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STRONG SUMMABILITY OF TWO-DIMENSIONAL
VILENKIN - FOURIER SERIES *

CUJIBHA CYMOBHICTBH JABOBUMIPHUX PAIIB BIJIEHKIHA - ®YP’€

We study the exponential uniform strong summability of two-dimensional Vilenkin—Fourier series. In particular, it is
proved that the two-dimensional Vilenkin—Fourier series of a continuous function f is uniformly strongly summable to a
function f exponentially in the power 1/2. Moreover, it is proved that this result is best possible.

BuB4aeThCs eKCIIOHEHIIAIbHA PIBHOMIPHA CHJIBHA CYMOBHICTH JABOBUMIpHUX psifiB Binenkina—®yp’e. 3okpema, nosene-
HO, 110 ABOBUMIipHHUiT psix Binenkina— ®@yp’e HenepepBHOi QyHKIiT f € PiIBHOMIPHO CHJIBHO CyMOBHHM 10 (yHKii f
€KCTIOHEHIIanbHO B crerneni 1/2. Kpim Toro, 10BeneHo, 10 el pe3yabTar € HAKPAIIkM i3 MOXKIIUBHUX.

1. Introduction. It is known that there exist continuous functions the trigonometric (Walsh) Fourier
series of which do not converge. However, as it was proved by Fejér’s [2] in 1905, the arithmetic
means of the differences between the function and its Fourier partial sums converge uniformly to zero.
The problem of strong summation was initiated by Hardy and Littlewood [16]. They generalized
Fejér’s result by showing that the strong means also converge uniformly to zero for any continuous
function. The investigation of the rate of convergence of the strong means was started by Alexits
[1]. Many papers have been published which are closely related with strong approximation and
summability. We note that a number of signficant results are due to Leindler [17 - 19], Totik [26 —28],
Gogoladze [9], Goginava, Gogoladze, Karagulyan [13]. Leindler has also published the monograph
[20].

The results on strong summation and approximation of trigonometric Fourier series have been
extended for several other orthogonal systems. For instance, concerning the Walsh system see [3-7,
11-13, 21-24] and concerning the Ciselski system see Weisz [29, 30]. The summability of multiple
Walsh — Fourier series have been investigated in [14, 15, 31].

Fridli and Schipp [5] proved that the following is true.

Theorem FS. Let ® stand for the trigonometric or the Walsh system, and let 1) be a monotoni-
cally increasing function defined on [0,00) for which lim,_,o4 ¥ (u) = 0. Then

lim © 3w (|SE ()~ F@)]) = 0. f e C(Ga).

if and only if there exists A > 0 such that (t) < exp(At), 0 <t < oco. Moreover, the convergence
is uniform in x, where Sff f denotes the kth partial sums of Fourier series of f by orthonormal
sysstem ®, and Gy refers to the Vilenkin group G, with m = (2,2,...).

In this paper we study the exponential uniform strong summability of two-dimensional Vilenkin —
Fourier series. In particular, it is proved that the two-dimensional Vilenkin-Fourier series of the
continuous function f is uniformly strong summable to the function f exponentially in the power
1/2. Moreover, it is proved that this result is best possible.
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Let N4 denote the set of positive integers, N := Ny U {0}. Let m := (mg, my,...) denote a
sequence of positive integers not less than 2. Denote by Z,,, := {0,1,...,my — 1} the additive
group of integers modulo my. Define the group G,, as the complete direct product of the groups
Zm,, with the product of the discrete topologies of Z,,’s. The direct product p of the measures

. 1 )
we({7}) = ot € Zmy,

is the Haar measure on G, with u(G,,) = 1. If the sequence m is bounded, then G,, is called a
bounded Vilenkin group. The elements of G, can be represented by sequences x := (xg, 1, ...
cee3Tjy..-), Tj € Zpy;. The group operation + in Gy, is given by x +y = (zo + yo(mod my), . . .
ooy o) + yp(modmyg),...), where z = (zg,...,x,...) and y = (Yo,.--,Yk,-..) € Gm. The
inverse of 4+ will be denoted by —.

It is easy to give a base for the neighborhoods of G, :

Iy(z) := Gy,

In(l’) = {y € Gm ’ Yo =20y -+, Yn—-1 = :Cn—l}

for z € G, n € N. Define I,, := I,(0) for n € Ny. Set ¢, := (0,...,0,1,0,...) € G, the
nth coordinate of which is 1 and the rest are zeros (n € N).

If we define the so-called generalized number system based on m in the following way: My :=
=1, Myi1 := mpMy, k € N, then every n € N can be uniquely expressed as n = Zio n; M,
where n; € Zp,;, j € Ny, and only a finite number of n;’s differ from zero. We use the]following
notation. Let (for n > 0) |n| := max{k € N: ny # 0} (that is, M}, < n < Mj,41).

