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INITIAL SEVEN COEFFICIENT ESTIMATES
FOR A SUBCLASS OF BI-STARLIKE FUNCTIONS

MMOYATKOBI OLIIHKM CEMM KOE®ILICHTIB
TUIS TIAKJACY BI3IPKOBUX ®YHKIIN

In the present article, a subclass of bi-starlike functions is studied and initial seven Taylor — Maclaurin coefficient estimates
laz|, |asl, . .., |az| for functions in the subclass of the function class X are obtained for the first time in the literature. Few
new or known consequences of the results are also pointed out.

Jocmimkyerbes minkiac 0i3ipkoBHX (YHKIH Ta BIEpIIe OTPUMAaHO OLIHKH CIMOX MMOYaTKOBHX KoedimieHTiB Teftopa—
Maxkiopena |az|, |as|, ..., |a7| mis dyHkuili y nmiaknaci dyHkuioHansHoro kinacy Y. Tako BKa3zaHO IeAKi HACIiAKH
Ppe3yibTaTiB, SIK HOBI, Tak 1 BiOMi paHile.

1. Introduction. Let A denote the class of functions of the form
o
f(2) zz—i-Zanz", (1.1)
n=2

which are analytic in the open unit disc A = {z: |z| < 1} and normalized by the conditions f(0) =0
and f'(0) = 1. Further, let S denote the class of all functions in A which are univalent in A. The
important and well analyzed subclasses of the univalent function class S includes, the class S*(«)
of starlike functions of order « in A and the class K(«) of convex functions of order o, 0 < v < 1,
in A. It is well-known that every function f € S has an inverse f~!, defined by

FHfR) =2 zeA,
and
FU ) =w,  Jwl <ro(f),  ro(f) =1/4,
where
Y w) = g(w) = w — asw? + (263 — az)w® — (5a3 — Sasaz + ag)w* + (14a3 —
— 2la3az + 6agas + 3a3 — as)w® + (—42a5 + 84a3a3 — 28a4a3 —
— 28aga3 + Tasag + Tasaz — ag)w® + (13245 — 330a3a3 + 120a3a4 +
+ 180a3a? — 36asa3 — T2a0a3a4 + Sagas — 1243 + Sasas + 4a3 — a7)w’ + ... . (1.2)

A function f(2) € A is said to be bi-univalent in A if both f(2) and f~!(2) are univalent in A.
Let 3 denote the class of bi-univalent functions in A given by (1.1). Earlier, Brannan and Taha [4]
introduced certain subclasses of bi-univalent function class >, namely bi-starlike functions of order
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« denoted by Ssi(«) and bi-convex function of order v denoted by Kx;(«) corresponding to the
function classes S*(«) and K(«), respectively.
A function f(z) € A is in the class of strongly bi-starlike functions S5[a] [4, 15] of order «,
0 < a <1, if each of the following conditions is satisfied:
zﬁ(z))’ am <wg’(w)>‘ am
arg < —, arg < —
( f(2) 2 g(w) 2

and strongly bi-convex functions K3 (o] [4, 15] of order o, 0 < o < 1,

R [l )5

2 b
where g is given by (1.2). For each of the function classes Sy[a] and Ky [a], non-sharp estimates

arg(l +

on the first two Taylor—Maclaurin coefficients |az| and |a3| were found [4, 15]. Though intensive
research is happening to settle the coefficient problem of obtaining each of the following Taylor—
Maclaurin coefficients:

lan|, neN\{1,2}, N:={1,2,3,...},

it is still an open problem (see [3, 4, 10, 12, 15]). Many researchers (see [14, 16, 17]) have introduced
and investigated several interesting subclasses of the bi-univalent function class > and obtained non-
sharp estimates on the first few Taylor — Maclaurin coefficients |az|, |as| and |a4].

