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ON SOME HERMITE -HADAMARD INEQUALITIES
FOR FRACTIONAL INTEGRALS AND THEIR APPLICATIONS

ITPO AESAKI HEPIBHOCTI EPMITA - ATAMAPA
JIJISL IPOBOBUX IHTEI'PAJIIB TA IX 3ACTOCYBAHHSA

We establish some new extensions of Hermite — Hadamard inequality for fractional integrals and present several applications
for the Beta function.

BcTaHoBIIEHO NIesiki HOBI po3mupeHHs HepiBHOCTI Epmita— Anamapa ot qpo6oBHX iHTerpaiiB Ta 3alpONOHOBAHO KilbKa
3acTOCyBaHb I Oera-(QyHKIi.

1. Introduction. Throughout in this paper, let a < c < d <bin R with a + b =c+d.
The inequality

b
f(a;b><bia/f<x>dx<w (L)
a

which holds for all convex functions f: [a,b] — R, is known in the literature as Hermite - Hadamard
inequality [7].

For some results which generalize, improve, and extend inequality (1.1), see [1 -6, 8 —18].

In [4], Dragomir and Agarwal established the following results connected with the second ine-
quality in inequality (1.1).

Theorem A. Let f: [a,b] — R be a differentiable function on (a,b) with a < b. If |f'| is
convex on |a,b], then we have

f(a); b_a/f Yo < 220 — (7 @+ 7))

which is the trapezoid inequality provided |f'| is convex on |a, b].

In [12], Kirmaci and Ozdemir established the following results connected with the first inequality
in (1.1).
Theorem B. Under the assumptions of Theorem A, we have

b
i [ eS80 < e+ 1)

which is the midpoint inequality provided |f’| is convex on [a,].

In what follows we recall the following definition [14].
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Definition 1. Let f € Li[a,b]. The Riemann—Liouville integrals JO, f and J;' f of order
a > 0 with a > 0 are defined by

T

/(x @) dt, x> a,

a

1
Jor fz) = T(a)
and

b

e f(a) = F(la) / (t—2)* \ fO)dt, = <b,

xr
respectively. Here, I'(cv) is the Gamma function and J?, f(z) = J)_ f(z) = f(x).
In [14], Sarikaya et al. established the following Hermite - Hadamard-type inequalities for frac-
tional integrals.

Theorem C. Let f: [a,b] — R be positive with 0 < a < b and f € Lila,b]. If f is a convex
function on [a,b], then

fla) + 1) 02

a+b Ia+1)
< a b @ <
(57 < g a2 1)+ 5 fi@) <
for a > 0.

Theorem D. Under the assumptions of Theorem A, we have the following Hermite — Hadamard-
type inequality for fractional integrals:

’f(a)—i—f(b) _Ila+1)
2 2(b—a)~

2, £(b) + Jé"—f(a)]‘ < 21 o (f@] + £ o))

1
- 2a+1(a + 1)
for a > 0.
In [8], Hwang et al. established the following fractional integral inequality.
Theorem E. Under the assumptions of Theorem A, we have the following Hermite — Hadamard-

type inequality for fractional integrals:

‘ I'a+1)
2(b—a)™

1)+ @) - 1( 450 )| <

b—a 1 / /
< g (a1 g ) (@l + )

for a > 0.

In [11], Hwang et al. established the following Hermite — Hadamard-type inequalities which are
refinements and similar extensions of Theorems C—E.

Theorem F. Let f: [a,b] — R be a convex function with a < b. Then we have the inequality

f<a;b>§

3*—1 [(a+b 4% — 3 +1 3a+b a+3b
< () e ) () <
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(1.3)

for a > 0.

Theorem G. Under the assumptions of Theorem A, we have the following inequality for frac-
tional integrals:

‘FW+”wﬁﬂw+wﬂ@%

2(b—a)™

e () ()| oo <

< K(a)(b—a)(If ()| + £/ (b)),

where

2¢ -1 3 -1
K(a):= 20+1(q + 1) 2. 40t

with o > 0.

