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RESONANT EQUATIONS WITH CLASSICAL
ORTHOGONAL POLYNOMIALS. I

PE3OHAHCHI PIBHAHHSA 3 KNACUYHUMU
OPTOI'OHAJIbBHUMMH ITOJIIHOMAMM. 1

In the present paper, we study some resonant equations related to the classical orthogonal polynomials and propose an
algorithm of finding their particular and general solutions in the explicit form. The algorithm is especially suitable for the
computer algebra tools, such as Maple. The resonant equations form an essential part of various applications e.g. of the
efficient functional-discrete method aimed at the solution of operator equations and eigenvalue problems. These equations
also appear in the context of supersymmetric Casimir operators for the di-spin algebra, as well as for the square operator
equations A%u = f; e.g., for the biharmonic equation.

BuBYalOTECS AesiKi PE30HAHCHI PIBHSAHHSA, IO MAlOTh BiJHOIIECHHS /O KJIACHYHHMX OPTOTOHAJBHHUX IOJIHOMIB. 3amporo-
HOBAHO AJTOPUTM 3HAXOMMKEHHS iXHIX YaCTHHHHX Ta 3arajbHUX PO3B’S3KiB y siBHOMY Burisiai. Llei aaropurm Haikparie
iIXOANTH I METOIB KOMIT FOTEPHOI anredpu, Takux sk Maple. Pe3oHaHCHI piBHSHHS CKIaIal0Th CyTTEBY YaCTHHY Oa-
raTbOX 3aCTOCYBaHb, 30KpeMa e(peKTHBHOrO ()yHKIIOHATBHO-THUCKPETHOTO METOMY, 1[0 3aCTOCOBYETHCS MPU PO3B’s3aHHI
OIepaTOpHUX PIBHSIHD Ta 3334 Ha BJIACHI 3Ha4YCHHs. Taki PIBHSIHHSA TAaKOX 3 SBJSIIOTHCS B KOHTEKCTI CYNEepPCHUMETPUYHHX
omeparopis Kasumipa 1s Ji-cIIiHOBOT anre6pH, a Takox JUTA KBaJPATHIHHX ONEpaTOpHUX piBHAHD A%u = f, Hampukman
Ut GirapMOHIYHOTO PiBHSHHS.

1. Introduction. Polynomials, especially the orthogonal polynomials [8, 9, 26] is a very important
and often used mathematical tool. One of the application fields for polynomials are differential equa-
tions. Some of them possess polynomial solutions and the solution of other ones can be approximated
by polynomials. The topic of the present paper is a special class of resonant differential equations
with differential operators related to the classical orthogonal polynomials.

There are various definitions of resonant equations (see, e.g., [1, 2]), where a boundary-value
problem is called resonant, when the operator, defined by the differential equation and by the boun-
dary conditions does not possess the inverse. In the present paper we follow the definition from
[6, 17, 19] and call an equation of the form L f = g with Lg = 0 resonant. In other words, the right-
hand side of the resonant equation belongs to the kernel K (L) of the operator L. These equations
are interesting both from theoretical point of view and from the practical side in various applications.
For example, in [18] was proposed the so-called functional-discrete method (FD-method) for solving
of operator equations and of eigenvalue problems. The method is based on the ideas of perturbation
of the operator involved and on the homotopy idea. This approach was applied to various problems
in particulary to eigenvalue problems in [10—14] and has been proven to possess a super exponential
convergence rate. An essential part of the algorithm are some inhomogeneous equations with a
resonant component in the sense of the definition above.

A simple but profound example showing the principally different behaviors of the solutions in
the resonant and in the non-resonant cases gives the following simple differential equation (so-called
vibration equation):

d%y

72 + pPy = sin (vt). (1.1)
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There exists a particular solution of the form

1
———5sin(vt), if v#+p,
w2 —v
y(t) = (1.2)

t
2 cos (ut), if v=4pu,

which is resonant for v = £p <in this case the right-hand side sin (ut) solves the homogeneous

2

. d . N . .
equation ﬁg + Py = 0> and non-resonant otherwise. The vibration amplitude in the resonant case

tends to infinity if the stimulating vibration frequency v on the right-hand side of the equation tends
to the resonant eigenfrequency p of the system described by the differential operator on the left-hand
side. The depth of difference between the non-resonant and the resonant solutions is discussed in [7].

The example above can be embedded into the following abstract framework. Let some system be
described by an operator equation Au — Au = f in some Hilbert space H, where the operator A is
completely defined by its spectrum, i.e., by the eigenvalues A;, j = 1,2,..., and the corresponding
eigenvectors u;, 7 = 1,2,.... Here A is a parameter characterizing the system. If the right-hand
side is of the form f = auy, for the fixed «, k, i.e., f solves the equation (A — \;)f = 0, then the
solution of the corresponding operator equation is

(0%

T\

u

Ug -

We have |lu|| — oo (JJu|| can be interpreted as the amplitude in the example above) in two cases:
1) if @ — oo (the stimulating amplitude tends to infinity) and 2) if the system parameter tends to an
eigenvalue \; of the operator, i.e., A — A;. The second case is called resonance and the value \; of
the parameter A is called the resonant value. In this case we deal with the resonant equation in the
sense of our definition above and of the example equation (1.1). It is clear, that a system can possess
various resonant parameter values.

