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MONOGENIC FUNCTIONS TAKING VALUES
IN GENERALIZED CLIFFORD ALGEBRAS

MOHOT'EHHI ®YHKIIII 31 3HAUEHHSMHU
B Y3ATAJIBHEHUX AJITEBPAX KJII®®OPIA

Generalized Clifford algebras are constructed by various methods and have some applications in mathematics and physics.
In this paper, we introduce a new type of generalized Clifford algebra such that all components of a monogenic function
are solutions of an elliptic partial differential equation. One of our aims is to cover more partial differential equations in
framework of Clifford analysis. We shall prove some Cauchy integral representation formulae for monogenic functions in
those cases.

V3aranpaeHi anredpu Kiiddopna OymyroTbes pisHIME METOOAMHU i MAIOTh MEBHI 3aCTOCYBAaHHA B MaTeMaTHIli Ta (i3uIi.
V wiii poboti BBeneHo HOBHl THN y3aranbHeHoi anreOpu Kiiddopaa, Takuid, 1110 Bci KOMIIOHEHTH MOHOTEHHOT (YHKLIT €
PO3B’S3KaMH E€TINTHYHOTO AU(EPEHIIaNbHOTO PIBHSHHS 3 YaCTHHHUMH IOXiqHUMH. OJHi€I0 3 IiJIed € OXOIUIeHHs OLTbII
LIMPOKOTO KiIacy IuQepeHLialbHUX PIBHAHb 3 YaCTHHHHMHU MOXiTHMMHU B pamkax aHamizy Kmiddopaa. ¥V BigmosimHux
BUITaIKaX JIOBEACHO JesiKi popMynu iHTerpaibHOro 300paxeHHs Ko s MOHOTeHHUX (yHKITIH.

1. Introduction. In the classical Clifford analysis [1], Clifford algebra A,, is generated by the
imaginary elements eq, eg, . . ., e, with the following multiplication rules:

eiej +eje; =0, 1#j.

A Dbasis of .An is B = {60 = 1; €i1ig...i, — €i1€iy - - Ciy | 1 <ty <9 <ol < < n} An
Ay -valued function f has 2" real-valued components f(zr) = ZA fa(x)ea, fa(x) € R. The

Cauchy — Riemann operator D and its adjoin D are
0 - 0 0 - 0

D=— ;— —.

(91'0 + —1 c &ri’ 6950 1 “i (91'Z

1=

The operator D applies from the left or from the right to a function f as follows:

A function f is called a left monogenic function if D f = 0 and a right monogenic function if fD =
= 0. We also call a left monogenic function shortly a monogenic function. Since DD = DD = A,
all components of a left (right) monogenic function satisfy the Laplace equation.

Generalized Clifford algebras are constructed by various methods and have some important appli-
cations [2—8]. We introduce a new type of generalized Clifford algebra A,,(2k;, a;;). It is generated
by the imaginary elements ey, es, . .., e, with the following multiplication rules:
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2k;—1

_ i
= g aie;, 1=1,2,...,n
j=0

eie; +eje; = 0, i#j,

where ki, ko, ...k, € N, a;; € R.

A basis of A, (2k;,aij) is B = {et'e)”...efn | 0 < N < 2k — 1, 1 < i < n}. With
A= (A1, A2,...,Ay), denote ey = ei‘leg‘?... ext. An element w € A, (2k;, ;) is in the form
w = ZexeB wyey, wy € R.

The Cauchy — Riemann operator D is defined by D = 9 + Zn €i=—-
dxg i=1  Ox;

In this paper, we introduce some generalized Clifford algebras such that all components of a
monogenic function are solutions of an elliptic partial differential equation. One of our aims is to
cover more partial differential equations in framework of Clifford analysis. This ideal is in [9], there
various partial differential equations are treated. There is another approach to this problem. Solu-
tions of some partial differential equations by means of monogenic functions given in commutative
algebras are investigated in [10-13]. In [12, 13], a theory of monogenic functions is developed
in finite-dimensional commutative algebras. In particular, integral theorems for these functions are

proved and their relations with partial differential equations are studied.

