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VOLTERRA-TYPE OPERATOR
ON THE SUBCLASSES OF UNIVALENT FUNCTIONS

OIIEPATOPH THUITY BOJIBTEPPA
HA HIJKJIACAX YHIBAJIEHTHUX ®YHKIIIA

In this article, we examine the necessary and sufficient conditions for a member to belong to the class of starlike and
convex functions of complex order b (b # 0) and spirallike functions of type A (—g <AL z) with the complex order

2
b (b # 0). We obtain sharp estimates for the coefficient of the second term in the Taylor series of functions belonging to

the mentioned classes.

In the main part of this paper, we obtain the necessary and sufficient conditions of boundedness for the image of the
open unit disk D = {z € C : |z| < 1} under the action of a Volterra-type operator and the product of the composition
operator and Volterra-type operator in the space of univalent functions and its subspace. Finally, we obtain an estimate of
the Schwartzian norm of the above operators in these spaces.

BuBuarorbcs HEOOXifHI Ta TOCTaTHI YMOBH HAJISKHOCTI eeMEHTa N0 Kilacy 3ipKONOMIOHMX Ta OMYKINX (YHKIIH KOMII-
. . . T m
sexcHoro mopsiaky b (b # 0) i cmipamenoniOHux GyHKIiH THIY A (—f <AL 5) KoMIutekcHoro mopsaky b (b # 0).

2
BcranoBneHo ToYHI OIIHKY TS KoedilieHTa Apyroro wieHa psay Tednopa s GyHKIIN i3 BKa3aHUX KIIACIB.

V ocHOBHili yacTHHI poGOTH OTPUMAaHO HEOOXiAHI Ta AOCTAaTHI YMOBH OOMEKEHOCTI 00pa3y BiIKPUTOrO OAWHUYHOIO
macka D = {z € C : |z| < 1} mixg miero oneparopa tumy Bossreppa i 1oGyTKy oreparopa KOMIIO3HUIIII Ta omeparopa
Tuny Bonsreppa y mpoctopi yHiBaseHTHHX (YHKIIH Ta Horo miampocTopi. HacaMkiHes BCTAHOBICHO OLHKH U1 HOPMH
[IIBapua 3rafaHuX OINEpaTopiB y LHUX IPOCTOPAX.

1. Introduction. The convolution or Hadamard product of two power series functions f(z) =
o0 oo [e.e]

= E apz" and g(z) = Z byz" is defined as the power series (f * g) = Z anbpz".
n=0 n=0

n=0

Let #(D) denote the class of all functions holomorphic in the unit disk D, D = {z € C:
|z| < 1}, of the complex plan C. Let A be the class of functions f(z) of the form

f(z) =z+ Zanzn;
n=2

which are analytic in the open unit disk D). Thus the class A is a subclass of H (D).
Furthermore, let P denote the class of functions p(z) of the form

oo
p(z) =1+ anznv
n=1

which are analytic in D. If p(z) € P satisfies R (p(z)) > 0, z € D, then we say that p(z) is the
Caratheodory function (see [4]).
If f(z) € A satisfies the inequality

Zf’(Z))
R ( >a, z€D,
f(2)

for some o, 0 < a < 1, then f(z) is said to be starlike of order o in . We denote by S*(«) the
subclass of A consisting of functions f(z), which are starlike of order o in D. Similarly, we say
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78 M. MAHBOOBI

that f(z) is a member of the class C(«) of convex functions of order v in D if f(z) € A satisfies
the following inequality:

zf”(Z)) . -
§R<1+ ) > q, e D,

for some o, 0 < o < 1.
As usual, in the present investigation, we write

S§*=8%0) and K = K(0).
Moreover, for some non-zero complex numbers b, we consider the subclasses S; and K of A

Sg‘:{f(z)EAzé)%[lJri(foé(:;)—lﬂ >0, ZE]DD}

as follows:

and

Ky = {f(z) €A R [14—[1) (Z}f,,;g))} >0, em}.