The resonant equations arise also when solving the quadratic operator equation

A%y =0 (1.3)

with a given operator A. Denoting Au = v we reduce equation (1.3) to the “simpler” pair of
equations Av = 0, Au = v where the last equation is resonant.

The resonant phenomena play a very important role in the natural world, in various technical
applications, e.g. magnetic resonance imaging (nuclear spin tomography) [24], fluid dynamics [15,
16] etc. The resonant equations arose also in the context of supersymmetric Casimir operators for the
di-spin algebra (see, e.g., [6, 7] and the literature cited therein). These equations often require specific
solution and investigation techniques [1—3]. The solvability condition of a resonant equation in a
Hilbert space is the orthogonality of the right-hand side to the kernel of the operator. The situation for
other spaces is more complicated (see, e.g., [1—3]), where some sufficient solvability conditions has
been proven. For example, in [2] the following Liénard equation, describing vibrations and various
dynamical systems, was considered as an illustration of the presented solvability theory:
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192 1. GAVRILYUK, V. MAKAROV

Z(t) + g(x)&(t) + ax(t) = f(t), =(0)==x(1), #(0)=42(1), te]0,1]. (1.4)

Here a is a constant, the function g: R' — R! is supposed to be continuous and the solution is
looking for in the class of twice continuously differentiable on [0, 1] functions. It was shown that
this problem possesses at least one solution for arbitrary function

1
f0: [ 1w =o
0

provided that

lg(x)| <b, a€R', b+4a|/3<1. (1.5)

4
The simple counterexample with f(¢) = o cos(2mt) + sin(27t), g(x) =0, a = 47? (here the first
0

summand is a resonant component) shows that the differential equation is resonant in the sense of

1
our definition, conditions (1.5) due to b = 0, a = 472 as well as the condition / f(t)dt = 0 are
0

not fulfilled, but there exists a set of solutions given by

u(t) = C cos(2nt) + Dsin(2nt) + 375? sin(27t) + 3% sin(rt) VC,D € R,
i.e., conditions (1.5) are rather coarse.

In the present paper we consider resonant equations with the differential operators of the hyperge-
ometric type which define the classical orthogonal polynomials. The solutions of such homogeneous
differential equation is the corresponding orthogonal polynomial (or the solution of the first kind)
and the second linear independent solution is the so-called function of the second kind, so that the
general solution is a linear combination of both. The inhomogeneous differential equations with
the corresponding orthogonal polynomial or the function of the second kind on the right-hand side
are resonant equations correspondingly of the first and of the second kind. We need their particular
solutions to write down the general solution of the inhomogeneous resonant equation.

We propose a general algorithm to find such particular solutions explicitly, therefore, we can
obtain the general solutions of the inhomogeneous resonant equations of the first and of the second
kind in explicit form. This algorithm is especially suitable for the computer algebra tools like Maple
etc. Besides, it provides a constructive proof of the existence of the solutions too.

The paper consists of two parts and is organized as follows. In Section 2 we show that the
resonant equations are a natural part of the FD-method. The main result of the Section 3 is Theorem
3.1, giving a formula for particular solutions of a resonant operator equation depending on some
parameter. This section contains also the description of the general Algorithm 3.1 to compute the
particular solutions of the inhomogeneous resonant equations with the differential operators related
to the classical orthogonal polynomials. Theorem 3.1 plays the crucial role for the justification of our
algorithm. Each of the next two sections consists of two subsections devoted to the corresponding
resonant equations of the first and of the second kind with the differential operators related to the
classical orthogonal polynomials of Legendre and Jacobi types. The explicit formulas for the general
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RESONANT EQUATIONS WITH CLASSICAL ORTHOGONAL POLYNOMIALS. I 193

solutions of the corresponding inhomogeneous resonant differential equations are given. The clas-
sical orthogonal polynomials defined on the infinite intervals, namely the Hermite and the Laguerre
polynomials are the topics of part II. With the aim to emphasize the advantages of our algorithm we
give the particular solutions through the hypergeometric or confluent hypergeometric functions too.

2. The homotopy based method for the eigenvalue problems. Let us briefly explain the ideas
of perturbation and homotopy for the eigenvalue problem

(A4 B)uy — Apuy, =0 2.1

in a Hilbert space X with a scalar product (-,-) and with the null-element § under the assumption
that the spectrum of the operator A + B is discrete and we are looking for the eigenpair with a given
fixed index n.

Let B be an approximating operator for B in the sense that the eigenvalue problem

(A+ B)ul® — A0y 0 — ¢ (2.2)

is “simpler” then problem (2.1).

Formally, a homotopy between two problems P; and P, with solutions w; and us from some
topological space X is defined to be a parametric problem Py (¢) with a solution u(t) continuously
depending on the parameter ¢t € [0,1] and such that u(0) = w; and u(l) = uy (compare with
http://en.wikipedia.org/wiki/Homotopy).