82m f 82m f

ox 2m + ax2m
1

In Section 2, we introduce .4; (2m) and get the equation = 0 in R?. In Section 3,

n—1 82
=0 Qz?
A’ and get the biharmonic equation in R™™!. We shall prove some Cauchy integral representation

. . 84 . .
we introduce A/, and get the equation (Z ) f —|— f = 0. In Section 4, we introduce

formulae for monogenic functions in those cases.
2. Hypercomplex algebra A;(2m). Instead of the equality i> = —1 in complex numbers,

we give the rule e?™ = —1 for a new imaginary element e. It generates a hypercomplex algebra
A1(2m), m € N*. A basis of A;(2m) is

B= {1,6,62,...,62m_1}.

2m—1
An element w € A;(2m) has the form w = ZI:O wie®, wy, € R. Define a norm ||w|| =

= \/wg—&—w%—i—...—i—wgm_l.
In [14] the algebra with the basis B; = {1,e,e?} for which e3 = —1 is considered, and an
algebra isomorphic to this algebra is considered in [15].

The Cauchy —Riemann operator is D = o + eaal The adjoin Cauchy—Riemann is defined
by 2m—2 H2m—2 H2m—2
b= <8(zo B ea(zl) <§I:2m 2 ¢ 28xgm_48x% o 283;27” 2)
aZm an

WehaVeDD:DDzw+W

We consider a special function z = exg — x;. It satisfies the equation Dz = 0. Then
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om—2 om—4 —2 2m—2
1 oz ex (1:1+6x0)( m- +62 m- :1:(2)+ .t e2m onm )

exo — T1 z? — e} Om + zm

with 2 + 23 > 0.

1
The function ———— is considered as a Cauchy kernel of the operator D.
Ery) — X1 J—
Lemma 2.1. Let Q be a domain in R? and Q be a bounded domain with Cl—boundary, Q1 C Q.

Suppose that f € C1(Q, A1(2m)), then

7{ f(xo,x1)d // (81:0 (;951) dxodx, = —/ D fdxydx.

Lemma 2.2.
m—1
1= edzo — = 2 Z ! F L e > 0
exry — 1 m “~ gin (2k+1)m
.1’%-‘(‘33%:62 k—O 2m
m—1
[ 3 1 2k+1
2mm . (2k+1)m
k=0 sin
2m
Proof. We have
drg —d
I % edzg T
erg — 1
z3+al=e2

i

(dl‘l —6d$0)(x1+6x0)( 2m— 2+62 2m—4 g+ ‘+62m—2x8m—2)
B —i—x%m

r =e€cost, Yy = esint,

-1
T (cost + esint)(sint + ecost " ek sin?m=2k=2 ¢ 052k ¢
k=0
I = = dt =
/ cos2™ t + sin®™ ¢

dt =

m—1
WZ e?k 2m—2k— QtCOSth
:e/ o

cos?m t + sin®™ ¢

m—1 7 i 2m—2k—2 2%
tcos“"t
=4e ek / oAt =
P cos?™ t + sin" ¢
o0
m—1 2m—2k—2
U du
=4e g e2F Rl
— uZm 4 1
k=0 0
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+o0 ok
m—1 2m—2k—1
2e v 2m Ldv
= — e2k _—s e =
m v+1
= +

)

2 't <2m—2k—1 2k+1> o
e =

m 2m 2m
k=0
_2m = 1 2%+1
T m _Qk+ D)
k=0 sin
2m
where B( , ) is the Beta function.
: el 1 L2kt
Denote a polynomial P(x) = Zk:o W . We obtain
sin ~————
2m