An analytic function f is subordinate to an analytic function g, written f(z) < g(z), provided
there is an analytic function w defined on A with w(0) = 0 and |w(z)| < 1 satisfying f(z) =

= g(w(z)). Ma and Minda [19] unified various subclasses of starlike and convex functions for which
/ 1
2G) oy 2170
f(z) f'(2)

For this analysis, an analytic function ¢ with positive real part in the unit disk A was considered,
with ¢(0) = 1,¢'(0) > 0, and ¢ maps A onto a region starlike with respect to 1 and symmetric
with respect to the real axis. The class of Ma—Minda starlike functions consists of functions f € A
z f'(2)
f(z)

functions f € A satisfying the subordination 1 +

either of the quantity is subordinate to a more general superordinate function.

satisfying the subordination

=< ¢(z). Similarly, the class of Ma—Minda convex functions of

1
iy <

A function f is bi-starlike of Ma—Minda type or bi-convex of Ma—Minda type if both f and
f~1 are, respectively, Ma—Minda starlike or convex. These classes are denoted, respectively, by
S5(6) and K (6).

Motivated by the earlier work of coefficient estimate analysis study of various subclasses of bi-
univalent function class [1-3, 511, 13, 14, 16, 17], in the present article, a bi-starlike function sub-
class of ¥ is considered and initial seven Taylor —Maclaurin coefficient estimates |as|, |as], ..., |a7]

for functions in the subclass of the function class Y are obtained. It can be easily observed in the
literature that only |as|, |as|, |as| coefficient estimates are obtained for many subclasses of function
class X so far, where as |as|, |ag|, |a7| are estimated for the first time in the literature without any
assumptions.

In the sequel, it is assumed that ¢ is an analytic function with positive real part in the unit disk A,
satisfying ¢(0) = 1, ¢/(0) > 0, and ¢(A) is symmetric with respect to the real axis. Such a function
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has a series expansion of the form
$(2) =14 Byz+ Byz®> + Bsz® +..., By >0.

The following bi-starlike class definition is considered from the literature for the study.
Definition 1.1. A4 function f(z) € ¥ given by (1.1) is said to be in the class S3(¢) if the
following conditions are satisfied:

z f'(2)
) < ¢(2) (1.3)
and
w g'(w)
o(w) =< ¢(w) (1.4)

where z, w € A and the function g is given by (1.2).
2. Coefficient estimates for the function class S5 (¢). The following lemma is used to derive

our main result.
Lemma 2.1 [18]. If h € P, then |cx| < 2 for each k, where P is the family of all functions h
analytic in A for which real part of h(z) > 0 and

h(Z):1+Clz+CQZQ+... for ze€A.

Theorem 2.1. Let f(z) given by (1.1) be in the class S5,(¢). Then the initial seven Taylor—
Maclaurin coefficient estimates are

las| < By,
las| < B? + By/2,
lag| < 2B} /3 + 5B%/4 4+ 4B1/3 + 4| Bs|/3 + | Bs|/3,
las| < 7B1/4+ |Bs|(By + 3/4) + 35B%/8 + 5B} /4 + | Ba|(4By + 9/4),
lag| < 16B1/5 + 8| B4|/5 + |Bs|/5 + | Bs|(B} + 77B1 /24 + 24/5) + 63B? /8 +
+19B3 /A4 7B} /12 + B} /5 + | Bo|(4B? + 77B1 /8 + 32/5),
la7| < 31B1/6 + |B3|(10B3} /9 + 115B% /24 + 202381 /90 + 16| By|/9 + 35/3) +
+ 1787B2/90 + 231B3 /16 + 32| B2|?/9 + 590981 /36 + 2|Bs|*/9 +
+ 289987 /12 + 49BY /45 + | Bs|(4B1 /5 + 5/6) + | B4|(32B1/5 + 5) +
+ | Ba|(1124B3 /9 + 385B% /24 + 33498, /90 + 25/2).
Proof. 1t follows from (1.3) and (1.4) that

z ['(2)
f(2)

= ¢(u(2)) 2.1)
and
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wICW) _ o (w)). 2.2)

Define the functions p(z) and ¢(z) by

~ 14u(z)

=T = L+ pr1z + p2z? 4+ p32® + paz® +ps52® + pez® +pr2” 4+ ...

p(2)

and
1+wv(z
9(z) = 1= UEgi =1+qz+ @ +@2 ' +62° + 6’ + a2’ + .

or, equivalently,

u(z) = 2238 :L 1 = (p12)/2 + (p2/2 — PT/4)2* + (p3/2 — p1(p2/4 — P1/8) — (p1p2)/4)2* +