Then we can see that
Si_o=8"(a) and Ki_o=K(a).
Let f be a function analytic and locally univalent in the unit disk D,
Sp="11) =1/2(" /1)
denote its Schwarzian derivative and

157 (2)|] = sup (1 — |2[*)?| S|
z€D

denote its Schwarzian norm.
Recall first that if f maps the disk conformally onto a convex region, then the function

2f"(2)
f'(z)
has positive real part in D (see, for instance, [3]). Since ¢(0)
the half-plan mapping £(z) = (1+2)/(1 — z), so that g(z) =
. In other words,

g(z) =1+

= 1, this say that g is subordinate to
L (¢(z)) for some Schwarz functions

2"z _1+elz) | 20(2)
fl(z)  1—¢(z) 1 —p(z)’

where ¢ is analytic and has the property |p(2)| < |z| in D. With the notation ¢ (z) = #lz) this
z

gives the representation

f'E) _ 2()
Fz) 1200
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VOLTERRA-TYPE OPERATOR ON THE SUBCLASSES OF UNIVALENT FUNCTIONS 79

for the pre-Schwarzian, where 1) is analytic and satisfies |[¢/(z)| < 1 in . Straight forward calcula-
tion now gives the Schwarzian of f in the form

_ f”<z>>’ 1 (f”(z>>2 __ W)

5 _ 1 _ )

1) (f’(z) 2\F@)) (1= 2(2)’

But [¢)/(2)| < (1 — WJ(Z)|2) /(1—|z|?) by the invariant form of the Schwarz lemma, so we conclude
that

-l 2
(=P (1= ()~ A= =P

In other words, the inequality (2) says that the Schwarzian norm

157 (2) || = sup (1 — |2[*)?|S5],
zeD

1S¢(2)] <2

2

of convex mapping is no large than 2. The bound is best possible since the parallel strip mapping

1 1+2
L(z) =<1
0=y (152).

has Schwarzian Sp(z) = 2(1 — 2%)72. Nehari [12] also stated that [|S¢(2)| < 2 if the convex
mapping f is bounded.
The composition operators C,, are defined on H(ID) as follows:

Co(f)=fow,  feHD),

for some self-maps ¢ : D — D of the unit disk D.
For g € #(ID), the integral operator I,
Ih2) = [ H(©9(©)ds. e H),
0

was introduced in [14] and is called the Volterra-type operator.
In this paper, we introduced some new subclasses of H (D) as follows:

rin = e (450)] -5

P'(8,b) = {p(z) PR [2 <Zp/(z)>] < ﬂ}

p(2)
for some real numbers S and non-zero complex numbers b.

and

Example. Let

1
p(z) = — =1+z+2"+... € P(-1/2,1),

1
= =1- 284+ eP(-1/2,1),
p(2) 5 z+2"—z (-1/2,1)

p(z) =1+2¢€ P'(1/2,1), p(z)=1-2¢€ P'(1/2,1).
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T T
Moreover, for some non-zero complex numbers b and real A, —3 < A < —, we define the subclass

2
S)(b) of A as follows:

S\(b) == {f(z) cA:R [e“ <1 +% <Z;£S) — 1>)] >0, z€ ]D}.

If a function f(z) belong to the class Sy(b), we say that f(z) is spirallike of type A\ with the
complex order b, b # 0.

In this paper, we get some properties for the functions in S;, K and S A(b). Also we study the
Volterra-type operator I, on K and K. Furthermore, we get necessary and sufficient condition such
that I,h(ID) is bounded, moreover, we obtain the sufficient condition such that ||S¢(2)| < 2.

In addition to the references referred to in this article, to better understand the properties of the
spaces and operators mentioned in this work, we can study references [1, 2, 6, 13].

2. Some of the new properties of the functions belong to the subclasses of starlike and
convex functions. In this section, we examine some of the properties of the functions belong to
the subclasses of starlike and convex functions of complex order b, b # 0, and spirallike functions
of type A, —g <AL g, with the complex order b, b # 0. Among the items of interest are the

necessary and sufficient conditions for a member to belong to the classes S5, Kp and S A\(). In the
following, we obtain the sharp estimates for the second coefficients of the Taylor series of functions
belonging to the mentioned classes.

Theorem 2.1. Let b e C, b#0, ) € (—27 g) and B = e~ cos \. Then f belongs to S)\(b)
if and only if there is g € S such that

fz) = (5’“)5 ()

z

=1.
~ z=0
Proof. First assume f € S)(b). Cleary the relation (3) is equivalent to

9(Z)ZZ<M>£SA, z €D,

f(2)>f°“

z

B
The branch of the power function is choosen such that (g(z))
z

= 1. A simple computation

we choose the branch of the power function such that (
z=0

yields the relation

—jtan \.

