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EXISTENCE RESULTS FOR A CLASS OF KIRCHHOFF-TYPE SYSTEMS
WITH COMBINED NONLINEAR EFFECTS

PE3YJIBTATH ITPO ICHYBAHHA PO3B’A3KIB U1 OJHOTI'O KJIACY CUCTEM
THUITY KIPXTO®A 3 KOMBIHOBAHUMHA HEJITHIMHUMHA E®EKTAMHU

We study the existence of positive solutions for a nonlinear system

— M (/ |vu|de> div (|z| =P |VulP~2Vu) = Alz|~@TVPF fy,0), z e,
Q

— M, (/ |Vv|qu> div (|#| 7" Vo] 2V0) = Nz| O g0 0), 2 e Q,
Q

u=v=0, z€di,

where Q is a bounded smooth domain in RY with 0 € Q, 1 < p,¢ < N,0 < a < N_p,O <b< N—q’ and

q
c1,c2, and A are positive parameters. Here, M1, Mo, f, and g satisfy certain conditions. We use the method of sub- and
supersolutions to establish our results.

PosrstHyTO Mpo6ieMy iCHYBaHHS JOAaTHUX PO3B’S3KiB HENIHIMHOT CHCTEMHU

o (/ |Vulpdw> div (Jo|~*|VulP > Vu) = Az|~“TPE f(u,0), z e,
Q

— Mo (/ |Vv|qdm> div(|x\7bq|V'U\q72Vv) = /\|9L'|7(b+1)q+02g(u,v)7 r €,
Q

u=v=0, z€d,

N — N —
ae Q — obmexena rmaaka obmacte B RY 30 € Q, 1 < p,g < N,0< a < p,0§b< q,achc%)\—
p

nmonatHi napamerpu. Benwuwnan My, Mo, f Ta g 3a10BOJBHAIOTH AesiKi yMOBH. Harri pe3ynsraTu oTpUMaHo 3a J0IOMOT00
METOJy CyO- Ta Cyneppo3B’si3KiB.

1. Introduction. In this paper we study the existence of positive solution for the nonlinear system
—M; /\Vu|p dr | div (Jz|~“P|VulP~?Vu) = Az|~leFDPre py 0), x e Q,
Q
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— My /]Vv]q dz | div (|2 Vv|?? Vo) = Aa|~OFDate gy 1), zeQ, (1.1)
Q

u=v=0 on 09,

N —
where  is a bounded smooth domain of RY with 0 € Q, 1 < p, g < N, 0 < a < p,

p
0<b< —4q and ¢y, cg, and A are positive parameters. Here M;, M, satisfy the following
condition:

(Hy)) M;: Ra” — R*, 4 = 1,2, are two continuous and increasing functions and 0 < m; <
< M;(t) < mjoo forall t € RS, where RS : = [0, +00).

Moreover f,g: [0,00) x [0,00) — [0,00) are nondecreasing continuous functions. System (1.1)
is related to the stationary problem of a model introduced by Kirchhoff [16]. More precisely, Kirch-
hoff proposed a model given by the equation

L
Pu PO+E/3“
P or n " ar | |ox
0

where p, Py, h, and E are all constants. This equation extends the classical D’Alembert wave

2 2
0°u

equation. A distinguishing feature of equation (1.2) is that the equations a nonlocal coefficient WO +

E [F|ou] ?
+ 3T 87;6 dx; hence, the equation is no
0

longer a pointwise identity. Nonlocal problems can be used for modeling, for example, physical and