+ (pa/2 — p2(p2/4 — p1/8) — (p1p3) /4 + p1((p1(p2/4 — p1/8))/2 — p3/4 +
+ (p1p2)/8))2" + (p5/2 — p3(p2/4 — P1/8) — (p1pa) /4 + p2((p1(p2/4 —
— p1/8))/2 — p3/4+ (p1p2)/8) — p1(pa/4 — (p2(p2/4 — 1/8))/2 —

— (p1p3)/8 + (p1((p1(p2/4 — p1/8))/2 — p3/4 + (p1p2)/8))/2))2° + ...

and

o) =TI = @2+ (/2= /0 + (/2 - /4 - a/9) ~ () +

+(qa/2 = @2(02/4 — 41 /8) — (0143) /4 + a1 ((q1(a2/4 — 41/8))/2 — a3 /4 +
+ (0102)/8))2" + (g5/2 — a3(q2/4 — 47 /8) — (q1qa) /4 + @2((q1(q2/4 —
—41/8))/2 — a3/4 + (0192)/8) — q1(qs/4 — (ga(q2/4 — 47/8)) /2 —

— (0143)/8 + (a1 (91 (g2/4 — 41 /8))/2 — 43/4 + (0142)/8))/2))2° + ...

Then p(z) and ¢(z) are analytic in A with p(0) = 1 = ¢(0). Since u, v: A — A, the functions
p(z) and ¢(z) have a positive real part in A, and, for each ¢,

lpil <2 and |g| <2.

Since p(z) and g(w) in P we have the following forms:

2
P(u(z)) = ¢ (; [IHZJF (Pz — 1921> 22+...]> =
= ((B1p1)/2)z + ((Ba2p?) /4 + Bi(p2/2 — p1/4))2* + (= Bi(p1(p2/4 — p3/8) —
— p3/2+ (p1p2)/4) + (Bspi) /8 + Bopi1(p2/2 — pi/4))2° + ((Bapl) /16 —

— Ba(p1(p1(p2/4 — p3/8) — p3/2 + (p1p2)/4) — (p2/2 — P2 /4)?) + Bi(pa/2 —
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— p2(p2/4 — pi/8) — (p1p3) /4 + p1((p1(p2/4 — P1/8))/2 — p3/4 + (p1p2)/8)) +
+ (3B3pi(p2/2 — p1/4))/4)z" + (= Ba(=p1(p2/2 — 13 /4)* + (1 (1. (01 (p2/4 —
— p1/8) = p3/2+ (p1p2) /4) — (p2/2 — 1 /4)*)/2 + (T (p1(p2/4 — P1/8) — p3/2 +
+ (p1p2)/4))/4) — Ba(2(p2/2 — pi/4) (p1(p2/4 — p1/8) — p3/2 + (p1p2) /4) —

— p1(pa/2 = p2(p2/4 — p1/8) — (1p3) /4 + p1((P1(P2/4 — P1/8)) /2 — p3/4 +
+ (p1p2)/8))) + (Bsp}) /32 — Bi(—ps/2 + p3(p2/4 — pi/8) + (p1pa) /4 —

— p2((p1(p2/4 — P1/8))/2 — p3/4 + (p192)/8) + p1(pa/4 — (p2(p2/4 —

— 91/8))/2 = (11p3)/8 + (p1((p1(p2/4 — p1/8))/2 — p3/4 + (mp2)/8))/2)) +
+ (Bapl(p2/2 — p1/4))/2)2° + ...