- 1) = (1+itan)) <1+

R )] =asr 0 G )

Since f € Sa(b), consequently ¢ is starlike of complex order b.

zf’(z)) _ l+itanA
b (2) b

Therefore,
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Conversely, if g € S, then in view of the above relation and the fact that A € (—g, g), one

deduces that
/
R [ei)‘ <1+1 (Zg (2) _ 1))] >0, zeD.
b\ g(z)

Thus, f is spirallike of type A with complex order b.
Theorem 2.1 is proved.
Theorem 2.2. Let b € C and b # 0. Then we have the equality

Sy ={zW(2): heKp}.

&) .
Proof. Let f(2) =z + E ) apz" € ;. It’s obvious that
n=

f(z)==z2 (1 + Z anz"1>.
n=2

We put

h'(2) =1+ Zanznfl,

n=2

therefore,

h(z) —z—i—ila 2"

N n=2 " o

Then f(z) = zh/(z). Applying that h(z) € K if and only if zh/(2) € S, we deduced that h(z)
belongs to L.

Theorem 2.2 is proved.
Theorem 2.3. For the function f(z) € A, it follows that

z

f(z)eS§<:>z<f(Z>>bES*, beC, b#0.

Proof. Let f(z) be a starlike of complex order b. By using Theorem 2.2, there is h € K such
1
that f(z) = zh/(z). Since h € K, then, by using Theorem 1.2 in [5], we have z (h/(z))? € S*.
1

0
<An0ther proof for this theorem. We set F'(z) = z <f(z)> . Therefore,

o[ n b ()

and then f € S; )

By using Theorems 2.1 and 2.2, we have the following theorem.
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Theorem 2.4. Let b € C and b # 0, )\ € (—g,g) and B = e cos\. Then f belongs to
S\(b) if and only if there is h € Ky, such that

fz) =2 (W(2)).

Theorem 2.5. Let f(z) = z + a2? + azz® + ... be a starlike function of complex order b,
b # 0. Then |az| < 2|b|. This bound is sharp. Equality is attained for f,(z) =

(1—2)2"
1
b
Proof. Let f(z) belongs to S;. By using Theorem 2.3, we have g(z) = 2 <f(z)> € §*. Let
z
1
9(2) = 2z + baz? + b3z® + ..., therefore by = 502 So, by using Bieberbach theorem, we have
lag| = |b]|b2| < 2|b|. Since
" oG+20—1
. :Z+i 20— ))Zn
(1—2z)2 s (n—1)! ’

then it is obvious that equality is attained for f3.

Theorem 2.5 is proved.

Theorem 2.6. Let f(z) = z+azz?+a3z>+. .. be a spirallike function of type \, \ € (—g, g),
with complex order b, b # 0. Then |az| < 2|b| cos \.

Proof. Let f(z) € Sx(b). By Theorem 2.1, there is g(2) = z +baz? +b32® +... € S such that

fz) =z <g(2)> , B =e"PcosA. Then ay = byf3, so |az| = |b2| cos A. By using Theorem 2.5,
z

we have |ag| < 2|b| cos .
Remark. Since S \(1) = S\, we obtain Corollary 2.4.12 in [7] as a result of the above theorem.

3. Volterra-type operator on subclasses of convex functions. Here, first, we express and prove
two lemmas that are widely used in proving the main theorems of this paper.

Lemma 3.1. 1. Let b € C, b # 0 and 5 > 0. If g belongs to P(f3,b), then 1, is an operator
on K.

2. Let feR, 0<a<1land0< o+ < 1. If g belongs to P(§,1), then I, is an operator
Sfrom K(a) to K(a+ ).

Proof. Due to the similarity of the proof of parts 1 and 2, so we only do the proof of part 1.

Let h € K, then

o Gy ) - es (55
2l (e )]

)b ()]

By hypothesis of this lemma and relation (4), we have

Eream
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(R

therefore, I,h belongs to Ky for each h € Ky,
Lemma 3.2. The function f is convex of complex order b, b # 0 in D if and only if

z<1;)x>+lz
# 0,

R

!/ —
I (1-2)7 zeD, |z|]=1.
Proof. The function f is convex of complex order b if and only if
1 (2f"(2)
RI1+ - > 0, e D. 5
1+ (7))o ®

By Lemma 1 in [8], relation (5) is equivalent to

1/ (2f'(2)) r—1 _

which simplifies to

(1+2) (21'(2)) + 2o =2 = 1) f'(z) # 0.