Following to the homotopy idea for a given eigenpair number n we imbed our problem into the
parametric family of problems

(A+W(E)un(t) — An(Bun(t) =0, te0,1], (2.3)

with W (t) = B + tp(B), ¢(B) = B — B, where B is some approximation of B. This family
contains the both problems (2.1) and (2.2), so that we obviously have

un(0) = ul?, X (0) = A0 wp(1) = un,  An(1) = A (2.4)

This suggests the idea to look for the solution of (2.3) as the Taylor series
M) =3 AW un(t) = ulde, 2.5)
j=0 j=0

where formally

\0) = L&) L0 = TP 2.6)
oot dv L, "t g dy |,
Setting ¢ = 1 in (2.5) we obtain
A=Y A, up=> uld) 2.7)
7=0 7=0

provided that series (2.5) converge for all ¢ € [0, 1]. The truncated series
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194 1. GAVRILYUK, V. MAKAROV

Mo =309 =3y 2.8)
j=0 J=0

represent a computational algorithm of rank m.

The formulas (2.6) are not suitable for a numerical algorithm, therefore we need an other way to
compute the corrections )\,(f ), w9 which we describe below.

Substituting (2.5) into (2.3) and matching the coefficients in front of the same powers of ¢ we

arrive at the following recurrence sequence of equations:
(A+ B+t — \0,0+D) — pG+) 5 — 1 0,1,..., (2.9)

0)

with FT(L =0 and

J
FUHD = pGHDAO)  AGHD 0 )y = —p(B)ul) + ngg’“—p)ugp) —

p=0
J
= A0 — (B + 3 AP =101, (2.10)
p=1
For the pair Aﬁ?’, u;‘” corresponding to the index 5 = —1 we have the so-called base eigenvalue
problem
(A+ B)ul® — A0y — ¢ (2.11)

in a Hilbert space which is assumed to have not multiple eigenvalues and to be “simpler” then
the original one and produces the initial data for problems (2.9), (2.10). We suppose that u%o),
n = 1,2,..., is a basis of the corresponding Hilbert space. The case of the base problems with
multiple eigenvalues was studied in [10, 20, 21].

Each problem (2.10) contains in the right-hand side the summand /\%j +1)u$10) which solves the ho-
mogeneous equation with the same operator, i.e., the solution ugf U of (2.10) contains a component
which is the solution of the corresponding resonant equation.

Problems (2.9) for higher indices 7 > 0 are solvable provided that

(FUHD 4Oy =0, j=0,1,.... (2.12)

n

Supposing additionally (for uniqueness)

(u7(1j+1)’u7(10)) =0, j=0,1,..., (2.13)
we obtain
AN = (p(BYu), ul?), j=0,1,.... @14

Under these conditions we obtain the particular solution

0 (4) (0
T ((Fnsup”)) (o
p=lp#n \p T /\n
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RESONANT EQUATIONS WITH CLASSICAL ORTHOGONAL POLYNOMIALS. I 195
satisfying condition (2.13). The start values )\7(10), u7(10) for the recursion (2.9), (2.14) is the solution
of the base problem.

The next theorem [18] gives the error estimates of the method above and its convergence as
m — 00.

Theorem 2.1. Let A be a closed operator in a Hilbert space H, problem (2.11) possesses a

discrete spectrum of eigenvalues 0 < )\go) < )\go) < ... and the corresponding eigenvectors ug,,o),
n=1,2,..., represent a basis of H. Let the inequality
Gn = 4Mylp(B)[| <1 (2.16)
with
M,, = max { L , L } (2.17)
A=A =AY

holds true. Then the series (2.7) converge to the solution )\, uy of problem (2.1) and the accuracy
of algorithm (2.8) is given by the estimates

m m—+1
[un — Unll < am+1 1 )
—dqn
(2.18)
m q:ln
o = Rall < o (Bl 2
—dqn
where
., @m =11

3. Representation of particular solutions. This section deals with particular solutions of the
resonant equations. We give a representation of particular solutions of a resonant equation in a Banach
space. Besides we propose an algorithm to compute particular solutions of resonant equations with
the differential operators related to the classical orthogonal polynomials.

The following result has been proven in [19].

Theorem 3.1. Let A: X — X be a linear operator acting in a Banach space X, the set
K(A) C X be the kernel of A and a connected set (A) in the complex plane be the spectral set of
A If f(N) € K(A— \E), A € X(A) is a differentiable function, then the solution of the resonant
equation

(A= \E)u= f()\ (3.1)
can be represented by
df(A)
= . .2
u(A) N (3.2)
The proof of this theorem is based on the equivalent equation (A — )\OE)f()\))\_f\()\o) = f(\)
— Ao

with some fixed Ay and on passing to the limit A — Ag.
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196 1. GAVRILYUK, V. MAKAROV

Now, let

B d? d \
Ap = J(m)@ +7(x)— + A (3.3)
be a differential operator of the hypergeometric type with a polynomial o (z) of the degree not greater
then two, a polynomial 7(z) of the degree not greater then one and a constant A, and P,(z) be

some classical orthogonal polynomial satisfying the homogeneous differential equation
AP, (x) =0 (3.4)

(see, e.g., [5, 23, 25]). We call the polynomial solution P,(z) of this homogeneous differential
equation the function of the first kind. Let @, (x) be the second linear independent solution of the
homogeneous differential equation, which is called the function of the second kind.