Next, we introduce on G, an orthonormal system which is called the Vilenkin system. At first
define the complex valued functions 7(x) : Gy, — C, the generalized Rademacher functions in this
way

rp(z) := exp , “=-1, z€G,, keN.

Now define the Vilenkin system ¢ := (¢, : n € N) on G, as follows:

o

Yn(z) = Hrﬁ’“(m), n e N.
k=0

Specifically, we call this system the Walsh—Paley one if m = 2.

The Vilenkin system is orthonormal and complete in L1 (G,,). It is well-known that iy, ()¢, (y) =
= Y@+ 1), [Ya(@)] =1, n €N, Yo(—2) = B, (2) [25].

Now, introduce analogues of the usual definitions of the Fourier analysis. If f € Li(G,,) we can
establish the following definitions in the usual way:

Fourier coefficients:

MF/ijmN
Gm
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partial sums:

n—1
Snf = f(k)ﬂ)k, ne N-i—v S()f = 05
k=0
Dirichlet kernels:
n—1
Dp:=Y ty, mneN.
k=0
Recall that
M,, if ze€l,,
D, () =

0, if zeGp\Ip,

Dp(2) = ¢n(2)Y Dag(z) > rix),  f€Li(Gm),
j=0

It is well known that

&J@%=/f®de—Wm@.
Gm

n € N.

U. GOGINAVA

(M

2

Next, we introduce some notation with respect to the theory of two-dimensional Vilenkin system.
Let us fix d > 1,d € N, For Vilenkin group G,, let GZ be its Cartesian product G, x ... x G,
taken with itself d-times. Denote by u the product measure p X . .. X . The rectangular partial sums

of the two-dimensional Vilenkin —Fourier series are defined as follows:
M—-1N-1

Sun(fiz,y) = ' (4, )i () (y),

where the number

fid)= [ 1@ wiie.y)
GmXGm
is said to be the (i, 7)th Vilenkin—Fourier coefficient of the function f.

Denote
n—1
SO(fix,y) =Y Fl.y)(a),
1=0
m—1 R
SO (fiz,y) = (z, 7)Y (y),
r=0
where
Ftn) = [ £ duta)
G7YL
and

ﬂamszmwM@mmm
Gm
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2. Best approximation. Denote by F; ,(f) the best approximation of a function f € C (G%,L)
by Vilenkin polynomials of degree < [ of a variable x and of degree < r of a variable y and let
El(l)( f) be the partial best approximation of a function f € C (G2,) by Vilenkin polynomials of
degree <[ of a variable =, whose coefficients are continuous functions of the remaining variable y.
Analogously, we can define E,(,Z) (f)-

Let My <l < Mp41,Mp <r < Mgy and EML,MR(f) = Hf — TMLvMRHC7 where TML7MR
is Vilenkin polynomial of best approximation of function f. Since (see (1))

1Sy 2 (Dl < I flle

we can write

1St (fs 2, y) — flz,y)] <
< 1St (f = Snap v (F)i 2, 9)| + 1190y 05 (F) = fll o <
< |Sur (f = Snap v ()i 2, 9)| + 1190 g (F = Toag i)l +
+f = Ty v fll e <
< |Sir (f = Snp v (F)i 2, 9)| + 2E0;, 05 (f)- 3)

Now, we prove that the following inequality holds:

Eunyan(f) < 2B (f) + 2E5) (f). 4)

Indeed, we have

Buty atn(£) < 1F = Satgan(Dlle = £ = S50, (S50.(D)], <
< -l + s (5807, =
< |lr= s |, + s -] 5)
Let Tﬁi (z,y) be a polynomial of the best approximation E](\})L (f). Then
fstscn -], = =il = I )], <
<2||f-1i) | = 2B (. (©)
Analogously, we can prove that
BAGEF] JE12 A0} ™
Combining (5)—(7) we obtain (4).
It is easy to show that
1f = Snpair (Hlle < 2Enp vz (f)- (8)
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3. Main results.
Theorem 1. Let f € C (G%I) . Then the inequality

% Z":i <6A’Sl,r(f)—f’1/2 _ 1)

=1 r=1

<

C
< C(f;LA) i /El(l)(f) + C(J:nA) i /E7€2)(f)
=1 r=1

is satisfied for any A > 0, where c¢(f, A) is a positive constant depend on A and f.

We say that the function 1) belongs to the class W if it increases on [0, +00) and

lim ¢(u) = 4(0) = 0.

u—0

Theorem 2. (a) Let ¢ € ¥ and the inequality

(u)

lim == < o0

U—00 \/a

holds. Then for any function f € C (GQm) the equality

1 n m
- L e(|Sur(H—1]) _ ) —
A o 2 (¢ | =0
=1r=1 C
is satisfied.
(b) For any function ¢ € V satisfying the condition
T pu) _
B =
there exists a function F € C (G2,) such that
S )
Tm — ©( |81, (F;0,0)-F(0,0)|) _
Jim 5> D e oo.
=1 r=1
4. Auxiliary results.
Lemma 1 [8]. Let p € N,. Then
1/p
1 M’rH»l*l p
sup / — H Dy (si)| dp(s1,...,8p) < cp,
" e Wiy e

G

where c is a positive constant.