and

d(v(w)) = ¢ <; [q1w+ <q2 - qj) w? —|—]> =

= ((Biq1)/2)w + ((B24i)/4 + Bi(g2/2 — ¢i/4))w® + (= Bi(q1(g2/4 — ¢i/8) —
— q3/2 + (q1q2)/4) + (B34})/8 + Baqi(q2/2 — 43 /4))w® + ((Bagi)/16 —
— Bo(q1(q1(q2/4 — 43 /8) — 43/2 + (0142) /4) — (42/2 — 47 /4)*) + Bi(qa/2 —
— qa(q2/4 — i /8) — (@193)/4 + @1 ((q1(q2/4 — 43 /8)) /2 — a3/4 + (0142) /8)) +
+ (3B3qi(g2/2 — ¢i/4)) /9w + (= Bs(—q1(q2/2 — 4 /4)* + (01 (a1 (1 (g2/4 —
—4i/8) = @3/2 + (@) /4) — (a2/2 — 61 /4)*)/2 + (ai (@ (a2/4 — 41 /8) — a3/2 +
+ (9142)/4))/4) — Ba(2(q2/2 — 47 /4)(q1(a2/4 — 43 /8) — 43/2 + (0192) /4) —
— q1(q4/2 — go(a2/4 — 41/8) — (q1a3) /4 + a1 (a1 (g2/4 — 41 /8))/2 — 43/4 +
+ (0192)/8))) + (Bs4}) /32 — Bi(—5/2 + g3(q2/4 — 41 /8) + (q1q4) /4 —
— g2((q1(g2/4— 47 /8))/2 — 43/4 + (0142)/8) + q1(qa/4 — (a2(q2/4 — 47 /8)) /2 —
— (0193)/8 + (a1 (a1 (g2/4 — 41/8))/2 — 43/4 + (0142)/8))/2)) +
+ (Bagi (a2/2 — 41 /4)) /2)w’ + ...

The analytic conditions given in the equation (2.1) and (2.2) are estimated using MatLab functions

and by comparing the coefficients on both sides of the conditions given, we can easily get the
following:

p1 = —q1,

az = (p1/2)B1,
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az = (Bip})/4+ (p2/8 — ¢2/8) B,
as = (—q7/24)Bs + (p7/12) B} + (p3/12 — 43/12 + (p21) /12 + (q142) /12 —
— 41 /24)B1 + ((5p102) /32 — (5p142)/32) BY + (¢1/12 — (q192)/12 — (p2@1)/12) Bo,
as = ((3p3)/128 — (3p2q2) /64 + (pr1p2)/8 + (3¢3)/128 + (p1g1ga) /8 +
+ (p193)/8 — (13) /8 — (p147)/16) BY + ((5pTp2) /64 — (5pia2)/64) BT +
+ B1(pa/16 — qa/16 + (p3q1)/16 + (q143) /16 + (3p247) /64 — (3¢7q2) /64 —
— p3/32+ q3/32) + ((3p241) /64 — (3¢1q2) /64 — (Bip147)/16)Bs +
+ ((3¢142) /32 — (p3q1)/16 — (q143)/16 — (3p247) /32 — Bi((p1p201)/8 —
— (p141)/8 + (119192)/8) + p3/32 — 43 /32) B,
as = (—q7/160)Bs + BY((7Tp1pa) /64 + (Tpaps) /192 — (Tp1¢a) /64 — (Tpags) /192 —
— (Tp342) /192 + (74243) /192 — (Tp1p3) /128 + (Tp1g3) /128 + (Tp3q1) /192 —
— (7p2a?) /384 — (Tq143) /192 + (Tq}q2) /384 + (21p1p2ai) /256 —
— (21167 42)/256 + (Tp1psar) /64 + (Tp1g13) /64) + Bi(ps/20 — ¢5/20 —

— (p2p3)/20 + (paq1)/20 + (q194)/20 + (203)/20 — (3p3q1) /80 + (pag?) /40 +
+ (3p347) /80 — (3q143) /80 — (347 43) /80 + (4742) /40 — 47 /160) + ((7pigs) /384 —
—( 7pipa)/384) By + ((3p1p3) /128 + (pips)/16 + (3p143)/128 — (pigs)/16 —

— (p14})/32 + (Dip201) /16 + (14192)/16 — (3p1p2g2) /64) B + (=7 /160) By +
+ (¢1/40 — (4142)/40 — (p247) /40) By + ((p203) /20 — (p11)/20 — (g144)/20 —
— (4243)/20 — B1((7p143)/128 — (Tp1p3) /128 + (Tp3q1) /192 — (Tp2gi) /192 —

— (T143)/192 + (7¢792) /192 + (21p1p2gi) /128 — (21p1¢7g2) /128 + (Tp1p3qi) /64 +
+ (Tp19143)/64) — Bi((pp2q1)/16 — (pid?)/16 + (pig1g2)/16) + (3p3q1)/40 —
— (3p247)/40 — (3p3a) /40 + (3¢143) /40 + (3¢743) /40 — (3¢7g2) /40 + ¢7/40) By +
+ ((3p247) /40 — (3p3¢1) /80 — Bi((7p247) /384 — (Tqiq2) /384 — (21p1p247) /256 +
+ (21p1g7g2)/256) + (3p3ai) /80 — (3¢143)/80 — (3¢743)/80 + (3¢7q2) /40 —