We have
(1+2) (£ = £
and
26—z —1)f'(2) = f'(2) * Qb%ﬁ;l
so that
(1+2) (2f'(2) + (2b— 2 — 1) f'(2) = ' (2) * (ff:)z +f(2) % %;fwz_l -

o 1+z)+(1—-2)(20—2—-1)
—f(Z)* (1_2)2 -

o (1+x—2b)z+2b
= f'(z) * TS # 0.

Since b # 0, we get

1+2—-2b
N +1
"% 0, zeD, |x|=1, «#-—1.
/ TR 2 #
The case x = 1 in the convolution condition is equivalent to stating f’ # 0 for each 2z € D, which
is a necessary condition for univalence.

We now obtain the necessary and sufficient conditions to boundedness the image of the open unit
disk D = {z € C: |z| < 1} under the effect of the Volterra-type operator on the space consisting of
univalent functions and its subspace, and finally we get an estimate of the Schwartzian norm for the
above-mentioned operator on class A and subclass KC(«) of it, where 0 < o < 1.
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Theorem 3.1. Let € R, 0<a <1, a+p>0and g € P(3,1) and h € K(«). Then the
image (I4h)(D) is bounded if and only if
W' (z)  z¢'(2)

li 1-— 2 1. 6
‘13121113( |z]) |2 + ) + o) < (6)

Proof. By using Lemma 3.1 (part 2), we have that I,h belongs to K. In relation (1), we put
f = I4h. Then there is an analytic function ¢ such that

(b 20()
Ioh) 1 —zip(z)’

therefore
Y(2) = (Lh)"(2) /(L)' () g'(2)/g9(2) + h'(2)/I(2)
2+ 2(Igh)"(2)/(Igh)' (2) 2+ 29'(2)/9(2) + 2h"(2) /1 (2)

We have
1 — 2| 1 —|2|

1= z(2)] ‘1 __29'(2)/9(2) + 20" (2) /I (2)
2+ 29'(2)/9(2) + 2h"(2) /W ()

1 - 2|
2
2+ 29'(2)/9(2) + 2h"(2) /1 (2)
W' (2)  zd'(2)

1
:2“"2’)’“ W) e

By Theorem 2 in [3], we get that the image (I,)(ID) is bounded if and only if

. 1— |7 - 1
imsup ————— < —.
21 1= 29(2)] 2

By relation (6), the proof is complete.
Now we want to state a theorem that is similar to the previous theorem in proof. The main
difference is the use of Lemma 3.2 instead of Lemma 3.1 in proof.

Theorem 3.2. Let g € P and h € A such that (h'g) (z) x
(Igh)(D) is bounded if and only if

(x—1)z ,
- . T
21— 2)2 # 0. Then the image

. 2h'(z) | 29'(2)
limsup (1 — |z|) |2 + + < 1.
N A e ST

By using Lemma 3.1 (part 2), we have the following corollary.
Corollary3.1. Let e R, 0<a <1, a+>0.1f g€ Pgand h € K(«), then

151yl < 2.
By using Lemma 3.2, we obtain the following corollary.
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(x—1)z

Corollary3.2. Let g € P and h € A. If (W g) (2) * 21— 2)? # 0, then

151,nll < 2.

By using Theorem 3.1, we get the following corollary.
Corollary3.3. Let e R, 0<a <1, a+>0and g € Pg and h € K(). If

zh"(z) | 29'(2)

limsup(1 — |z]) |2 + <1,
2| —1 W(z)  g(2)
then
1S1,nll < 2.
By using Theorem 3.2, we have the following corollary.
—1
Corollary3.4. Let g € P and h € A such that (h'g) (2) x H #0.If
—z
W' (2)  z2d'(2)
limsup (1 —|z]) |2 + + <1,
2| —1 W(z)  g(2)
then
HS[th < 2.

4. Product of composition operators and Volterra-type operator on subclasses of convex
functions. Products of composition operators and integral-type operators have been recently in-
troduced by S. Li and S. Stevi¢ in [9-11]. Here, we shall be interested in studing the product of
composition operators and Volterra-type integral operators, which are defined by

o(z)
(ColI,h) (2) = / W (€)g()de, = €D,
0

on subclasses of A, where g € A and o is an analytic self-map of the unit disk. In this section, we
Z+ 20

1+ Zy2

assume that o(z) be the Mobius automorphism o(z) = on D, where, 2y be the fixed point

in D.