U. GOGINAVA

©)

(10)
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Lemma 2 [9]. Let ¢, € U and the equality

lim ZZT/J ‘Slrfvxy) f(z, )‘) 0

n,m—oo0 MM
=1 r=1

be satisfied at the point (x,10) or uniformly on a set E C I2. If
lim —= < o0,

then the equality

lim ZZSO ‘Slrfyxy) flz,y))) =0

n,m—o00 NM
=1 r=1

is satisfied at the point (xq,vyo) or uniformly on a set E C I°.
Lemma 3. Letp >0, A, B € N. Then

1
Mai1—1Mpyi1—1 /p

MAMB

n=M, I[I=Mpg
Proof. Since
Maj1—1Mpyi—1 1/p
MAMB nz]\:/[A IZA;B Snalfiz,y)l” =
Myi1—1 Mpyq—1 1/(p+1)
el DR DENE NI PNl

n=M, I=Mp
without lost of generality we can suppose that p = 2™, m € N. We can write

1St (2.9 = Sna(fi2,y)Sni(fi 2, y) =
/f:c—sl, 1) Do (51) Dyt dps (51, 1)

/f r — 82,Y —tQ)b (Sz)bl(tg)dlu, (Sg,tg) =
= [ #o = 1.y~ )Dalo0)Diftr)du (s1,81) %

X / f(x + 82,y + t2) Dn(s2) Dy(t2)dp (s2,t2) =
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/f-ﬁU—Sl, _tl)?(x+s27y+t2)x

XDy (51) Dy (s2)Dy(t1)Dy(t2)dp(s1,t1, s2,t2).

Hence, we get

/
Sulfi )l = (18uhiaa)?) =

/f$_517 — 1) f(z+ s2,y + t2) %

p/2

X Dy (81)Dn(s2) Di(t1)Di(t2)du(s1,t1, 52, t2) =

p/2 p/2

/Hf T — Sok—1,Y — tog— 1)Hf(x+32r,y+t2r)><

p
H 3Z H du Sl,tl,...,sp,tp),

i=1
Mas1—1Mpyi—1 Lp
T 2 Sualfsmyl <
AMB T 1=Mp
p/2 p/2

/H\f T — Sok—1,Y — log—1) |H‘f 4 s9r,y + lar)| X

1
Mat1—1Mpy1—1 p /p

P
XM,:]WB Z Z HD l;[ ) dp(s15t1,. .0, 8p,tp) <

n=M, I=Mp i=1

1/p
1 Mygt1-1 p
<l /M > TIDPnlsi)|du (s, sp) X
GE, A n=M, i=1
1/p
1 Mpi1—1 p
A SV
Gm
< cp?||flle -

Lemma 3 is proved.
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Lemmad4. Let f €C (G?n) and p > 0. Then

Proof. Since
(a+0) <2°(a” +%),  B>0,

from (3), (4), (8) and using Lemma 3 we get

Mai1—-1Mpy1—1

MAMB oY Sulfizy) - fay)F <

n=M, I=Mpg

Mpat1—-1Mpy1—1

ALdWB S 1Sni(f = Saanss (i m )P+

n=M, I[=Mpg
22p
+MAMB

(Mat1 — Ma) (Mpy1 — Mp) EY; 0, () <

< Cp(p + 1)2p Hf - SMAMB(f)H% +
o (e8200) (0

<@+ 7 (B (D) + (E0,0)")-

Let My, <n < Mpy and Mp <k < Mp41. Then from (13) we have

n k
i%}zz;jgz}fﬁm(f;x,y)-—.f(w7y)V’_.

=1 r=1

Mpi1—1Mpgy1—1

Z Z 1S (f2,y) — fla,y)) =

=

w"_‘

May1—1Mpy1—1

1 L R
-3y > ISufsay) — flay)]” <

A=0B=0 =M, r=Mp

IN
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< cp(pr—bl;fl)% Z Z ((El(l)(f))p n (Ef?)(f))p) <
=1 r=1
<p+1) {i S (D) + 1> (E£2)(f))p}
=1 r=1

Lemma 4 is proved.

5. Proofs of main results. The Walsh—Paley version of Theorem 1 were proved in [12]. Based
on inequality (12) the same construction works for the Vilenkin case. Therefore the proof of Theorem
1 will be omitted.

