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HARDY’S AND MIYACHI’S THEOREMS
FOR THE FIRST HANKEL - CLIFFORD TRANSFORM

TEOPEMM T'APAI TA MIAYI
ITPO NEPHIE NEPETBOPEHHSA I'AHKEJIA - KJIIOD®OPIA

We present an analog of Hardy’s and Miyachi’s theorems for the first Hankel — Clifford transform.

Hageneno ananor teopem [apai Ta Mistui po mepuie neperBopenHs ['ankens — Kimiddopaa.

1. Introduction. In signal processing, the uncertainty principle states that the signal variances
product in the time and frequency domains has a lower bound. The mathematical formulation of this
fact is that the uncertainty principles for the Fourier transform relate the variances of a function and
its Fourier transform which cannot both be simultaneously sharped localized. One example of this is
the Heisenberg uncertainty principle concerning the position and the momentum wave functions in
quantum physics. Many mathematical formulations of this general fact can be found in [7]. Namely
theorems of Hardy [6], Cowling and Price [3] and Miyachi [11]. In 1933, Hardy [6] demonstrated
the following theorem: if |f(z)| < Ce " and ]f(y)] < Ce " for some positive numbers a, b
and C, then f = 0 whenever ab > 1/4. If ab = 1/4, then the function f is a constant multiple of
e*“IQ, and if ab < 1/4, then are infinitely functions which realise both conditions. In 1997, Miyachi
[11] proved the next theorem:
Theorem 1.1. Let f be an integrable function on R such that

e f € LY(R) 4+ L®(R).

/logJr (W) d\ < 00

R

Further, assume that

for some positive numbers a, b and c. If ab = 1/4, then f is a constant multiple of the Gaussian
e—oe’,

The first Hankel — Clifford transform has great importance in solving problems involving cylin-
drical boundaries. The Hankel - Clifford transformation is useful mathematical tools in solving a
certain class of partial differential equations, involving the generalized Kepinsky — Myller — Lebedev
differential operator.

In [4] the authors gave a version of Morgan and Cowling —Price in the case of the first Hankel -
Clifford transform.

The purpose of this paper is to demonstrate the Hardy’s and Miyachi’s theorems for the first
Hankel - Clifford transform.

First, we would like to mention some main results of the first Hankel — Clifford operator. In the
second, we are going to review two principal lemmas of the complex variables theory, which are a
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version of the Phragmen — Lindel6ff theorem. After that, we are going to give a version of Hardy’s
theorem associated with the first Hankel — Clifford transform. In the last section, we are proving an
analog of Miyachi’s theorem for the first Hankel — Clifford transform.

In [2, 9, 12], the first Hankel — Clifford transform of order p > 0 was introduced by

+o00o
(hiup)(A) = A / Cu(zA)p(z) dz,
0

where C), is the Bessel - Clifford function of the first kind of order x [5] and defined by

o B > (_1)kxk
w(@) = kz_o KT(u+k+1)

which is a solution of the differential equation

2
2
0x2

and is closely related with the Bessel function of the first kind .J,, and index p by

0
y+(y+1)%y+y:0

Cu(z) = 2 Jy (2:10%),

where Bessel function J,, is defined in [8] by

B — S (=D" )"
2 J“(x)_znlf(u—i-n—l—l) (5) '

n=0

The inversion formula of the first Hankel — Clifford transform is defined by

+o00
@C@::(hiLhLuwxx):=w“l/TCL(A¢ngA)dA
0

From [10], the first Hankel — Clifford transform satisfied that
hi, =hi, for pu>0.

The demonstration of the basic outcomes relies on the following two complex variable lemmas,
which will be presented in this section.
Lemma 1.1. Let h be an entire function on C such that

Ih(z)| < Ce*l® vz ecC
and
h(t)] < A~ WteR

for some positive constants a, B and C. Then h(z) = const e 2 eC.

Proof. See [13] (Lemma 2.1).

Let us define logt(z) = log(x) if > 1, and log™(z) = 0 otherwise. We also need the
following lemma.
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Lemma 1.2. Let h an entire function and suppose that, there exist constants A, B > 0 such
that

Ih(2)] < AeBRE vz eC

and
400
/ log* |(t)|dt < oo.
Then h is a constant function.
Proof. See [11] (Lemma 4).
We need also an estimated results for the Bessel’s function, we have the next lemma [1].
Lemma 1.3. Let ;1 — 1/2. We have the following results:
M) u(@) <1,
2) 1—ju(z)=0(1), z > 1,
3) 1 —j'u(l’) = O(.CC2), O<z<1,
4) VhxJ,(hz) = O(1), hx > 0.
Since the last formula and the definition of j,(z), we get

Julz) = O(@™#=1/2).

