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APPROXIMATE SOLUTION OF A DOMINANT SINGULAR
INTEGRAL EQUATION WITH CONJUGATION

HABJMKEHWUH PO3B’SI30K JOMIHAHTHOI'O CUHT YJIIPHOI'O
IHTEI'PAJIBHOTI'O PIBHSAHHA 31 CHHPAKEHHAM

In the present paper, the method of successive approximations and Faber polynomials are used to derive an approximate
solution of a dominant singular integral equation with Holder continuous coefficients and conjugation on the Lyapunov
curve. Moreover, conditions of convergence in the L, and H () spaces are presented.

VY miif poboTi 32 OMOMOTOI0 METOIY TOCHITOBHHX HAaOMIMKEHb Ta MoiiHOMIB dabepa oTpHMaHO HaOMIKEHUH PO3B’SI30K
JIOMIHAHTHOTO CHHTYJSIPHOTO iHTErpabHOTO PIiBHSIHHS 3 HENepepBHUMHU 3a [eibpaepoM koedilieHTaMu Ta CIPsDKEHHSM Ha
kpuBiit Jlsimynosa. Kpim Toro, 3anponoHoBaHo yMOBH 30DKHOCTI y TpocTopax Lo Ta H(av).

1. Introduction. Let us consider a singular equation with Cauchy kernel of the form

s T—1 ™ T—1
L L

al(t)np(t)+b1(t)1,/ #(7) dr+a2(t)<p(t)+b2(t)1_/ P gr = ), teL, (L)

where aq(t), bi(t), a(t), ba(t), f(t) are given complex-valued Holder continuous functions on a
Lyapunov curve L and ¢(t) is an unknown function. We seek the solution in the class of Holder
continuous functions.

Equation (1.1) has numerous applications [3, 4, 8, 11, 12, 17]. It is a generalization of the well-
known from the literature dominant singular integral equation [7, 11]. An explicit solution of the
dominant equation was found by I. N. Vekula [16]. He reduced it to the Riemann problem which
had been solved previously by F. D. Gakhov [6]. Equation (1.1) contains a conjugate of unknown
function. As the exact solution of such a equation can be found only in some rare particular cases
[10, 18] approximate methods are developed. In [14] the computational schemes of collocation and
mechanical quadrature methods for solving (1.1) are proposed when L is a smooth simple closed
contour containing inside it the point z = 0. In [2] approximation methods for singular integral
operators with continuous coefficients and conjugation on curves with corners are investigated with
respect to their stability.

In the present paper solution of equation (1.1) is based on the solution of some boundary problem
[13] being a generalization of Riemann problem [7, 11]. Next the method of successive approximation
and Faber polynomials are used to construct an approximate solution of equation (1.1) on a closed
Lyapunov curve. The Faber polynomials and their modifications play an important role in modern
methods of approximation of complex functions [1, 5, 9, 15, 19, 20].

Let us recall that a simple continuous curve is called Lyapunov curve if it satisfies the following
conditions:

at every point of L there exists a well-defined tangent,
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the angle 6(s) between OX axis and the tangent to L at the point M whose distance from a
fixed point, measured along the curve L, is equal to s, satisfies Holder condition

|0(s') - 9(5”)’ < Kl|s' — s,

where K > 0, 0 < u < 1 are constants independent of the position of the points s, s”.
It is known [15, p. 90] that in such case every Cauchy-type integral

L[ 9(Q)
= — dc, € G,
/() 2m'/<—z ¢ 2
L
is expandable in uniformly convergent Faber series.
2. Approximate solution. Let us consider the Cauchy-type integral

o(z) = 1/ #(7) dr, ze D7,

2 T—2Z
L

where Dt and D~ are interior and exterior domains with the boundary L, respectively, and Sokhots-
ki—Plemelj formulae [7]

@(t) = ¢+(t) - ¢_(t)> telL, (2.1)
7;/ f(Ti dr = ¢t (t)+ ¢~ (1), telL. (2.2)
L
Substituting the left-hand sides of equations (2.1) and (2.2) into equation (1.1) we get
ar(t)p™ (1) + B1(t)oT () = a2(t)o™ () + Ba(t)o~(t) + (1), (2.3)
¢"(c0) =0, (2.4)

where

a1(t) = ar(t) +b1(t), Ba(t) = az2(t) + b2(t),
aa(t) = ai(t) —bi(t), B2(t) = az(t) — ba(t).