Let us consider the resonant equations of the type

Apun(x) = Ry (). (3.5)

In the case when R, (z) is the classical orthogonal polynomial P, (x) (the function of the first kind),
the inhomogeneous differential equation (3.5) is called the resonant equation of the first kind. The
inhomogeneous differential equation of the type (3.5) with the right-hand side @, (z) instead of
R, (z) is called the resonant differential equation of the second kind. Both functions P, (x) and
Qn(x) satisfy the same homogeneous differential equation (3.4) and the same recurrence equation

Ryi1(x) = (anz + Bn)Rn(z) — nRn—1(x), n=1,2,..., (3.6)

with some constants au,, Bn, Tn (see, €.g., [5, 22, 23, 25]). Since our algorithm below for particular
solutions of the resonant differential equations of the first and of the second kind (3.5) is based on
the same recurrence relation (3.6) it is valid for the resonant equations of both types and we use the
notation R, (z) below for both P,(z) and Q, ().

Algorithm 3.1. 1. Using Theorem 3.1 we find some particular solutions of (3.5) for n = 0,1,
ie.,

1 dR,(z) 1 dR,(x)

Xo(@) = N(v)  dv o @) = N(v)  dv

(3.7)

v=1

Note that here and in what follows the differentiation with respect to a natural parameter n € N
means: 1) the switch to a real parameter v € R, i.e., the use of the hypergeometrical or confluent
hypergeometrical functions, 2) the differentiation by v, 3) the substitution of n instead of v in the
derivative.

2. The set of functions

uo(z) = xo(z) + coPo(x) + doQo(z), wi(z) = x1(x) +c1Pi(z) + d1Q1(2) (3.8)

with arbitrary coefficients ¢y, ¢1, dp, di represents particular solutions of the inhomogeneous res-
onant equation too. These coefficients can be chosen at the next step of the algorithm so that the
following particular solutions wug(x), kK = 2,3,..., obtained by the recursion below satisfy the
corresponding resonant equation.
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3. Differentiating the recurrence equation (3.6) for R,, by n we obtain

d\(n —1)

1 dA
un+1(z) = S N(n+1) [ dgzn) (an@ + ) un(@) + dn Tottn—1 (%) +
dan dpBn dvn B

We set here n = 1 and demand that uy () obtained from (3.9), (3.8), satisfies the resonant differential
equation (3.5). From this condition we determine the coefficients ¢y, c1, dy, di and, therefore, the
initial values (3.8) for the recursive algorithm (3.9). Using Theorem 3.1 we prove below that u,,(x)
then satisfy the resonant equation for all n =0,1,2,....

4. Resonant equation of the Legendre type. 4.1. The Legendre resonant equation of the first
kind. Let us consider the following inhomogeneous equation with the Legendre differential operator
on the left-hand and the Legendre polynomial on the right-hand side:

% {(1 - xQ)dzgf)} ol + Du(z) = Py(a). 4.1)

It is the resonant equation of the first kind since the Legendre polynomial P, (x) satisfies the corre-
sponding homogeneous differential equation. The second linear independent solution of the homo-
geneous differential equation @, (z) is called the Legendre function of the second kind. The general
solution of the homogeneous differential equation (4.1) is given by

u(x) = Clpn(l') + CQQn(x)a

where c1, co are arbitrary constants.
The explicit representation of the Legendre function of the second kind can be presented through
the hypergeometric function (see, e.g., [5], § 10.10):

i: 2n — 4k + 3

o(z) = P,
Qn(z) = ok — 1) (n— k1) 2

(z) =
B 27 (n!)?
S 2n+ )14z

2
)n+1F <n+1,n—|—1;2n—|—2;l+m) =
27(n!)?

=y @Cn+ D)1 -z

2
)nHF<n—|—1,n+1;2n—l—2;1_m> =

1 2
=—|Fln+1,n+12n+2;—— ) +
2 142

n+1 2n(n‘)2 2
+(=1)" (2n+1)!(1_g;)n+1F<n+1 n+1;2n + 2; 1_9:)] , s

1, x+1

Qo(:c):§lnm_1.
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198 1. GAVRILYUK, V. MAKAROV

Here F(a,b;c;z) = ZZ:OW

r
= (lit(-l-)p) is the Pochhammer symbol, and I'(x) is the Gamma function. We remember, that many
a
of the well known mathematical functions can be expressed in terms of the hypergeometric function,

or as limiting cases of it. Two typical examples are

is the hypergeometric function of z, (a)g = 1, (a), =

In(l1+2)==2F(1,1;2; —z),
(1—2)"%=F(a,1;1;2).

The Legendre functions as well as several orthogonal polynomials, including Jacobi polynomials
qua’ﬁ ) and their special cases Legendre polynomials (o = 0, 5 = 0), Chebyshev polynomials T;,(x)
(a = —1/2, 3 = —1/2), Gegenbauer polynomials C;(z) (o = 3 = A —1/2) can be written in terms
of hypergeometric functions in many ways, for example (see, e.g., [7], § 10.8),

1—
PT(La,ﬁ)(x): (n;:a) F, <—n,n+a+5+1;a+1; 2I> =

=(-1)" <n+ﬁ> F, <—n,n+a+ﬁ+1;5+1;1;$),

n
4.3)

Pu(z) = PO (1) = % [Fn <n,n+ 112 3 x) +

1
+(=1)" F, (—n,n+ 1;1; —;—x)} )