dx which depends on the average ! / ") ou
T - g

biological systems for which u describes a process which depends on the average of itself, such as
the population density. The elliptic problems involving more general operator, such as the degenerate
quasilinear elliptic operator given by — div (]a;\_“p|Vu\p_2Vu), were motivated by the following
Caaffarelli, Kohn and Nirenberg’s inequality (see [6, 24]). The study of this type of problem is
motivated by its various applications, for example, in fluid mechanics, in Newtonian fluids, in flow
through porous media and in glaciology (see [4, 8]). On the other hand, quasilinear elliptic systems
has an extensive practical background. It can be used to describe the multiplicate chemical reaction
catalyzed by the catalyst grains under constant or variant temperature, it can be used in the theory of
quasiregular and quasiconformal mappings in Riemannian manifolds with boundary (see [13, 23]),
and can be a simple model of tubular chemical reaction, more naturally, it can be a correspondence
of the stable station of dynamical system determined by the reaction-diffusion system, see Ladde and
Lakshmikantham et al. [17]. More naturally, it can be the populations of two competing species [10].
So, the study of positive solutions of elliptic systems has more practical meanings. We refer to
[5, 12, 14, 22] for additional results on elliptic problems. We are inspired by the ideas in the
interesting paper [21], in which the authors considered (1.1) in the case M;(t) = Ma(t) = 1.
Using the sub-supersolution method combining a comparison principle introduced in [3], the authors
established the existence of a positive solution for (1.1) when the parameter A is large. The concepts
of sub- and supersolution were introduced by Nagumo [19] in 1937 who proved, using also the
shooting method, the existence of at least one solution for a class of nonlinear Sturm - Liouville
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problems. In fact, the premises of the sub- and supersolution method can be traced back to Picard.
He applied, in the early 1880s, the method of successive approximations to argue the existence of
solutions for nonlinear elliptic equations that are suitable perturbations of uniquely solvable linear
problems. This is the starting point of the use of sub- and supersolutions in connection with monotone
methods. Picard’s techniques were applied later by Poincaré [20] in connection with problems arising
in astrophysics.

2. Preliminary results. In this paper, we denote W, (€, |z|7%"), the completion of C§°(1),

1/r
with respect to the norm |ju|| = (/ |a:|_“T]Vu|Td;r> with » = p,q. To precisely state our

Q
existence result we consider the eigenvalue problem
—div (|z| | Vo[" 2V ) = Az CTDPH |9 24 1€ Q, $=0, z€dQ (2.1

For r = p,s = a and t = ¢y, let ¢1, be the eigenfunction corresponding to the first eigenvalue A;
of (2.1) such that ¢y ,(x) > 0 in Q and ||¢1p|lc = 1, and for r = ¢, s = b and ¢t = ¢y, let ¢14
be the eigenfunction corresponding to the first eigenvalue ., of (2.1) such that ¢ 4(z) > 0 in Q
0
and ||¢1,4/lcc = 1 (see [18, 25]). It can be shown that OLr

n
outward normal. This result is well known and hence, depending on €2 there exist positive constants
€, 0, o, such that

< 0 on 9N for r = p, q. Here n is the

A || DG 2TV, < e, w € Qg (2.2)
b1 >0, xe€\Q, (2.3)

with 7 = p,q; s =a, b; t = c1, ¢ and Q5 = {:L‘ € Q|d(x,00) < 5} (see [18]). We will also
consider the unique solution ((,(x), (4(z)) € Wol’p(Q, ||| ~P) x Wol’q(Q, |z||~9) for the system

—div (|2 "%V P2V, = || m@trta g e,
—div ([ M|V¢|1TVE) = Ja| TRz e q,
u=v=0, x€0di,

to discuss our existence result. It is known that (,.(z) > 0 in  and (9{57(196) < 0on 0 forr=p,q
(see [18]).

3. Existence results. In this section, we shall establish our existence result via the method
of sub- and supersolutions. A pair of nonnegative functions (11,2), (z1,22) are called a weak

subsolution and supersolution of (1.1) if they satisfy (¢1,12) = (0,0) = (21, 22) on 92 and

M, / V[P da / | PV P2V - Varde < A / 2|~ f (g ) da,
Q Q Q

M, / Vb7 da / 2|2V ey - Vi dar < A / 2|~V (g ) de,
Q Q Q
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and

M, /]Vzﬂp dz /|x]“p\Vz1 P2V 2z - Vwdz > )\/ |z| et Prer £(2) ) 29w da,
Q Q Q

Mo /!VZQ\qu /\x|_bq\V22]q_2Vz2-dex Z)\/\x|_(b+1)q+029(z1,zz)wdx,
Q Q Q

forall w e W = {w € C§°(Q)|w > 0 € Q}.
We make the following assumptions:
(Ha) f,9:10,00) x [0,00) — [0,00) are C* functions such that f,, fi, gu, go > 0 and

lim f(u,v) = lim g(u,v) = o0;
U,V—>00 U, V—00

(H3) for every A > 0,
- f (=, Alg(m, @)
lim

T—+00 xp—l

) T,T
(Hy) lim, o 020 g

A key role in our arguments will be played by the following auxiliary result. Its proof is similar
to those presented in [9], the reader can consult further the papers [1, 2, 15].

