exist an S'-invariant S}-Bott function f on M*" such that f = f; on U;.

Proof. Consider on U; the function f;. Let m.(f;): U;/S' — R, continuos function induced on
U;/S* by the natural map 7: U; — U;/St. It is clear that function .(f;) is smooth on manifold
(Uj \ p;)/S*. Denote by g smooth extension functions 7. (f;) on M?"/S. By small deformation
of the function g, that is fixed on U;/S!, we shall find function g1 on M?"/S! such that g; equal
m.(f;) on U;/S! and g1 have only nondegenerate critical points on M?" \ |J(U;/S'). Then the
function f = g, o p satisfics conditions of the theorem.

Theorem 5.2. The number of fixed points of any smooth semi-fiee circle action on M?" with
isolated fixed points is always even and equal to the Euler characteristic of the manifold M>".
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Proof. In first we consider following functions:

fi=filpr) + |21 + ...+ |2a]? on U and fj:fj(pi)—\zl|2—...—\zn|2

on Uj, 2 < j < [, and extend such functions to Sl-invariant Bott function f on manifold M 2" \
Ui JUsU...|JU;. We suppose that U; is diffeomorfic to open disk D?" for any j. Consider mani-
fold V2" = W?2" \ |JU;. The boudary of manifod V?" is disconnected union of spheres S>*~1. By
construction of manifold V2" there is free cirle action. The boundary of the manifold V?"/S?! is
disconnected union of complex projective spaces CP" 1. If the number of the boundary components
of the manifold V2" /S! is odd then we glue pairwise boundary components and obtain compact
smoth manifold with with boundary CP"~!. From the well known fact that the manifold CP" ! is
non-cobordant to zero it follows that the number of fixed points of any smooth semi-free circle action
on M?" with isolated fixed points is even. The value of the Euler characteristic y(M?") = 2k is
follow from Lemma 3.4.

Definition 5.2. Let f be an S'-invariant S}-Bott function for smooth semi-free circle ac-
tion with isolated fixed points pi,...,po on a closed manifold M>". Denote by Aj the index
of a critical point p; of the function f. The state of the function f is the collection of numbers
A = (A1, A2, ..., Aag), which we will be denoted by St¢(A). It is clear that all numbers \; are even
and (0 < A; < 2n).

Remark 5.1. It follows from Theorem 5.1 that for every smooth semi-free circle action on
a closed manifold M?" with isolated fixed points pi,...,ps: and any collection even numbers
A = (A, A2,..., Agx), such that 0 < A; < 2n there exists an Sl-invariant S}-Bott functions f on
M?™ with state St¢(A).

Definition 5.3. Let M?" be a closed smooth manifold with smooth semi-fiee circle action which
has finitely many fixed points pi, ..., pa. Fix any collection even numbers A = (A1, Ao, ..., Aag),
such that 0 < \; < 2n.

The S*-Morse number ./\/lis1 (MQ", St(A)) of index i is the minimum numbers of singular circles
of index i taken over all S*-invariant S!-Bott functions f on M?" with state Ste(A).

The following is an unsolved problem: for a manifold M?" with a semi-free circle action which
has finitely many fixed points find exact values of numbers M3 ' (M?™, St(A)).

6. About S'-equivariant Morse numbers M3’ (M?2", St(A)). Let M?" be a compact closed
manifold of dimension with semi-free circle action which has finite many fixed points p1,, ..., pag.
Denote by 7: M?* — M?"/S! the canonical map. The set M?"/S! is manifold with singu-
lar points 7(p1),...,m(p2r). It is clear that neighborhood of any singular point is a cone over
CP* ! If f: M* — R is a smooth S'-invariant S!-Bott function on the manifold M?", then
m(f): M?"/S' — R is a continuos function such that on smooth non-compact manifold N2"~! =
= M?>"/St\ U?L m(pj) it is Morse function.

Choose an invariant neighborhood U; of the point p; diffeomorphic to the open unit disc
D c C" and set U = U?i L Uj. Consider compact manifold V?"~! = (M?"\ U)/S1, its bound-
ary is a disconnected union of complex projective spaces OV2"~1 = (CIP”IZ_1 U...uCPg ot is
clear that manifold V2"~1 \ 9V?"~! and manifold N?"~! are diffeomorphic. We use a manifold
V=1 for the study of S'-invariant S}-Bott functions on the manifold M?" with state St(A) =
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= (0,...,0,2n,...,2n). Let 9oV?"~! be a part of boundary of V?"~! consist from r component
CP*=2 2k—1>r>1,and V> = gV27=1\ 9y V2"~1. On the manifold with boundary V271
constructed Morse function f: V' — [0, 1], such that f=1(0) = 9oV?*~! and f~1(1) = V"
Using the function f we constructed on the manifold M?" S'-equivariant S!-Bott function F'
with the state St(0,...,0,2n,...,2n), such that restriction 7,(F") on V coinside with f. There-
fore Morse number of index i M;(V?** =1 9yV?"~1) of manifold with boundary V?"~! is equal
MS(M27,51(0,...,0,2n,...,2n).

Theorem 6.1. Let M?" (2n > 8) be a closed smooth manifold admits a smooth semi-fiee
circle action with isolated fixed points p1, . . ., pax. Then for the manifold M*™ with the state St(A) =
=(0,...,0,2n,...,2n)

M;Sl (MQn’ St(A) — ]Di(Vanl’ 80V2n71) + §22) (Vv2n717 aov2n71)_’_

+§Z;)1(V2n_1, 80V2n_1) + dimN(Z[ﬂ) (H(i2)(V2"‘1, 80V2n_1)>
for3 <i<2n—4.

Proof. Choose an invariant neighborhood U; of the point p; diffeomorphic to the unit disc
D?" c C" and set U = \U; Us. Let f; be a function on U; equal

fi:|21‘2+...+|2n|2 and fj on Uj equal fj:1*|2’1|2*...*|zn|2,

fori=1,...,7,j=r+1,...,2k —r. Consider the manifold V2" = (M?"\ U)/S'. It is clear that
its boundary is a disconnected union of complex projective spaces OV 2" = (C]312"_2 U...u CPQZ,?_Q.

Let JyV' %" be a part of boundary of 12" consist from r component CP?"~2_ that correspondent U;
and 01 V?" be a part of boundary consist from component CP?"~2, that correspondent U;. On mani-
fold V2" = (M?"\ U)/S! constructed Morse function f: V' — [0,1], such that f~1(0) = 9V "
and f~1(1) = 0;V?". Using the function f we constructed on manifold M?" S'-equivariant S!-Bott
function F' with the state St(A) = (0,...,0,2n,...,2n), such that restriction F on U; coinside with
fi, restriction F on Uj coinside with f; and restriction 7, (') on V' coinside with f. Therefore Morse
number of cobordism V' equal Mgl (M n St(A)). In the paper [14] there is value of Morse number
of a cobordism.

Theorem 6.1 is proved.
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