The use of the hypergeometric functions to obtain a solution of a resonant equation represents
a direct way to solve the resonant equations. This way is due to the fact that the hypergeometric
differential equation
=2 = (@4b+ 1% —abu=0 (4.4)
2(1—2)=—5+[c—(a z2|— —abu = .
dz? dz

with an appropriate choice of their parameters can be transformed to the following Legendre equation

(4] (§3.2)

2 d
1- 22)671; - 2zd—f + (v + 1w = 0. (4.5)

Due to Theorem 3.1 and (4.3) we have a particular solution of (4.1) in the form

unz) = 5 [in(@) + (~1)"in(~2)], 6

where (see (4.3) as well as [5], §10.8, formula (16) with « = 0, 8 = 0)

d d 1—
Un(w) = knapl/(x)‘uzn = k;n%Fy <1 + v, —v;1; 5 x)

rv=n
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" d (1+n)y(—n), (1 -2\
“h e () ¢

oo P
+1 (I+n)plp—n-1! 1-x
H=D Ml Y )2 5 (4.7)
p=n-+1
1 . .
with k, = — 1 The last formula can be transformed in the following way
n

n p—1 p—1 g P
Un(x) = ky, Z(;'; 2n—|—p—2n2(n+p)zi2_1n2] H(iQ—n2)<12 > +

p=1 i=1 i=1

np+i 1—z\?
Hp_i< 5 > . (4.8)

Using the formulas

pip—i p—i (n —d)!(s!)?’
(—1)”zn:a (=) _p L, —ni 1 %) = Po(a) (4.9)
v 7,1 9 = I'n ) Ty = In .

the sum of the last series can be transformed to

Z ];Hp—i

(1 - :U)p _
; 2
p=n+1" i=1

n 1— i 1+ n—1 1— pn—Pl 1— 7
e () () Ze () 55 () -

1=0 1=1

— (—1)"1 Py () In (1;”3) Y

ii—1

1—=x Qn,p
—. 4.10
1( 2 )Zi—p (19

Thus, for the function (4.7) we have

(4.11)

1 |14 — a
ni = — - i(=n)i+ (=" )y —~
n, 2n +1 i!dn( +n)i(=n)i+ (1) 1—p
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200 1. GAVRILYUK, V. MAKAROV

Such direct way to obtain a particular solution as described above is rather awkward. Below we
propose an algorithmic way based on Theorem 3.1 and on the recursion formula for the corresponding
orthogonal polynomials. This algorithm can be easily implemented by the computer algebra tools,
for example, by Maple.

Actually, for n = 0,1 using Theorem 3.1 we obtain from (4.6) the following particular solutions:

1 T 11
Xo(z) = ~5 In(1—2%), xi(z)= % In(1 — z?) + T (4.12)

Differentiating the recurrence relation for P,(z) by n we arrive at the following recurrence equation
for particular solutions:

1 (2n+1)%x n(2n — 1)
(@) = =g | =gy @ g e @) +
) = —P@)|, n=1,2 (4.13)
(n+1)2 n (n—|—1)2 n—1 9 I R I .

The Legendre polynomials Py(z) = 1 and P;(z) = x as well as the Legendre functions of the second
kind Qo(z) and Q1 (z) satisfy the corresponding homogeneous Legendre differential equation, that’s
why in accordance with our algorithm and in regard of (4.12) we can use the ansatzes for the initial
values

wo(z) = f% (1 — 22) + coPo(x) + doQo(x),
(4.14)

11
(@) = =2 (1 —2%) + go + et Pi(e) + diQa (o)

with undefined coefficients ¢y, c1, dgy, dy. After substituting these into (4.13) with n = 1 we demand
that ug(x) satisfies the resonant differential equation (4.1), from where we obtain

do=0, d;=0,
17 (4.15)
co = 5 + 3cy.
Setting, for example, cg = 0 we obtain ¢; = BT and arrive at the representations
1 1
ui(x) = —éPl(x) In(1—2?%) — 3%
(4.16)
1 7 1
=——Py(z)In(1—2°%) — —2® + —.
ug(z) 10 o () In (1 — z*) 50" + 50
In general, we have
1
up(x) = —mPn(x) In (1 — 22) + v, (z), (4.17)

where v, () satisfies the recurrence equation
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_ 1 (2n +1)%z n(2n —1)
R R S I S B
T P@) - ——— P (2) ~1,2
(n+1)2 TL':B (n+1)2 ’n*lm 9 n= PR B
(4.18)
xr
vo(z) = 0,v1(x) = 3

This recurrence equation together with (4.14), (4.17) provides, for example, the following particular
solutions:

1 5 37
uz(w) = —ﬁpg,(l‘) In (1 —2?)+ o5t @‘7”3’

ug(x) = —%Pél(x) In(1—2?) — §78 + %xz — %x‘l.
The next theorem shows that the functions u,(z) obtained by our recursive algorithm satisfy the
resonant Legendre differential equation of the first kind for all n = 0, 1,. ...
Theorem 4.1. The functions u,(x) obtained by the recursive algorithm (4.13) satisfy the reso-
nant Legendre differential equation of the first kind (4.1) for each n =0,1,2,....
Proof. These functions for n = 0, 1,2 satisfy the resonant Legendre differential equation by