Lemma 3.1. Assume that M : ]R(J{ — R is continuous and increasing, and there exists mg > 0
such that M (t) > my for all t € RY. If the functions u,v € Wol’p(Q, |x| ~P) satisfy

M /\Vu|p dx /|x_ap|Vu]p_2Vu -Vedr <
Q Q

<M /|W|de /|$]_“p|Vv\p_2Vv-Vg0d:L“ (3.1)
Q Q

for all p € Wol’p(Q, |z| =), ¢ >0, then u < v in Q.
From Lemma 3.1 we can establish the basic principle of the sub- and supersolutions method for
nonlocal systems. Indeed, we consider the nonlocal system

—M; /Vu|pdm div(|x\_“p|Vu]p_2Vu):\$|_(“+1)p+clh($,u,v) in €,
Q

— M, /|Vv|qu div(|x]7bq|Vv|q72Vv) = |z|~FDere gz uv) in €, (3.2)
Q

u=v=0 on x €,
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where € is a bounded smooth domain of RY and h,k: Q x R x R — R satisfy the following
conditions:

(HK;) h(z,s,t) and k(z, s,t) are Carathéodory functions and they are bounded if s, ¢ belong to
bounded sets;

(HK;) there exists a function g: R — R being continuous, nondecreasing, with g(0) = 0,
0<g(s) <C+ |5|mi“{pvq}_1) for some C' > 0, and applications s — h(z,s,t) + g(s) and
t — k(z,s,t) + g(t) are nondecreasing, for a.e. x € €.

If u,v € L>®(Q), with u(z) < v(z) for a.e. x € €2, we denote by [u, v] the set {w € L>(Q):
u(z) < w(x) < v(z) forae. x € Q}. Using Lemma 3.1 and the method as in the proof of Theo-
rem 2.4 of [18] (see also Section 4 of [7]), we can establish a version of the abstract lower and upper
solution method for our class of the operators as follows.

Proposition 3.1. Let M, M>: Rg — RT be two functions satisfying the condition (Hy). As-
sume that the functions h, k satisfy the conditions (HK ) and (HK,). Assume that (u,v), (@,v), are
respectively, a weak subsolution and a weak supersolution of system (3.2) with u(x) < u(x) and
v(z) < O(x) for a.e. x € Q. Then there exists a minimal (u.,v.) (and, respectively, a maximal
(u*,v*)) weak solution for system (3.2) in the set [u,u] x [v,V]. In particular, every weak solution
(u,v) € [u,u] X [v,7] of system (3.2) satisfies u.(x) < u(z) < u*(z) and vi(z) < v(z) < v*(z)
fora.e. x € €.

Now we are ready to state our existence result.

Theorem 3.1. Assume (Hi)—(Hy) hold. Then the system (1.1) admits a positive solution when
A is large enough.

Proof. Since f,g are continuous and nondecreasing, we have f(z,y), g(x,y) > —ao for all
x,y > 0 and for some ag > 0. Choose 1 > 0 such that

1 < Min {|z|~(@FDprer |5 ~G+Date)

in Q5 . We shall verify that

1 1
_ Aagn | P~ (p—1Y\ %5 [ Aaon ¢—1 a1
(wl,AJ/JZ,)\) - <|:6m1700:| < D > Lp > 6m27oo q b

is a subsolution of (1.1). Let w € W. Then a calculation shows that

[winapde | [l 9inap i, Vwds =
Q Q

! |Vby 5

A
/ Vo da < ““") / 2P|V 1 P2V [V (61, p0) — [V
Q

A\,
<e 077)/’ =1 p| V1P >V, - Vwde =

pw]dm <

)\a —(a C —a
< (P407) [ aglal 507067, ~ ol V60, w
Q
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Similarly

My /|V¢2,A\qd:p /yx\—bq\vwz,xyq*vwm-dex <
Q Q

- (2) o

First we consider the case = € Q5. We have

a|~OtDate gl |||V | w da.

A plz|~OFIPEAGR | — ||~ P|V ey P < —e
on Q5. Since 11 \(x), Y2 (x) > 0 in Q it follows that

—agpn < Min {’xf_(a+1)p+clf(¢1,,\7 Pa)), \mf_(bJrl)quCQg(I/fl,,\,1/12,,\)}

in Q5. Hence, we have

Aa _a ) B
< 60”)/[)\1,p’$| (a+1)p+ 1¢1177p7|x| P‘qul’p‘p]wdxg

Qs

< —)\aon/wdaz < )\/|x](aH)erclf(wL)\,wg,)\)w dx.