Theorem H. Under the assumptions of Theorem A, we have the following inequality for frac-
tional integrals:

‘”a“ﬁﬁﬁw+ﬁjw%

2(b—a)~

3—=1,(a+b 44 —-3* 41 3a+b a+3b
() e ) )l

§<;_ngw—amfwﬂ+wwm,

where K(«) is defined as in Theorem F and o > 0.

Remark1. 1. The assumptions f: [a,b] — R is positive with 0 < a < b in Theorem C can be
weakened as f: [a,b] — R with a < b.

2. In Theorem D, let o = 1. Then Theorem D reduces to Theorem A.

3. In Theorem E, let &« = 1. Then Theorem refte reduces to Theorem B.

In this paper, we establish some new extensions of Theorems D—H and present several applica-
tions for the Beta function.

2. New refinements of Hermite— Hadamard-type inequality for fractional integrals. In
this section, we establish some inequalities which refine the inequality (1.2) and generalize the
inequality (1.3).
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Theorem 1. Let f: [a,b] — R be a convex function and let a < ¢ < d < b in R with
a+ b= c+d. Then we have the inequality

f<a—2{—b> . (b—cg:—;;a—a)“f<a;—b>+

b—a)*+ (c—a)*—(b—)®
+ (e 7€) + (@) <

Fa+1)

~2(b—a)”

b—a)*+(c—a)*—(b—c)*
2(b—a)™

[Jas f(0) + J- f(a)] <

[f(a) + f(b)] < == 2.1

for a > 0.

Proof. 1t is easily observed from the convexity of f that the first and last inequalities of (2.1)
hold.
By using simple computation, we have the following identities:

s [z ) + I3 1(0)] =

Zﬁ / (@ —a)* ™+ (b —2)*[f(2) + fla+b—x)] do+t
@ T a—1 a—1
+2(b_a)a/[($—a) +(b—z)* 1] [f(z) + fla+b—z)|dz, 2.2)
@ [ a—1 a—1 _ (b - a)a + (C — Cl)a — (b — C)a
Q(b_a)aa/[(x—a) +(b—$) ]d.’L’— 2(b_a)a ’ (2.3)
ot e
_a—l—b—a:—c c—1x " B d— 2 c— 1 , )s
T atb-2 x+a+b—2w(a+ _x)_c+d—2xx+c+d—2a:(a+ —z) @29
and
a+b—x—d d—z
d= a+b—2x x+a—|—b—2x(a+b_x):
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_ c—x N d—=x (a+b—2)
_c+d72:nx C+d72xa Th
where z € [a, ¢] with 0 < i d- 1
’ “c4+d—2z c+d—2x "’
a+b 1
5 :§[x+(a+b—:):)],
[ a+b]
where x € |c, ,
2
b—=x T —a
= b
v b—aa b—a
and )
T —a -z
a+b—$—b_aa+mb,
where z € [a, c],
x_d—xc+x—cd
Cd-—c d—c

and

b d—a—-b+x +a+b—a:—cda;—c +d—xd
“ v d—c ¢ d—c d—c T a—¢c®

e d—
with 0 < £=€ T

d—c d—c ~

a
where x € [c,

411

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

2.11)

Now, by using the above identities and the convexity of f, we have the following inequalities:

b—a)*+(c—a)*—(b—0c)® B
o [£0) + F(d)] =

c
(67

- = w_aafl —xail c "
—2@—@a/K )"+ (b= 2)* ] [f(0) + f(d)]du <

a

c
«

< 0 —a)e / [(z — a)* (b - x)a_l} X

a

x[d_x f(x)—I—ic_x fla+b—x)+

c+d—2x c+d—2x
@)+ fla+b—a)|da =
c+d-—2zx c+d—2zx -

c
«

= z—a)® ! — )t x a —x)|dx
~ s [ [ = 6= [F0) + fla b a)]d

a

by identities and (2.5), (2.6),
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(b—c)a—(c—a)o‘f<a+b> _