T 2 ™ 2w
P ST pisin (2 4 B2 | = i ~0,1,...,2m—1
[cos <2m+k2m) —|—zsm<2m+k2m)} mi (Vk=0,1,....,2m—1) =

m—1
I = QIP(B) 71— _Ple) _ 1 1 2k+1
2mm 2mm . (2k+ 1)m
k=0 sin
2m
Example 2.1. We get

1
m=1= I_l =

2me

-2
sz:Iﬁl:i(e—i-e?’),
m

m:3:>I_1:g—1(2e+e3+265),

m:4$1_1:g71[\/4+2\[2(e+e7)+\/42\/§(e3+e5)},
m=5= 1= 1_% [(\/+1)(e+e)+e5+(\/5—1)(e3+e7)]

Apply Lemmas 2.1 and 2.2 we get the following Cauchy integral representation formula for
monogenic functions taking value in A; (2m).

Theorem 2.1. Let 2 be an open domain in R? and Q0 be a bounded domain with C 1—b0undary,
Q1 C Q. Suppose that f € CH(Q, A1(2m)) and Df = 0 in Q, then

m—1 2k-+1
e f(x)(edxoy — dxy)
&

2m7r k=0 sin Wﬁgl e\xro — yO) - (:Cl - yl)
m

Yy € Q.
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3. Generalized Clifford algebra A/ . We consider the generalized Clifford algebra A/, which
is generated by n imaginary elements eq, es, . . . , e, with the following multiplication rules:

eg=-1, j=12,...,n-1,

eiej +eje; =0, 1#j.
Abasis of Al is B = {el'ell .. el | i € {0,1}, 1 <k <n—1, i, € {0,1,2,3}}. The dimension
of A, is 2"TL. With A = (A1, A2, ..., \,) denote ey = 61\1622 ...epn, an element w € A/, has the
formwzz wyey, wy € R.
e

\EB
The generalized Cauchy — Riemann operator and its adjoin are given by

n=1 29 \? 4
DD:DD:< 8) + 2

i=0 1

Example 3.1. Matrix representation of A%:

0o -1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0o 0 0 -1 0 0 0 0
o 0 1 0 0 0 0 0
B, = ,
O 0 0 0 0 -1 0 0
o 0 0 0 1 0 0 0
o 0 0 0 0 0 0 -1
o 0o 0 0 0 0 1 0,
o 0 0 0 0 0 -1 0
0 o 0 0 0 0 1
1 0 0 0 0 0 0 0
o -1 0 0 0 0 0 0
Ey = :
o 0 1 0 0 0 0 0
o 0 0 -1 0 0 0 0
o 0 0 0 1 0 0 0
o 0o 0 0 0 -1 0 0
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We have E? = —I, E3 = —I, E1Fy + FE3E; = 0, A can be considered as a subalgebra of the
space of matrices Mgys, A/ is generated by F1, Es.
4. Generalized Clifford algebra A!". We change the multiplication rules of the imaginary

elements in A as the following:

-1, j=1,2,....n—1,
eh = —2¢2 1,
ee; +eje; =0, i # J.

The generalized Cauchy — Riemann operator and its adjoin are given by

Example 4.1. Matrix representation of A%:

by =

0

O O O O O O =

o O O O o = O O

ISSN 1027-3190.

0 "9
=yt 2
"9 LY )
S ) (S @)
=1 1=0 ?
9? 1L 92 9?
2 2
- 1)—— = 1)— | =
2 2
o4 "L 52
2 2 2
) et 50 ( w%)

-1 0 0 0 0 0 0]
O 0 0 0 0 0 0
0O 0 -1 0 0 0 0
o 1 0 0 0 0 0
o 0 o0 o0 -1 0 o}
O 0 0 1 0 0 0
0 0 0 0 0 -1
0O 0 0 0 1 0]
0O 0 0 0 0 —1 0
0O 0 0 0 0 0 1
0 0 0 0 0 0 0
1 0 0 0 0 0 0
o 1 0 0 0 -2 0|
0 0 -1 0 0 0 2
0O 0 0 1 0 0 0
o 0 0 0 -1 0 0
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We have E? = —1I, By = —2E3 — I, E1Fy + ExEy = 0. A} can be considered as a subalgebra of
the space of matrices Msgys, Af is generated by Ej, Ejs.
Definition 4.1. Define a Cauchy kernel of the operator D by