— (347)/80 — (BIpiq!)/32)Bs,
ar = ((3¢143) /32 — Bi((¢7 (15p1p2 — 15p1g2)) /576 — (p1p2qi) /128 + (p14iq2) /128 —

— (21pip2q) /512 + (21piaiqe) /512) + (5p2qt) /64 + (p3qi) /16 + (paqi)/32 —
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— (a191)/32 + (41a3)/16 — (5¢142)/64 + p3/96 — 43/96 — B1((3p147)/40 —
— (3¢743)/128 + (¢} (8ps — 8q3 + 8p2q1 + 8q1g2 — 4q7)) /576 — (3p3q7) /128 +
+ (3p1p5q1)/40 — (3p1p24t) /20 — (3p1psai) /40 + (3p1g1g3)/40 + (3praigs) /40 —
— (3p147q2)/20 + (3p24iq2)/64) — (3p3q7) /32 + (Baqi (8p2q1 + 8q142 — 8¢7)) /576 +
+ (5B7piq}) /288 — (p2p3a1) /16 — (q10243)/16) Bs + Bi ((Tpipa) /128 + (Tp243)/1024 —
— (Tp342)/1024 — (TpTqa) /128 + (7p3) /3072 — (7g3) /3072 + ((15p1p2 — 15p142)
(83 — 843 + 8p2q1 + 8q1g2 — 447)) /2304 — (7pip3) /256 + (Tpig3)/256 — (pipsar)/64 +
+ (p1p24?) /128 + (Tpipsq1) /128 + (p1g1g3) /64 — (praia2) /128 + (Tpiqugs)/128 +
+ (21ptp2qi) /512 — (21piqiqa) /512 — (p1p2ps) /64 + (p1p2g3)/64 + (p1psgs) /64 —
— (P142g3) /64) + ((49p7)/2880) BY + (47 /288) B3 — Ba((34i43)/32 + B ((p{(8p2q1 +
+8¢1g2 — 8¢7))/288 + (85p (p291)/12 + (9142) /12 — ¢7/12)) /16 + (97piq7) /192 —
— (97pipaq1) /192 — (97piq1g2) /192) — (p2pa) /24 + (p5q1)/24 + (q15) /24 + (g2q4) /24 +
+ Bi((3¢743)/64 + ((8p2q1 + 8q102 — 847)(8ps — 8q3 + 8paqy + 8q1q2 — 447)) /2304 +
+ (p243)/64 + (p3q2)/64 — (p147)/20 — p3/64 — ¢5/64 + (3p3q7) /64 — (3p1pha) /20 +
+ (3p1p2at) /20 + (3pipsat) /20 — (3p1a1g3) /20 — (3p1aigs)/20 + (3p1q3az) /20 —
— (3p24192) /32 — (p1p2p3) /10 + (p1pacr) /10 + (p2p3q1) /32 + (p14194)/10 + (p1g2g3) /10 + ..
-+ (P20193)/32 — (p30192) /32 — (q19243)/32) + (5p2qi)/96 + (p3q?) /16 + (pagi) /16 —
— (¢3q4)/16 + (¢3q3) /16 — (5q}q2)/96 + p3 /48 — p2 /48 — ¢3 /48 + ¢3 /48 +
+ B (((15p1p2 — 15p1g2)(8p2a1 + 8q1q2 — 843)) /2304 — (7pip3) /256 + (7pigs) /256 —
— (P1P3a1) /64 + (P1p2g?) /64 + (TpTpsqr) /128 + (P19163) /64 — (P14742) /64 + (Tpiq1gs) /128 +
+ (21pip2q?) /256 — (21pTqiqa)/256) — (3pqi) /32 — (p2psq1)/8 — (q14243)/8) +
+ ((255pF (p2 — q2)*)/1024 + (15p1p2 — 15p1q2)* /4608 — (97pips) /192 + (97piqs)/192 +
+ (17 (8ps — 8as + 8p2q1 + 8q1g2 — 447)) /288 + (857 (p3/12 — q3/12 + (p241) /12 + (q142) /12 —
— 47/24))/16 — (323p7p3) /1024 — (323piq3)/1024 + (97piq) /384 + (323pipaga) /512 —
— (97pip2q1)/192 — (97piq142)/192) B + Bi(ps/24 — q6/24 + (4143)/32 — (p2ps) /24 +
+ (psq1) /24 + (9145) /24 + (g2qs) /24 + (5p2q1) /384 + (p3q?) /48 + (pag?) /32 — (47qa) /32 +