~ 20 (_y a)° 7[(95 —a)* 4 (b— :1;)0‘1]2f<612+b> dz <

< 50— a)pe / [(z —a)* '+ (b= 2)* ] [f(z) + fla+b—2)]de (2.13)

by identities (2.4) and (2.7),

c
«

—a) ! — )l z a ~ o) de
2(b—a)“/[(x )+ (b—2)* [ f(z) + fla+b—a)]dz <

a

c
«

=30 —a)e / (@ =)™ + (b —2)*")x

a

b _ _ -
[P+ 20+ 4 ) e =

=0 ap [f(a) + f(D)] (2.14)
by identities (2.3) and (2.8), (2.9),

(67

o — )" € a —x)|dx
2<b—a>ac/[(”f‘“> + (=2 [f(z) + fla+b—=)]dr <

a+b
2

L x_aa—l —I‘a_lx
el AT

c

A

d— - _ d—
x [d_‘ﬁf(cwZ_jf<d>+j_jf<c>+d_jf@ dz =

- 2(b— a)® [f(c) + f(d)] (2.15)
by identities (2.4) and (2.10), (2.11).
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The second and third inequalities of (2.1) follow from identity (2.2) and inequalities (2.12)-
(2.15).

Theorem 1 is proved.
Remark?2. In Theorem 1, inequality (2.1) refines Hermite —- Hadamard-type inequality (1.2).

1
Corollary1. In Theorem 1, let c = (1 — )a+ b and d = Pa+ (1 — )b with 0 < f < 3 Then

we have the inequality
(55 sta-oe - (S50 ) +

2

+[1_ (1_B)a+ﬁa] f((l_ﬁ)a+5b)42—f(ﬁa+(l—B)b)

<

Fla+1) g o
W [Ja+f(b) + bef(aﬂ <

IN

< (- gy - poy LU= Bax B+ /(Pat A=),

R P AL O S (O (ORS G}

1
Remark3. In Corollary 1, let 3 = T Then Corollary 1 reduces to Theorem F.
Remark 4. In Theorem 1, let « = 1. Then we have the inequality

f<“;b>§
a+b

< -29)7(“57) 4 BLAG = B)at B0) + f(Ba+ (1= H)B)] <

b
<o [ @<

<! _225 [f((1=B)a+Bb)+ f(Ba+ (1—B)b)] + B[f(a) + f(b)] <

_ f@) + f(b)
- 2
which refines Hermite — Hadamard inequality (1.1).
3. Some extended inequalities for fractional integrals. In this section, we establish two
theorems which are similar extensions of Theorems A—B and D-E.
Theorem 2. Let f: [a,b] — R be a convex function and let a < ¢ < d < b in R with
a+ b= c+d. Then we have the following inequality for fractional integrals:

Pla+1) g o
W [Ja+f(b) + Jb_f(a)] -

(P 0+ ) + R = ) 4 g ) <
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< Ha(c)(b—a) (| ()| + [ (B)]), (3.1)

it == (=0}
with o > 0.

Proof. Define

where

b—2)*—(r—a)*+(b—0c)*—(c—a)*, xe€ldDbl.

By using the integration by parts, we have the following identities:

S age | M@ =

b

o r / (= )21 + (b — 2)°71] £ () da
e 0 + s+
e RIS
= st a0+ g sta] - { P S e + @)+
e G UIE
— s e+ g @) - { O S 1+ s+
# Qo= BT o )+ ) 62)
[ 1607~ e = -+ - 0 oo

b
+/[(w—a)o‘—(b—x)o‘—(b—c)a—i-(c—a)o‘]l;:Z‘f'(a)‘dx—
d
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C

:/[(b—x)o‘—(x—a)o‘—(b—c)o‘—i-(c—a ]—U )| dat

—i—/[(b—x)a (r—a)*=(b—c)*+ (c—a) ] (a)|dz =
:}f’(a)’/[(b—x)a—(:c—a)o‘—(b—c)a—i—(c—a)a]dx:Pl, (3.3)
where
/ 1 a+1 a+1 a+1
P —!f(a)\{aH[(b T+ (b= )+ — (e — a)H]
(c—a)[(b—0c)* = (c—a) ]}
(3.4)
/[(b—x) (x—a)*—(b—c)*+ (c—a) }7‘]” )| da+
b
+/[(x—a)o‘—(b—az)o‘—(b—c)o‘—i—(c—a)o‘]i_a‘f’(b)‘dx:
d
:/[(b—x) (e =) = (b= ) + (e— )T T | (b)]dat
+/[(b—az)°‘ (x —a) (b—c)a+(c—a)a]z:x‘f'(b)’d;z;:
}/ —z)* = (z—a)® — (b—0)* + (c — a)*]dz = P,
where
/ 1 a+1 a+1 a+1
Pri= PO [0 0™ = 6= 0 = = ]
(e afo-or - - a2,
(3.5)
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b