E(z,y) = DH(x,y),
where H(x,y) is the fundamental solution of the biharmonic equation in R" 1.
In the following lemma we consider the case n > 4:

1

HE9) = 5 10— Bl — g

where w,, is the surface area of the unit sphere in R™ 1,

Lemma 4.1.
I= / E(z,y)n(z)dS(z) =1 Ve >0,
lz—y|=e
where n(x) = vy + ejv) + ... + eply, = (vo, V1, ..., Vy) is the outer unit normal vector of the
boundary.
Proof. We have
oH _ — (i — i) *H _ (zi—w)? 1
ozr;  2(n—Dwplz —y|n~ 1’ 0x?  2wplz —y[mtt 2(n — Dwylz —y[» Y
0*’H —(e2 +3) (Tn — yn)?
® =AH + (2 +1 = n 2 41)
(:I:,y) +(6n+ )al'% 2(n—1)wn\:ﬂ—y!”*1 +(6n+ )2wn|$_y|n+1’

/ E(z,y)n(z)dS(z) = / (8?:0 — Zei;m)@(x,y)n(x)dS(x) =
i=1 ¢

|z—y|=e lz—y|=e
B 0P K~ o, 00 B
= / (1/0 o 2 e;v; axi)dS(x) =
lz—y|=e =
00 K 0% ) )
/ [(Voa 0 + Vzaxi> <6n+ )Vna n]dS(a?),
|z —y|=e
0 "9 1
7 - - -1 n
/ (1/0 D + Z; v 0:61) P y|n_1dS(ac) (n Jw
lz—y|=e =
- ) 9 (T — Yn) (n—1)
R PR
|z—y|=e
0P e2+1
2 o _tn
(€2 + 1) / g dS(a) = S
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ez +3
2

(n—1) _e%—i—l_

I = =1.
2(n+1) n+1

— (el +1)

Remark 4.1. The fundamental solutions of the biharmonic equation in the cases n = 2, n = 3
are given by

—|z —y|

H(z,y) = —¢ n=2,
—In|lz—y
H(x7y):8‘ﬂ_27 n=3.

In these cases, Lemma 4.1 can be proved similarly.
Lemma 4.2. Let Q be a domain in R"', n > 4, and Q, be a bounded domain with C'-
boundary, Qy C 2. Suppose that f,g € C1(Q, A), then

/g(ﬂf)n(fﬂ)f(x)ds(x)=/[g(x)D-f(fE)+9(I)-Df(l")]dﬂf-

891 Ql

Apply Lemmas 4.1 and 4.2 we get the following Cauchy integral representation formula for
monogenic functions taking value in A7

Theorem 4.1. Let Q) be a domain in R"' and Q be a bounded domain with C'-boundary,
Q1 C Q. Suppose that f € C1 (2, A”) and Df = 0 in Q, then

f(y) = / E(z,y)n(z) f(@)dS(x) Yy € .

o1

With the similar purpose, the biharmonic equation is investigated in Clifford analysis [16] and in
the theory of monogenic functions talking values in commutative algebras [17-19].

An open problem. There is an open question: Consider a given partial differential equation.
Could we find a suitable generalized Clifford algebra such that all components of a monogenic
function are solutions of the given partial differential equation? For example, we can answer this
question in a simple case:

Let S
82mf m— 82mf
— ap————— =10
0aZ™ kzo " OkoaImF

be an elliptic equation in R?, aj, € R. The imaginary element e must obey the multiplication rule
e?m = szil(—l)ka ek
k=0 e
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