Thus, equation (1.1) has been reduced to the boundary problem of finding two analytic functions
¢t (2), z€ Dt and ¢~ (z), 2 € D™, which limit values fulfil (2.3) on the curve L and, moreover,
function ¢ (z) vanishes at infinity. Taking into account the system consisting of equation (2.3) and
its conjugation, and then eliminating the function ¢~ (¢), we obtain

ot (t) = A(t)p~ (t) + B(t)pt(t) + C(t), teT, (2.5)

where

a0 - B0
a(t)az(t) — Bi(t)Ba(t) a1 (t)ae(t) — Bl
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o(t) = as(t)f(t) — B2(t) f ()

aq (t)aa(t) — B1(t)Ba(t)

Let A(t) # 0 Vt € T and the origin of a coordinate system C, belong to the area D*. Moreover,
let Ind A(t) = k > 0. Then by [7] the canonical functions X (z), 2 € D", and X~ (z), z € D,
of the linear conjugation problem

X)) =At)X(t), teT, (2.6)

have the forms
and

respectively. Here

I*(z) = i / In(r7"A(7) dr, z€ D*,

Taking into account (2.6), the boundary problem (2.5) can be rewritten in the form

M 60 _ g 90

Xt X  CUxre Te0 tel

where
G) = B0 o) = 5ach
Furthermore, by setting
+ z
FE(z) = ; i((z)), z e D*, (2.7)

we obtain

FT(t)—F (t)=G@t)F*(t)+g(t), terl. (2.8)

The solution of the problem (2.8) we will seek in the following form:

1
F(z) = / ) g + P._1(2), ze D%, (2.9)
2 ) T —2
r

where (7) is an unknown function satisfying the Hoélder condition and P;—1(2) = 0 + 712 + . ..
...+ 7_12""1 is a polynomial with arbitrary complex-valued coefficients g, V1, . .., Vx_1-

Applying the Sokhotski—Plemelj formulae to the function F'(z), the problem (2.8) can be trans-
formed to the following singular integral equation:
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ut) = e | L + 217”/ MO ) s e P @ + o), ter, (2.10)

T—1

O |

T

which can be solved by the method of successive approximations.
First, we establish the coefficients 7o, ~v1,...,7x—1 of the polynomial P,_;(z). They will be
uniquely determined if we supplement (2.3) with new conditions

—Res (/7197 (2)) = 4;, j=12,...,k, (2.11)

where A; are arbitrary constants (see [11]). In view of (2.7) and (2.9) we have

5 ()= X"() | 5 / f@z dr + Py 1(2)
I

Thus, using the expansion
1
X (2) = — (1+]ﬂ+p—§+...)
z z 0z

of a canonical function X ~(z) in a neighborhood of z = oo, from (2.11) we derive the system of
equations

Ye—1 = A17
Vi—2 + P1Ye—1 = Az,

Yo +p17+ -t Pe—1Yk-1 = Age
The solution of this system can be given by a recurrent formulae of the form

Kk—1

Yeoi =Ai— Y P, i=1..,k (2.12)
j=r—i+1

Now let us solve equation (2.10) by successive approximation method taking the function

po(t) = g*(t) = G(t)Pu—1(t) +g(t), teT,

as an initial guess. The next approximations are given by the formula

() = 6@ [ L@ + - / ’i”yt) dr | +g*(t), n=0,1,2,.... (2.13)

Then the successive approximations for the problem (2.5), (2.11) have the form

1 n
oE(2) = XE(2) m/i_(Tsz+Pﬁ_1(z) , zeD* n=012,.... (2.14)
T
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Hence, applying Sokhotski— Plemelj formulae to the above functions, by (2.1) it finally follows that
approximate solution of the problem (1.1), (2.11) is given by the formula

oult) = X (1) | 5(AW) + Dpn(t)+

21 T—1

+L(A(t) -1) / tn(7) dr + (A(t) —1)P.—1(t) |, tel, n=0,1,2,...,
r

where coefficients of the polynomial P,_; satisfy relation (2.12).
Let us consider the case Ind A(t) = k < 0. As we have to assume P,_;(z) = 0 in (2.9), we get

¢i(z):Xi(z)1/ u(7) dr, ze€ DT

211 T—2Z
r

Since in this case the order of the pool of the function X ~(z) in a neighborhood of z = oo is |k|,
then the conditions
1

211
r

M(T)Tj_l dr=0, j=12,... |k

are necessary and sufficient to preserve the analyticity of the function ¢~ (z), ¢ (c0) = 0, in a
neighborhood of the point z = co. The above equalities follow from the expansion

1 p(T) > c
k _
— dr = —, e D™,
omi ) -2 Z k7

e k=1

where
1
Ccp = —— /M(T)Tkl dr, k=1,2,....

21
I

The approximation ¢;f(z) with x < 0 can be determined from the formula

&l (n)
55 = x50 | o [ ar -y 5 ),

21 T—Z
© k=1

where

n 1 _
C](C):—,//,Ln(T)Tk Ydr, k=1,2,...,|x
r

Similarly like in the case of nonnegative index we apply Sokhotski — Plemelj formulae to the functions
#;(2) and by (2.1) we get the solution of the problem (1.1)

onlt) = X (1) | 5(AW) + Dpn(t)
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—1/“” dr+(A(t)-1)> 2], tel, n=012,....