(@ =) = (b= 2)"] 7— |f'(a)| dz =

d
!

= 7 [(b—2)* — ($—G)Q]Z:z |f'(a)| dz+
/

T —a
b—a

(b~ 2)" ~ (2 —a)*) T | (a)] do =

= || [ (0= - (e -l = By,

where
"(a _ )t
P3 .= Ei )1’ [(b — )" 4 (c—a)*T — (b2a) ,
(3.6)
[ 1027~ (= )72 |7 )] o+
d
+ [ le—ar = -2 f 2 0] do =
= [ [0 - - Tl ) o
H b—x,
+ [ 102 @ -0 =) b =
= |f/(b)‘ / [(b —x)* — (z — a)o‘]da: =Py,
where

/ —a a+1
Py = ‘OJ: j_b)1| [(b —0)* 4 (e —a)*T — b-a)*™ 20?

Now, by using simple computation and identities (2.8) and (3.3)—(3.6), we have the inequality
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b

1 , -
i [ @I @) =

a

b

/ b (@) () de

a

IN

2(b—a)~

C

1 ol a — )% c—a)® "z X
:gw_wa/ﬂb_@ — (2 —a)* = (b—¢)* + (c— )] | f'(z)| da+

a

[(b—2)* = (z —a)*] | f'(z)| dz+

+
[\V]
—~
S
| | =
Q
S~—
Q
o \“E‘_

d
+ ! + / [(z —a)* = (b —2)%] | f'(z)| do+

a+b
2

b
1 (b BV (b 4 (e — 1] | #(2) da
+ﬂb-@aZT@_a) (b—2)* = (b—0)*+(c—a)] |f(2)| dz <

Pt Pt P+ P (b—a) (|F(0) +[FO))

- 2(b — a)~ 2
= I = M B = [ I (=N %

(b—a) (If' (@] +[f®)) ((b—c\*  [(e—a\""" 1)
+ 2(a+1) ((b—a) +<b—a> _20‘>_
= Ho(c)(b—a) (|f'(a)| + | ()])- 3.7

Inequality (3.1) follows from identity (3.2) and inequality (3.7).

Theorem 2 is proved.
Remark5. In Theorem 2, let ¢ = a. Then Theorem 2 reduces to Theorem D.

1
Corollary2. In Theorem 2, let ¢ = (1— f)a+ b and d = Ba+ (1 — )b with 0 < f < 3 Then
we have the inequality

2F((ba_+a;i [Jgif(b) + Jf_f(a)] — {M);Ba [f((l — B)a+ ﬁb)—i—

wp(@as (1= )+ O a4 g <

< Mo (B)(b—a) (|f'(a)] + | F'(B)]),

where
2% —1

M, (B) = 2 (a1 1) g[(l - B)* — °]

with o > 0.
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1
Remark 6. In Corollary 2, let 5 = 1 Then Corollary 2 reduces to Theorem G.
Remark. In Corollary 2, let « = 1. Then we have Hermite — Hadamard-type inequality

b

s [ 1w {2200 - g0+ 80 + S50+ - 6] + 811+ 10)]

a

<

g{é—ﬁ(i—ﬂﬂ(b—wﬂfmﬂ+U“®U

Remark 8. In Remark 6, let 5 = 0. Then Remark 6 reduces to Theorem A.
Theorem 3. Let f: [a,b] — R be a convex function and a < ¢ < d < b in R with a+b = c+d.
Then we have the following inequality for fractional integrals:

F(a+1) [Jg;f(b)—i—Jgif(a)] _{(b—c)a_(c—a)af<a+b>+

2(b—a)~ (b—a)> 2
et O = 0+ @]} < o= a (@1 + 70D 69

where

L) = c-a_ 1 c-a b—c\* [(c—a\"] 20-1
AT o —a) |1 20-a) [\b—a b—a 20+ 1(q + 1)
with a > 0.