+ (¢7q3)/48 — (5q1q2)/384 + p3 /96 — p3/48 — 45 /96 + q3 /48 — (p341)/32 — (p2p3q1)/16 —
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— (q19243)/16) + ((p} (15p1p2 — 15p142)) /288 + (85p7((5p1p2) /32 — (5p142)/32))/16 —
— (971pip2) /512 + (971p1g2) /512 + (255p] (p2 — 42))/256) BT + B ((347d3)/128 +
+ (8p3 — 8q3 + 8paq1 + 8qig2 — 4q7)? /4608 + (p1ps) /10 + (p2pa) /32 — (p14s5)/10 —
— (p2aa)/32 — (paq2) /32 + (q2q4) /32 + (p243) /64 + (p3q2) /64 — (p1q7)/80 — pi /64 —
— ¢3/64 + (3p3q7) /128 — (3p1p3q1) /40 + (p1p24}) /20 + (3p1psqt) /40 — (3p1qig3) /40 —
— (3p14743)/40 + (p14742)/20 — (3p2¢3q2) /64 — (p1p2p3) /10 + (P1paq1) /10 + (p2p3q1) /32 +
+ (P19194) /10 + (P1g293) /10 + (p2q143) /32 — (P3¢142) /32 — (q19243)/32) + ((8p2q1 + 8q1q2 —
— 84})?/4608) B3 + ((5p2q}) /384 — (5¢1¢2) /384 — (Bip147)/80) Bs + ((541qa) /96 —
— (5p2qi) /96 — (p3¢7)/48 — (47q3)/48 — (4745) /32 — Bi((p1p247) /20 — (p147)/20 +
+ (p14742)/20) + (p347)/32) Ba.
After applying modulus on both sides of the equations and applying the Lemma 2.1, we obtain
las| < By,
las| < Bf + B1/2,
lag| < 2B} /3 + 5B%/4 4+ 4B1/3 + 4| Bs|/3 + | Bs|/3,
las| < 7B1/4+ |Bs|(By + 3/4) + 35B%/8 + 5B3 /4 + | By|(4B1 + 9/4),
lag| < 16B1/5 + 8|By|/5 + |Bs|/5 + |B3|(B} + 77B1 /24 + 24/5) + 63B? /8 + 19B5 /4 +
+7B{/12+ B} /5 + |Ba| (4B + T7B1 /8 + 32/5),
la7| < 31B1/6 + |Bs|(10B3 /9 + 11587 /24 + 2023B1 /90 4 16|Bs|/9 + 35/3) +
+ 1787B3% /90 + 231 B3 /16 + 32|Ba|?/9 4 590981 /36 + 2| B3| /9 + 289985 /12 +
+ 49B% /45 + | Bs|(4B1 /5 + 5/6) + | B4|(32B1/5 + 5) + | B2|(1124B3 /9 +
+ 38587 /24 + 33498, /90 + 25/2).

The theorem is proved.
Considering the function ¢ to be

1 o
¢<z):(1+z) :1+2az+2a2z2+..., O<a<l, (2.3)
—z

which gives By = 2 and By = 2a?, for the class of strongly starlike functions.
Also, if we consider

1+(1-2
oz = THUZ 2
then we have B; = By = 2(1 — f3).

=1+201—-B)z+21—-B)22+..., 0<pB<1, (2.4)
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Remark 2.1. By choosing ¢(z) of the form (2.3) and (2.4), we can easily obtain the initial seven
Taylor coefficient estimates |as], |as|, ..., |a7| based on the result discussed in the Theorem 2.1,
of which the higher estimates like |as|, |ag| and |ay| are obtained for the first time without any
assumption in the estimation process.

Remark 2.2. Based on the coefficient estimation procedure discussed in the above remark, one
can easily notice that the initial estimates |az| and |ag| leads to the well-known results given earlier
by Brannan and Taha [4].
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