In fact, in the final section of this paper, we intend to examine a similar discussion of the previous
section for the said operator.

Lemma4.1. Let R, 0<a<1land 0 <o+ <1. Ifg belongsto P(3,1), then C,l, is
an operator from K(«a) to K.

Proof. By hypothesis of this lemma and by Lemma 3.1 (part 2), it is obvious that I, is an
operator from KC(a) to K. Therefore I;h is a convex map. Let f = I;h. By Lemma 1 in [7], we
have foo is a convex mapping of ID. We know that

o(z)
foo(z) = f(o(z)) = (I4h) (0(2)) = / h'(€)g(€)de = (CoIyh)(z).

0
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Lemma 4.2. Let g€ P and h € A. If

—1)z
h/ ($
(0) ()« 45— %0
then Cs14h € K.
By using Lemma 3.2 and Lemma 1 in [3], we have the following theorem.
Theorem 4.1. Let e R, 0<a <1, a+p>0and g € P(B,1) and h € K(«). Then the

image (Cylyh) (D) is bounded if and only if

imsup (1 — |2 (0(2) — 20) A(2) +2
llz‘_np(l |2]) (0(2) — 20 + Zozo(z) — 2) A(2) + 2Zpz + 2

1

where A(z) = g (0(z) b (U(Z))'
9'(0(2)) B (o(2))
Proof. By using Lemma 4.1, we have (C,I4h) € K. In the proof of Theorem 3.1 we saw that
b = IO+ /NG
2+ 29'(2)/9(2) + 2h"(2) /W (2)

By using Lemma 1 in [3], there is an analytic function A such that

(Colgh)" — 2X(2)
(Colyh) 1 —2A(2)’

where
Y (a(z) — 20
MO = s o)
We have
zA(z) -
A2) 2+ 0(2)A(2) _ (2= 520(2)) Az) — 252
1_L(Z) (0(2) —20) A(z) +2 7
24+ 0(2)A(2)
therefore,
L-]2l 1—|2| -
1 —2A(2)| ‘1 (2~ F020(2)) A(z) — 2702
(0(2) —20) A(z) +2
= (1 -z (0(2) — 20) A(:) +2 ’
(0(2) — 20 + 2020(2) — 2) A(2) + 2202 + 2|

By using Theorem 2 in [3], we get the image (Cz1,h)(ID) is bounded if and only if

. 1— |7 - 1
imsup ———— < -.
-1 [1=2A(2)| 2
By relation (7), the proof is complete.
In the following, we state a theorem that has a similar proof to the previous theorem. The only
major difference is the use of Lemma 4.2 instead of Lemma 4.1 during the proof.
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—1
Theorem 4.2. Let g € P and h € A such that (h'g) (z) x Q(ZUI—Z))ZQ # 0. Then the image
(Colgh)(D) is bounded if and only if
) (0(z) — 20) A(z) + 2 1
| 1-— —
Eﬂ‘lp( D o =2+ 2020 (s) —2) A(2) £ 220z £ 2| <

a9 W o)
where A2) = "o T W (o(2)

By using Lemma 4.1, we have the following corollary.
Corollary4.1. Let e R, 0<a<1l,a+5>0.Ifge P(B,1) and h € K(«), then

ISc,,nll < 2.

By using of the Lemma 4.2, we obtain the following corollary.
Corollary4.2. Let g € P and h € A. If

, (x—1)z
(hg) (z)*m;&o,
then
IS, ,nl < 2.

By using Theorem 4.1, we get the following corollary.
Corollary4.3. Let e R, 0<a<1l,a+p>0and g € P(B,1) and h € K(«). If

(0(2) — 20) A(2) +2

lf\lillp S (0(2) — 20 + Zozo(2) — 2) A(2) + 2Zpz + 2 <5
@6 W)
where A(z) = 7)) + W (02’ th
ISc, ,nll < 2.

By using Theorem 4.2, we have the following corollary.

-1
Corollary4.4. Let g € P and h € A such that (h'g) () * 2(261 — Z))ZQ # 0. If
. (0(2) — 20) A(2) + 2 1
1 1- -
ﬁli?f’( D o o+ 2020 (s) —2) A(2) £ 250z £ 2| <

_ g @) | 1 (o2)
where A(z) = g(o(2)) ' R (0(2))

, then

1Sc, 1,0l < 2.
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