Proof. Define

b—2)*—(z—a)*—(b—a)*, z € [a,c),

(b—2)— (@ —a)® — (b— ) + (c—a)®, z€ [c,“;b>,

2
((b—2)* = (z—a)*+ (b—a)%, x € [d,b].

-2 — (@ —a)® +(b— ) — (c—a), z¢€ [”b,d),

By using the integration by parts, we have the following identities:

b b
[0

/ - x_aafl —l‘ail x —
2@@a/ﬁﬂ@f@Vm—2@@a/K )2 (b= 2)* ] f(x) d

a a

b—c)*—(c—a)* ,(a+Db
‘{ (b—ay f<2 )*
b—a)*+(c—a)*—(b—0c)® B
e t0)+ 1))} =

al(a) - . N (b—0c)*—=(c—a)® ,(a+Db
— s 1) + g f(o)] - { ST ()
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L g ) -
Mes+n). ., o poy == (=) (a+b
= 50— aya LFar SO + i f (0)] { (b=a) f< i >+

/ (- @) — (b— )%+ (b— a)°] %‘f’(aﬂdm—l—

= ‘f’(aﬂ/[(x—a)a—(b—:n)o‘—i—(b—a)o‘]dx—Ql, (3.10)

where
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1O [ [0~ -2+ 06— a)dr = Qs

where

Q= |F O { 57 [0- 97+ =)™ = 0= 0] + = a0 -0)°

(3.12)
/[(x—a)o‘—(b—x)o‘—i-(b—c)a—(c—a)o‘]z:Z‘f'(a)‘dx—i—
: b
—i—/ [(b—x)o‘—(a:—a)a—i-(b—c)a—(c—a)a]b:z‘f’(a)‘dx:
_/[(x—a)o‘—(b—x)o‘—i—(b—c)o‘—(c—a)“}z:Z‘f’(a)‘dUC—k
+/ (2= @) = (b= 2)° + (b= )* = (e = )] 7—|f'(a)|da =
= ‘f’(aﬂ [(a: —a)*—(b—2)*+(b—0)—(c— a)o‘]d:z = Qs3,
where
_aa+1
Qs _|f/(a)‘{a—1i_1 |:<b 2@) —(b—c)a—H—(C a)a—&-l}_i_
a+b—2c
i [(b—c)o‘—(c—a)a]}
(3.13)

(2= ) = (b= 2)" + (b= )" = (¢ = )] 5— |f'(b)| da+

(b= ) = (@ = a)* + (b= )" = (e = 0)*"] T— | £/(b)| dor =
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_ / (@ = a)* = (b= 2)° + (b — ) — (¢ — )] T—| 7' (8)| d+

—i—/ [(a:—a)“—(b—x)o‘—&-(b—c)“—(c—a)“]z:z‘f’(b)‘d:{::

where

—a a+1
R el e R B O B

a+b—2c o o
+ 5 [(b—c) —(c—a) ]}

Now, by using simple computation and identities (2.8) and (3.10)—(3.13), we have the inequality

b
1 , B
< Wa/’hz(x)"f(x)‘dw—

1 / (] e @ /
zz(b_a)a/[(x—a) (b= 2) + (b— )] | f'(x)| da+

b

1 ,
2(b—a)°‘/h2(x)f (x)dx

a

| )| dx+

/x—a —2)*+ (b—0)* = (c—a)]|f'(z

| )| dx+

d
! /[(bx)o‘(xa)o‘Jr(bc) (c— )| f'(a

b
1 2 (b O ) gy < LT Q2T @3+ Qs _
aad/w)—x) ~ (@) + (b= )] | @) dr < SR

T
b—ec a+1 c—a a+1
(=) (=) -

b—a

b—a
i_ b_C 0l+1_
20 b—a

<b—a>(\f’<a>\+\f’<b>\){ 1
2 a+1

(b—a>(|f'<a>\+|f'<b>\){ 1
2 a+1
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(=) G 1G22 - (=) )} -
= I (c)(b— a)<|f’(a)\ +|f0)| ) (3.14)

Inequality (3.8) follows from identity (3.9) and inequality (3.14).
Theorem 3 is proved.