(4.19)

construction. Let us assume that u,(z), p = 0,1,...,n, satisfy this differential equation and prove
that it is the case for p = n + 1. Differentiating the classical relation [7] (§ 10.10)
dP, (z
(1-— $2)C?x() =n[P,_(z) — zP,(z)] (4.20)
by n and using Theorem 3.1 we arrive at the equation
2 dun (x)
—2n+1)(1—=x )7 =-n2n—1u, () +zn2n+1)u,(x)+ P,_;(x) —xP,(z).
(4.21)

Applying to (4.13) the Legendre differential operator

A—1—2d2—2d+ +1 422
n=01-z )@ T n(n+ 1) (4.22)
we obtain
B 2(2n +1) o duy(z)
—n(2n—1u, () +xn2n+1)u,(x) + P, (x) — vPu(x)|. (4.23)

It follows from (4.21) that the expression in the square brackets is equal to zero which proves the
theorem.
Now, the general solution of the inhomogeneous equation (4.1) can be represented by

u(z) = up + up(z) = 1 Pp(x) + c2Qn(x) + up(x), (4.24)

where c1, ¢y are arbitrary constants.
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Remark 4.1. The basis of the proof of Theorem 4.1 are a recurrence equation xp,(z) =
= apPn—1(2) + Bnpn(x) + Ynpn—1(x) for the corresponding orthogonal with the weight o(z) poly-
nomial p,(x) and the differentiation formula o(x)p/,(z) = ag)pnﬂ(:ﬂ) + (ﬁr(Ll) + %(Ll)x)pn (x) (see
(4.20) for the Legendre polynomials) which represents the weighted derivative of the polynomial
under consideration through two neighboring polynomials (see, e.g., [22], §9). But the second linear
independent solution of the corresponding homogeneous equation, which is called the function of the
second kind (in the case above, the Legendre function of the second kind @,,(x), which is not poly-
nomial!) satisfies the same recurrence equation and the same differentiation formula (see [22, p. 67]).
Thus, a similar theorem for the particular solutions of the resonant equations of the second kind
obtained by the corresponding recursive algorithm is valid too.

4.2. The Legendre resonant equation of the second kind. In this subsection we consider the
equation (4.1) with the Legendre function of the second kind

27(1 + x) """ 1(n!)?
(2n+1)! F (

2
Qn(x) = n+1,n+1;2n+2;>

1+
as the right-hand side, i.e., we have again a resonant equation.
The general solution of such resonant equation is

u(x) = Clpn(x) + CZQn(x) + un(ﬂj)7 (4.25)

where the linear independent Legendre polynomial P,(x) and the Legendre function of the second
kind @, (x) satisfy the homogeneous Legendre equation, c1, co are arbitrary constants and u,(x) is
a particular solution of the inhomogeneous resonant equation.

Note, that in [7] a solution is obtained for the case n = 0 only and there was pointed out that it
is very difficult to obtain the solution for other n in a closed form. But our Theorem 3.1 allows one
to obtain the particular solution for arbitrary n as

up(z) = — 2Y(n+1)—2¢2n+2) +1In(2) — In (1 + z)] Qn(x)—

(2n+1)
2"(n!)?(1+2)"""1 d 2
— — |F 1 1;2 2; —— 4.26
2n+1)2n+1)! dv v Lyt 1+z) |, (4.26)
d "(2) . o o . .
where ¢(z) = —InT'(2) = is the logarithmic derivative of the Gamma function. Various

dz I'(z)
representations of this function can be found in [5] (§1.7). For n = 0,1 we obtain the particular
solutions

Xo(7) = —Po(w)w(z),

1 1 2
x1(z) = —gPl(ac)w(x) ~3 In (mQ — 1) ~ 3
w(x) = —polylo 2i —11n2(x+1)+11n(a:+1)1n(:c—1)—
POV S T ) T2 2 -
— _dilog () it @)+ i me+ Din@—1), 2> 1 27)
= Rl e 5 x 5 (@ x , x> 1, .
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where polylog is the so-called polylogarithm-function of order s and of the argument 2z (Jonquiere’s
function):

polylog(s, z) = Lis(z Z s

(dilog or Spence’s function, denoted also by Lis(2) is a special case of polylog for s = 2).
Other explicit representations of particular solutions can be obtain by Algorithm 3.1. Differenti-
ating the recurrence relation for the Legendre function of the second kind

x(2v+1)

QV+1(x) (V + 1)

———Qu(®) - —=Quv-1(2) (4.28)

(1/+1)

with respect to v and taking into account Theorem 3.1 we obtain the recurrence formula

1 o2n +1)2 on—1
_(njl)QQn_l@) S on=1,2,.... (4.29)

In accordance with our algorithm and in regard of (4.27) we use the following ansatzes for initial
values:

uo(z) = —Py(z)w(z) + coPo(x) + doQo(z),
(4.30)

ui(z) = —%Pl(x)w(m) - éln (332 -1) - % +abPi(r)+diQi(z), =>1,

with undefined coefficients cg, c1, dp, di. After substitution into (4.29) with n = 1 we demand that
ug(x) satisfies the resonant differential equation of the second kind. Then we obtain

00:0,01 :O,

(4.31)
—dp+3di+1=0.
, 1 1 . . .
Setting, for example, dy = —5 we get di = —3 and herewith the particular solution
1 3z 1 z+1 3z 1

- _p — 27 —1)— —1 - = 1. (432
tle) = g Pyute) - g = 1) = gomn (T51) < - Qu, o> 1 @)
The particular solutions u,,(z), n = 3,4, ..., can be obtained using (4.29) and the initial conditions

(4.30), (4.32).