This estimation allows us to conclude that there is a constant r, related to p satisfying the
following inequality:

u(@)| <k t12

2. Main results. In this section, we state the Hardy’s and Miyachi’s theorems. We start by
Hardy’s theorem for the first Hankel — Clifford transform.

2.1. Hardy’s theorem for the first Hankel — Clifford transform.

Theorem 2.1. Let f be a measurable function on R such that

|f(2)| < Cla|pttemas? @.1)

and

(b f) ()] < Clyle 2.2)

For some constants a, C > 0 the function f'is a constant multiple of ghtle—az?,

Proof. First, we have the function (hq,f)(z) is well defined for all z. Moreover, by using the
estimated (4) of Lemma 1.3 and (2.1), for all z € C, we have

+o00
()| < 221 [ ](2vt) 0,2/ I o) de <
0

i < (20:l3vaf2)

< w u+1l_—ax? d
< /x c kz_or(k+u+1)k!
0 -

T <

ISSN 1027-3190. Ykp. mam. scypn., 2019, m. 71, Ne 5



HARDY’S AND MIYACHI’S THEOREMS FOR THE FIRST HANKEL - CLIFFORD TRANSFORM 713

—+00

<’ |;L - (’z‘ )Qk / ptk+1 —asz <

z —_— X € X

= kzol“(k+u+1)k! =
= 0

Z (M+k+1)
Fk—l—u—i—l aktptl =

< |z

1 2k
< Ozt Z W

k=0

If |z| < 1, then

e 2k
(hf)(2)] < Cla* Y (1/\]{7/'5) _ et <
k=0

JEdL
< Clz|Fe .

We put C’ = Ceu, so we have, if |z| <1,

="

‘(h17uf)(z)‘ < C'zP < CMzlte .

If |z| > 1, then
z\2

oo a 2
()] < Clap WAVRZ _ et

So, for all z € C,

2\2

(hauf)(2)] < Clzlte’a.
Then

2
]

|2 (h1uf)(2)| < Ce o

From assumption (2.2) we obtain
2
[y (hiuf) ()| < Ce™'a Wy eR.
Thus, z7#hy ,(f)(2) is an entire function, according to Lemma 1.1, A7#hqy ,(f)(\) must be a
2

multiple of e~’a . Or we get

2

then f(\) is a multiple of Ae™a .
Theorem 2.1 is proved.
2.2. Miyachi’s theorem for the first Hankel — Clifford transform.
Theorem 2.2. Let a > 0. We suppose that f'is a function on R such that

a1 f € LHRY) + L°(RT)
and
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oo _B_ 1 82
/10g+<\h1,u<f><x>j e |)dA<OO

—00

4 1
for some A, 0 < A < co. Then fis a constant multiple ofmli*'Ze_‘”Q.
Proof. By the first assumption

2271 f € LYRY) + LO(R1),

then there are two functions u € L'(R*) and v € L>(R™) such that

p_ 1 2
2

e f(2) = u(z) + v(a)

and, thus,

hi(F)N) = h (@2 5e7 " w)(A) + by (227567 ) (A).
If A € C, we have

+o0o
(e e 0] <2 [ (2varh) T (Ve o e o u(e) o <
0

o0
< CIAP / (21‘%)\%)_“_%:3%+i6_“2|u(:n)|d:n§
0
+00
< C’])\|%_i /z_;“_zlla:;“+ie_“x2|u(a:)|dm <
0

+oo
<ops-i / e~ ()| dz <
0

where C is a positive constant. Then

|y (25759 0) (V)] < CJA|5 3 2mO,
So,
‘)\_%—F%hl,#(l’%"'ie_amQu) ()\)’ < CQQIm()\)2’

and we have
“+oo
[ (255 e 0) (V)] < 22|\ / [(2vaX2) M, (2v/EAR) |28 i e u(a) | de <
0
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+oo
=1
S’)\|“/(2l‘%)\§) a 2m%+i6_‘w2|v(:v)|dx§

+00
< |)\|%7i /x%“ix5+ieax2\v(a:)|dx <
0
+00
< \)\]%*iHva / e~ yudz <
0

i < C|)\|%_%€21m(>\)2.

So,
2

B (@ e ) ()] < CemO,

then X
AR ()] < cetm”,

Since /\_%J“ihl,#(f)()\) is an entire function, then, by the Lemma 1.2 and hy, = hillt, we can

obtain that f is a multiple of ghe= "
Theorem 2.2 is proved.
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