Qs Qs
A similar argument shows that

Aa
< €On> / [/\17p|$|*(b+1)q4r62¢(iq _ ’x\quw%,q\q]wdx <
Qs

< )\/\fU’_(bH)HCZQ(%,A,¢2,,\)w dx.

Qs

On the other hand, on \ Q5 we have ¢, > 0, and ¢1 , > o, for some 0 < 0, 0, < 1. Therefore,

1
A 1 p—1\ 2
Gy > (mfone) v (pp) o1 = oo, (3.3)
,O0
1
A q—1 —1 _a_
hax > (m:(m6> ' <q . > oft = o0 (3.4)
,00

as A — oo, uniformly in Q\ Qs. By (3.3), (3.4) and (H;) we can find )\, sufficiently large such that
ap’n
F@1av20), g(h1x, h2,0) > — Max {Aps Mg}
for all x € Q \ﬁ(g and for all A > \,. Hence,
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Aa _a . B
< 6077> / (A1 plz] (a+1)p+ L — [PV Gy plP w dx <
O\Qs

A
S( aO"?) / ‘xli(a+1)p+cl)\17p’lUd$§

€

O\T;s

§>\/ ||~ @FPFer (g 3 4o\ )w d.

Q\Qs
Similarly
Aa B ) )
( 6077) / [)\17p’x| (b+1)g+ 2¢%q_|$’ bqu¢1,q|q]’wdx§
O\Qs
< / || ~EEDTE (4 5 4y 3w da,
Q\%s
Hence,

M, /Vwmlpda; /ya;\ap|v¢1,A\p21v¢1,A|-dex§
Q Q

< / 2|~ F (4 g 2w dir,
QO

M, /vamyqu /|xybquwmq?vam-vwmg
Q Q

S/|‘T|—(b+1)q+02g(wl,)\7¢2,)\)wd'r7
Q

i.e., (¢1,x,%2,) is a subsolution of (1.1).
Now, we will prove there exists a M large enough so that

(21,22) =

o () o) 2] ) e

is a supersolution of (1.1); where 0, = ||+ |loo; ™ = P, ¢, A > As and mg = Min{m,, mo}.
A calculation shows that

M, /\Vzl | dz /|:c\ap|Vzl\p2Vz1 -Vwdzr =
Q Q
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mo

1 p—1
=
= Ml /|V21pd:v 9112_1) [M()p ] /|x‘—(a+1)17+01wdx >
mo
Q

Q

1 qp—1
A\ P 1T
> m19;_p [M<m0> ] /!x\_(a+l)p+clwdx.
Q

By monotonicity condition on f and (Hz) we can choose M large enough so that

=1
mlgzl)—p [M<)p ] Z
mg

A _
—an | [rvaran) () 06,1 [lel VG P VG Vids -
Q Q

Hence,

M, (/ |V z1|P daz) /|xy—“7’|vz1 P2V 2 - Vwdz > )\/ |z|~@etPrer £(2) 2o w dar.

Q Q Q

Next, by (Hy) for M large enough we have

Hence,

M> (/ [Vzo|? dx) /|$|_bq|vzz|q_2vzz -Vwdr =

Q Q

ol o) () )
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x/yx\—bqugpyq—zvgp-vqudx =
Q

1 _1
| [19airas (A)[g<M<A> p-l’M<A> >] [ et >
mo mo mo
Q Q
> )\/’x|(b+1)q4r02g M i r
iy mo )

Q

() ) )] G e

1
A\ T
—(b+1 c -1
Z)\/W (b+1)g+ 29<M0p <m0> (),
Q

Q

i.e.,, (z1,22) is a supersolution of (1.1) with z; > ; , i = 1,2, for a M large enough. Thus,
by Proposition 3.1 there exists a positive solution (u,v) of (1.1) such that (1 x,¢2)) < (u,v) <
S (21, 22).

Theorem 3.1 is proved.

Example3.1. Consider the problem

—M, / (VulP da | div (|z|~%|VuP=2Vu) = Ma|~@FDPre e 4 (o) —1) in Q,
Q

X
2

— My / \Vo|?da | div (2| | Vu|92 V) = Az ~(bFDarez (47 4 (yo)
Q

~1) in Q, 3.5

u=v=0 in O0f),
where «, 8, o, and ~ are positive parameters. Then it is easy to see that (3.5) satisfies the hypotheses
1
of Theorem 3.1 ifmax{a,’y}il <p—1, (max{a,y}il+1>ﬁ < p—1 and max{o,v} < g—1.
q— q—
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