Proof of Theorem 2. (a) It is easy to see that if ¢ € U, then e¥ — 1 € W. Besides, (9) implies
the existence of a number A such that

er(W) 1
lim

U—00 eAU1/2 —1 < 00

Therefore, in view of Lemma 2, for the proof of Theorem 2 it is sufficient to prove that

i o2 ()

=1 r=1

= 0. (14)
C

lim
,M—00

The validity of equality of (14) immediately follows from Theorem 1.
(b) First of all we prove that if » € ¥ and

i Y@ _

u—o0o U

then there exists a function f € C(G,,) and sequence of positive integers {Ay : £ > 1} such that
¥ (|8, (£.0)]) > 5(4x = D Ina, (1s)

Ai—1 m
where a :=supm; and Ny, := Z ! [ 2]1 Moy,
j k=A; 1L 2

Let {By: k > 1} be an increasing sequence of positive integers such that

By > ¢, (16)

Bj > 2Bj,1, 17)
Y (B 5j1lna

53;) > (18)

where the constant ¢/ would be definen below.
Set
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k DBy,

Ak:

LS

-1 masy1—1 m2A771

fi(x Z Z Z exp (—i arg (ENAJ- (x))) X

s=Aj_1 r2541=0 332,43-71=0

x1I 71) ($)7

where Iz is characteristic function of the set £ C G,,.
Since

I2Aj (07 ceey 07 Tos = M2s — 17 L2541y -+, xZAj—l) N
mIQAj (07 . '7073;2[ =M — 17x2l+17 e 7:1;214]‘—1) = Q? l ;é S,

and 1/(j +1) — 0 as j — oo we conclude that f € C(Gy,).
We can write

[Sn,(£30) = F(0)] =[Sy, (£:0)| =

[ @D, (autt)| =

> / fe®) D, (H)dp(t)| — / fi () Dn,y, (8)dp(t)| —

j=k+1

m

W

-1

/fa YD, (£)dpu(t)| =

<.
Il
o

=Jy — Jy — Js. (19)

From the definition of the function f we have

1 Akfl m25+1—1

h=g 2 X

s=Ap_1 t2s+1=0

TVLQAkfl

Z / exp (—i arg (ﬁNAk (ﬂ)) ENAk (t)du(t)| =

t24,,-1=0
Iy, (000itag=mos—1itas 1. staa, 1)
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Ap—1 masy1—1

=D

s=Ap_1 tos+1=0

mgAkfl
S / Dy, ()] diatt).

toa, —1=0
k Ixa, (07--~,0,t25=m23—17t25+17~-~7t2Ak—1)

Since (see [10])
’DNAk (t)‘ > cMog i1

for
t el (0,...,0,t25 = Mgs — 1), s=Ap_1,..., A — 1,
from (17) we can write
Ak—l m25+1—1
J1 > Tl Z Mas i1 Z
s=Ap—1 t2541=0

Z M (IQAk (07 ceey 07t25 = Mos — 17t28+17 e 7t2Ak71)):

toa,—1=0
Ap—1
_ ¢ i Mogi1mog41 ... M2a,—1 _
k+1 —r MQAk
c
= A — A1) .
O (A Ac)

Since (see (16))

o[-

d c 1=
k — Bi_ _
_Kk(Br=Bp-1)  Be-1
c c
k(By = Br1) _ kB _ Ap 1 A
c 2 T 2 2 4’
for J; we have N
c k
J1 > —.
" kt14
For Jy we get
N
Ja < Z — Z NAk <
j=k+1 J+1 s=Aj 1 Mas
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1 oo
A N 20
<: Y Nt (20)

s=Ay

By (2) and from the construction of the function f; we can write
supp (f;) N supp (DNAk) =g, j=1,2,....k—1,
consequently,

J3 = 0. 1)

Combining (18)-(21) we conclude that

C/Ak
k

|4, (£30)] = Sy, (£:0) = £(0)| = =22 = By,

5klna

o ([8xa,(£0)]) 2 0By > T By > 54— 1) n

Hence, (15) is proved.
Write ¢(u) = A(u)/u and define ¥(u) := A (u?) u. Then

7M:+oo

u—o0 1

Therefore there exist a function f € C(G,,) and sequence of positive integers {A;: k> 1} for
which

q/)(’sNAk (f, 0)‘) > 5(Ax — 1) Ina. 22)

Set
F(x,y) = f(z)f(y)

It is easy to show that

QO(’SNA;WNA;C (£} 0,0)D = <‘SNAk(f;0)‘2> =

= A([sw (00 ) s, 0] = v ([ 1500

Since N4, < a?4*, from (22) we have

Na, Na,
1 .
E E e? (53,5 (F30,0)] N2 (‘SNAk’NAk (F’O’O)D —
k =1 j=1 Ag

_ 5(Ag—1)In
E 12 ew<‘SNAk(f’O)D > GC;TQ
A

— 00 as k — oo.

Theorem 2 is proved.
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