Remark9. In Theorem 3, let ¢ = a. Then Theorem 3 reduces to Theorem E.

1
Corollary3. In Theorem 3, let ¢ = (1— f)a+ b and d = Ba+ (1— )b with 0 < < 3 Then
we have the inequality

w [T (0) + T fla)] — {[<1 —B) —pf ( > b) *
n 1_(1 —f)a-l-ﬁa [f((l—ﬁ)a‘i‘ﬂb)+f(’8a+(1_5)b)]}‘ <
< Na(B)(b—a) (£ (@) + [F®)]),
where
Na0) =5 (5= 5 )10 -0 = 7] = gy
with o > 0.

1
Remark 10. In Corollary 2, let 8 = 1 Then Corollary 2 reduces to Theorem H.
Remark 11. In Corollary 3, let « = 1. Then we have the Hermite — Hadamard-type inequality

bil/bf(x)dx—{(l—w)f(a;b) +,B[f((1—ﬁ)a+ﬁb)+f(ﬁa+(1_5)b)]} <

< [; i (; _ @)] (b a)(|f'(@)] + | /' B)])-

Remark12. In Remark 6, let 5 = 0. Then Remark 11 reduces to Theorem B.

1
Remark 13. In Corollaries 2 and 3, let 5 = 1 Then we obtain the following inequalities:

bia/bf(x)dx—i [f<a>+f(3“4+b) +f(“fb) +f(b)] <

b—a / /
< 16 (‘f (a)‘ =+ ‘f (b)’)

and

b

bia/f(x)dx—i {f<3“jb>+2f<“;b>+f(a+43b>] <

a
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b—a , ,
=16 (‘f (a)‘ + ‘f (b)’)

which are similar extensions of Theorems A and B.

4. Applications for the Beta functions. Throughout this section, let « > 0, a = 0, b = 1,
I'(a) be the Gamma function and f(z) = 2°~ % (p > 1,z € [0,1]).
Let us recall the Beta function

1
/xp 'Q—2)" Y de, p,q>0.
0

Remark 14. In Sections 2 and 3, we obtain

1
Ila+1) a 1 p—1 «
=— ) dr = —-B
2(b— )Ol a+f 2/ x xz 2 (p7a)
0
and
1
I‘(oz+1) _a/ atp=2, _ o
2(b—a)0‘ 2 20a+p—1)
0

By using Corollaries 1 -3 and Remark 14, we have the following propositions.
1
Proposition 1. Let p>2, 0< [ < = B and d = 1— (3 in Corollary 1. Then the following
inequality holds:

1 (1_5)a_5a+1_(1_ﬁ)a+ﬁa[(1_5)p—l+ﬁp—1} <

2p—1 20—1 2
o (6%
< 5B(p,a) + Natp_1) =
< W[(l—ﬁ)p_l+ﬁp_l] + 1-(1 —f)a—i—ﬁa - %

1
Proposition 2. Let p >3, 0< (8 < 7 €= B and d =1— (3 in Corollary 2. Then, on the basis
of Proposition 1, the following inequality holds:

og(l_ﬁ);_ﬁa [(1—p)t+ 871+

1-(1-p8)*+p" a o'
e R TRk

_'_

<o~ {sr g - 5la-pr -},
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1
Proposition 3. Let p >3, 0< 38 < 3 c= B and d =1— (3 in Corollary 3. Then, on the basis

of Proposition 1, the following inequality holds:

« «
0§§B(p,a)+72(a+p_1)—
(A=p)r=pr 1-(1-p)" 4+

2p—1 2 [(1 - B)p_l + Bp_l] <

<Go-0{5+(3-5) 108" - i
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