The next theorem shows that the functions u,,(x) obtained by our recursive algorithm satisfy the
resonant Legendre differential equation of the second kind for all n =0, 1,....

Theorem 4.2. The functions u,(x) obtained by the recursive algorithm (4.29) satisfy the reso-
nant Legendre differential equation of the second kind (4.1) for each n = 0,1,2,....

The proof is completely analogous to that of Theorem 4.1 in regard of the fact that the Legendre
functions of the second kind (which are not polynomials!) satisfy the same recurrence equation as
the Legendre polynomials and the differentiating formula (4.20) (see [7], § 10.10).
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5. Resonant equation of the Jacobi type. 5.1. The Jacobi resonant equation of the first kind.
In this section we consider the resonant equation of the Jacobi type

d*uy, (z)
1—a2?)—="
(I—a%)—73
dun(x) (a ﬁ)
+[8—a—(a+ B+ 2)zx] T +n(n+ 8+ Duy(x) = Py (x), (5.1)
where Pfla’ﬂ ) (x) is the Jacobi polynomial [5] (§ 10.8) satisfying the homogeneous differential equa-
tion. The general solution of this equation is
u(z) = et P (2) + e2QP) (2) + un @), (52)
where
Q7 (x) =
(x — 1)ntatl(z + DT (2n + a + B+ 2)
2
xF<n+1 n+a+1;2n+a+ [+ 2; 1_) (5.3)

is the Jacobi function of the second kind [5] (§10.8), c¢1, co are arbitrary constants and u,(z) is a
particular solution of the inhomogeneous equation.
Due to Theorem 3.1 we have for a particular solution

1 0
- 0 s _
un(x) o+ a+ B 1 |:81/Pl/ (‘r):| .

o 1 [a T'(v +a)

1-=z
2 F(- Lat1;-——" -
2n+a+pB+1 [OvT(a)l(v+1) < vvtatftlatl 2 )]y_n

R S n+a)—Y(n (B) (g
= 2n+a+5+1{[@( +a) = U(n+ 1) P (z)+
1

= ~mnTaidT1 [W(n+a) —U(n+ 1P (2)+

Fn+a) 0 1—2
- — . 1.
+F(a)F(n—|—1)8l/F( vvtatftlhatli— >

L _Lta) n+a Zdn a+5+1+n)( n)p<1_$>p+

IN'o)'(n+1) pla+1), 2
it o (0‘+B+1+n)p(p—n—1)!<1—x>p
+(—1)" " n! p;ﬂ ot ), 5 . (5.4)

For example, we have the particular solutions
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) = (o) = gy |~ + o+ 3 CEEE e (10

a+p+1 = pla+1), 2
1 )
x1(z) = ui(z) = ot At3 (P(a+1) =9(2) P ()
et B43) (1-a am (a+B+2), [(1-2z\P
(a+1) < 2 >+ Z;p@—lﬂa+1%< 2 >]'

Differentiating (with respect to n) the recurrence formula for the Jacobi polynomials

P (@) = (a(n)a + b(n)) P (x) — e(n) P (),

n—1

Cn+a+B8+1)2n+a+L+2)
2(n+1)(n+a+p+1) ’

a(n) =

Ck2—ﬂ2

bm%:%n+nm+a+ﬂ+n@n+a+m’

(n+a)(n+B)2n+a+F+2)
n+l)n+a+B+1)2n+a+B)
with taking into account (5.4) we arrive at the recursion

1
mta+B8+3

c(n) =

Upt1(x) = —2n+a+ B+ 1)(a(n)z + b(n))u,(z)+

(20 + @+ B = De(m)un-1(x) + (a'(n)a + V' (1) P (@) - () PP ()]

n=12...,

and with the initial conditions (5.5) we can obtain u,(x) for arbitrary n.

205

(5.5)

(5.6)

(5.7)

It is rather complicated to obtain an explicit formula for the solution of the Jacobi resonant

equation for arbitrary «, 3, therefore we consider an example only.

Example 5.1. Let us consider the case of the Jacobi resonant equation of the first kind with

a=1, 8 =2. From (5.4) with n = 0,1 we have the particular solutions
1
Xo(z) = ~i bn(z+1)+11ln(z— 1)+

5(z—1)+10(x? —1) — 11 (z + 1)°
96 (2 +1)* (z — 1)

)

Sbr — 1
384

x1(x) = — [10In(z+1)+17ln(x — 1)+

10752% + 129823 — 184222 — 1918z + 487
96 (x 4+ 1)* (z — 1) '
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The initial values for recursion (5.7) are chosen in the form

uo(x) = xo(z) + doQél’Q) (z) + coPél’Q) (x),
(5.9)
ui(z) = x1(x) + d1Q§1’2) (x) + 01P1(1’2) (), x>1,

where the undefined coefficients are determined so that us () satisfies the resonant differential equa-
tion. We substitute (5.9) into (5.1) with n = 1 and then into the resonant differential equation, which
yields