T

%

In the case of k > 0 we use Faber polynomial to find an approximate value of the expression

1

7“n(t) +

1 n
! ./“(T)dﬂ n=1,2..., po(t)=g*(t),

2T T—1
T

occurring in (2.13). For this purpose we introduce the integral of Cauchy-type

1 n
Fn(z)z,/“ T 4r. 2eDt. n=o01... . (2.15)

T —Z

By [15, p.215] we have
= Zagﬂ@k(z), z€ DT, (2.16)

where ®y(z), k=0,1,2,..., are Faber polynomials of degree k and

(n) L pn(T) o _ L P (P (1))
Y% = om / q)k+1(7)(1) (r)dr = 9 TR dt. (2.17)
=1

The function ®(z) transforms conforemely and univalently the area D~ in the coordinate system
C; to the exterior of the circle |w| > 1 in the coordinate system C,, and satisfies the conditions
®(00) =0, ®'(00) > 0, where z = ¥(w) is the inversion of the function w = ®(z).

Using the Sokhotski—Plemelj formulae, from (2.15), (2.16) we obtain

1 1

—pn(t dr = Dy ( tel.

2'un()+2m/7—t T Zak k(t <
r

Then by (2.13) we get
fnt1 (t Zak Ou(t)+g (), tel, n=0,1,....

Finally, we have to find ¢;-(2), n = 0,1,.... If z € DT, then by (2.14) and expansion (2.16) we
obtain

ot (z) = Zak Dp(2) + XT(2)Pe_1(2), ze DT,

where algn) are given by the equalities (2.17).

If z € D~ we find the corresponding formulae in a similar way. In this case we have

o0 ?’L

o, (z “(2)Ps-1(2), ze€eD™, n=0,1,...,
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where coefficients b}(ﬁm are defined using the expansion

L 'un(T)dT:i k z€ D~
2 ) T —2 ’

T k=1

3. Approximation criterion. Now we will give the conditions for the convergence of a sequence

of functions {u,(t)}, n =0,1,..., determined by (2.13) in the spaces Lo(I"). For this purpose we

rewrite equation (2.10) in the form

p—Tp=g",
where
l— 1 [ (1)
Tu=G(t) | =p(t — d
H ®) QM()+27T’i/T—tT
r
and

9" (t) = G(t)Pa—1(t) + g(t).

As it was proved in [13], the following theorem is true.
Theorem 1. Let a;(t), bi(t), ax(t), and ba(t) be given continuous functions defined on the
closed Lyapunov curve U satisfying the condition

ay(t)ag(t) — b1 (t)ba(t) #0 Vit el 3.1
Moreover, let
IndA(t) = Ind (mbg(t) - al(t)m) = k> 0.
If

aq (t)bQ(t) — bl (t)ag (t

ay(t)az(t) — by (t)ba(t)
where Sy is a norm of the singular integral operator

Suzl/u(ﬂdT

T T—1
I

~—

<1, (3.2)

1
q= 5(1 + S2) max

in the space Lo, then the boundary problem (2.5), (2.11) has a unique solution for an arbitrary
Sunction C(t) € La(T"). This solution can be found by the successive approximations method.

In the case Ind A(t) = k < 0 if the condition (3.2) is fulfilled and the necessary and sufficient
conditions of the form

1

5 (I-T)tg(r)yr"tdr=0, j=1,2,...,|x| (3.3)

r
hold, where

o) = a2(t)0(2;(f)2(t)0(t)v

then the boundary-value problem (2.5) has a unique solution.
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Similarly, in the Banach space H“, 0 < o < 1, consisting of functions determined on the curve
I" and belonging to the function class H («), with the norm given by the formula

|/ (t2) — ()]
o =max|f(t)| + sup ——————,
1Fllzze = max | f(t)] S T e
we have the following theorem [13].
Theorem 2. Let the functions ai(t), bi(t), az(t), and ba(t) belong to the function class H(«),
0 < « < 1, and let the condition (3.1) be satisfied. If IndA(t) = k > 0 and the condition

ar (H)ba(t) — by (t)as(t) X (2)
a1 (t)as(t) — by (t)ba(t) XF(¢)

M, <1 (3.4)

HOc

is fulfilled for some constant M, then the boundary-value problem (2.5), (2.11) is uniquely solvable.
If Ind A(t) < 0 and if the convergence condition (3.4) and the necessary and sufficient condi-
tions (3.3) are satisfied, then the boundary-value problem (2.5) has a unique solution.
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