7
Co = 07 dO - _ﬂv
(5.10)
47

“5ggpr D=0

Ccl =
and further proceed in accordance with our Algorithm 3.1.
5.2. The Jacobi resonant equation of the second kind. In this subsection we consider the
resonant equation

2
(1 —xQ)ddQ;(f) +[B-a— (a+ﬂ+2)x]d1;(;)+
+n(n+ o+ B+ Du(z) = Q™ (), (5.11)

where Q%OC”B )(:c) is the Jacobi function of the second kind [5] (§ 10.8) given by formula (5.3).
Due to Theorem 3.1 we have for a particular solution the general formula

1 0
_ _ (a,8) _
un(x) - MmtatpBrtl |:(91/QV ($):| V:n_

1

—20(2n + a + B+ 1)]Q\™P) (x)+

Mt B (n + o+ DI (n+ B+ 1)
(x = )ntetl(z + 1)PT(2n+ a + B+ 2)

+

0 2
x —Flv+l,v+a+1;2v+a+p8+1;,——
ov 11—z

} . (5.12)

This formula is rather complicated for practical use, therefore we use our recursive algorithm.
By differentiation of the recurrence equation we obtain the following recurrence formula:

tns1(0) = g [ = (20 o+ B+ Dla(n)a + b{n)u (a)+
+2n+a+ B = De(mun1(2) + (@ (n)a + 0 m)Q @) - M@, 613)
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n=12...,

which together with xo(z) = uo(z), x1(z) = u1(z) from (5.12) and with the corresponding ansatz
for the initial values provides an algorithm for w, (z) for any n = 2,3,.... Since the formulas in the
general case are rather cumbersome, we restrict ourself to an example.

Example 5.2. Let o =1, § = 2, then we have for the Jacobi functions of the second kind

(1,2) 1 (z+1 3z? + 3z — 2
|
Qo " (x) = =5 (:p 1) " 3@ 2@ 1)

(1,2) Che—1 fw+d 1523 + 1222 — 132 — 8 s 14
Q@) 1+ "\ 6(x+1)2(x—1) 19
(1,2) 21z — 6z —3  (x+1\  1052* + 752® — 1152% — 65 + 16
Qs 7 (z) = — In 5 feeen
8 x—1 20(z +1)%2(x — 1)
The general formula is the following:
(1,2) (1,2) /.01 r+1 (1,2)

Qn7(2) = =Py 7(z) 5 In 1) T (z), (5.15)

(1,

where the functions ¢, )(95) satisfy the recurrence equation for the Jacobi polynomials but with the

initial conditions, which are given by the second summands in Q(l 2) (x), le’Q) (). From (5.12) we
obtain the following particular solutions of the resonant equation of the second kind for n =0, 1

1 152 — 11 1522 + 222 + 3

Xo(x) = —w(@) + mlﬂ(m +1) - B 12 In(z —1)—

922 4+ 3z — 4
72(x +1)2(x — 1)’

x1(z) = —% (52 — 1) w(z)+

—13523 — 15922 + 42 + 56 4552 — 320 — 8
In(z —1) 4+ ——————
360(x 4 1)2 120(z — 1)

In(z + 1)+

+220259:4 + 1834023 — 2542222 — 184522 + 3413
8640 (z 4+ 1)* (z — 1)

: (5.16)

x+1

w(z) = dilog < > + %m (@ +1) In(z — 1) — In(2) In(z — 1).

For the initial values in our recursive algorithm we use the ansatzes
ug(#) = xo(2) + 0Py (@) + doQg"* (),
(5.17)
(1,2) (1,2)
w(@) = xa(@) + P2 (@) + dif"(2), =>1,
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with undefined coefficients cg, dg, c1, di. Substituting these into (5.13) with n = 1 and demanding
that the result satisfies the resonant differential equation, we obtain

3 7 3 881
-2 2 A
do=gc0+ g5 di=ga+ (5.18)
and herewith the particular solution of the resonant equation
1
ul? (2) = ——— P (2)w(x) + ph? (2) In(z + 1) + P (@) In(z — 1) + o2 (2). (5.19)

2n+4 "
(1,2

Here the functions py,” )(a;), i (z) satisfy the recurrence relation for the Jacobi polynomials with
the initial conditions

152 — 11 4552 — 320 — 8
n (@) = V@) = o

T Bz-1) N 1200z — 1) °
(5.20)
(1,2) 1522+ 22243 (1,9 —1352% — 15922 + 42z + 56
0 r)=—————, 7 (2) = ]
48(x + 1) 360(z + 1)
The function v} (x) satisfies the recurrence equation
1
Unt1(z) = Mt atBi3 [ —(@2n+a+p+1)(a(n)z+
+b(n))vp(z) + 2n+a+ 6 — 1)e(n)vp—1(z) +
() + ¥ ()Q (@) — ¢ QL) (@), (5.21)
n=12...,
with o = 1, 8 = 2 and with the initial conditions
922 + 32 — 4 (1,2)
_— d
UO(x) 72($+ 1)2 (.’L’ — 1) + OQO ( )7
(5.22)

2202524 + 1834023 — 2542222 — 184522 + 3413
vi(z) = 5 + degl,z) (x).
8640 (z + 1) (z — 1)
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