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FINITE SPEED OF PROPAGATION FOR THE THIN-FILM EQUATION
IN THE SPHERICAL GEOMETRY

CKIHYEHHA NIBUJKICTb NIOIIUPEHHSA 36YPEHb
JIJIS PIBHAHHSA TEYIT TOHKOI IJIIBKA B310BXK KYJII

We show that a double degenerate thin-film equation obtained in modeling of a flow of viscous coating on the spherical
surface has a finite speed of propagation for nonnegative strong solutions and, hence, there exists an interface or a free
boundary separating the regions, where the solution » > 0 and u = 0. Using local entropy estimates, we also obtain the
upper bound for the rate of the interface propagation.

IMoka3aHo, IO pIBHSHHSA TOHKUX IUTIBOK i3 IOABIfHUM BUPOJDKEHHSM, SIKE BHHUKAE 3 MOJENIOBAHHSA IHOTOKY B’SI3KOTO
MOKPHUTTS Ha C(EepUuHiil MOBEpXHi, MAa€ CKIHYCHHY IIBUAKICTH MOUIMPEHHS HOCIS HEBi €MHOTO CHIIBHOTO PO3B’S3KY, a
oTXe, icHye iHTepdeiic abo BinbHa Mexa, o po3aisie obnacti, e po3s’s3ok v > 0 i w = 0. Kpim Toro, 3a nonomororo
JIOKAJIBHOI EHTPOIIHHOT OLIHKH OTPUMAHO OILIHKY 3BEpXY LIS IIBHIKOCTI IOIIUPEHHS iHTepdeicCy.

1. Introduction. In this paper, we study a particular case of the following doubly degenerate
fourth-order parabolic equation:

up + [u”(l —2?)(a—bx+c(2u+ ((1— :EQ)UI)x)x)L =0 in Qr, (1.1)
where u(x,t) represents the thickness of the thin film, the dimensionless parameters a, b and c
describe the effects of gravity, rotation and surface tension, Q7 = Q x (0,7), n > 0, T" > 0, and
Q = (—1,1). For n = 3 (no-slip regime) this equation describes the dynamics of a thin viscous liquid
film on the outer surface of a solid sphere. For n = 2 the classical Navier slip condition is recovered.
On the other hand, parameter range n € (0,2) (n € (2,3)) in the equation (1.1) corresponds to
strong (weak) wetting slip regime. More general dynamics of the liquid film for the case when the
draining of the film due to gravity was balanced by centrifugal forces arising from the rotation of the
sphere about a vertical axis and by capillary forces due to surface tension was considered in [11].
In addition, Marangoni effects due to temperature gradients were taken into account in [12]. The
spherical model without the surface tension and Marangoni effects was studied in [17, 18].

We are interested in time evolution of the support of nonnegative strong solutions to

ug + (1 — 2?)[u™((1 - mQ)um)m)x =0. (1.2)

Equation (1.2) is a particular case of (1.1) with a = b = 0 with an absence of the second-order
diffusion term. Existence of weak solutions for (1.2) in a weighted Sobolev space was shown in [13]
and existence of more regular nonnegative strong solutions of (1.2) was recently proved in [16].
Unlike the classical thin-film equation

ur + (|u"tgez), =0, (1.3)

the qualitative behavior of solutions for double degenerate thin-film equation (1.2) is still not well
understood. Note that the model equation (1.3) describes the coating flow of a thin viscous film on a
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flat surface under the surface tension effect. Depending on the value of the parameter n, nonnegative
solutions of this equation posses some interesting properties. For example, in 1990, Bernis and
Friedman [2] defined and constructed nonnegative weak solutions of the equation (1.3) when n > 1,
and it was also shown that for n > 4, with a uniformly positive initial condition, there exists a
unique positive classical solution. Later on, in 1994, Bertozzi et al. [6] generalised this positivity

property for the case n > Z In 1995, Beretta et al. [1] proved the existence of nonnegative weak
solutions for the equation (1.3) if n > 0, and the existence of strong ones for 0 < n < 3. Also,
they could show that this positivity-preserving property holds at almost every time ¢ in the case
n > 2. This positivity-preservation result was generalised for a cylindrical surface was obtained

in [7]. Furthermore, for n > 3 the solution’s support to (1.3) is nondecreasing in time, and the
support remains constant if n > 4. The existence (nonexistence) of compactly supported spreading
source type solution to (1.3) was demonstrated for 0 < n < 3 (n > 3) in [5]. One of interesting
qualitative properties of nonlinear parabolic thin-film equations is finite speed of support propagation
that is not the case when the parabolic equation is a linear one. This property was first shown in [3]
if 0 <n <2, and in [4, 10] if 2 < n < 3 for nonnegative strong solutions of (1.3). A similar result
on a cylindrical surface was obtained in [8].

Our main result for the thin-film equation on the spherical surface is the finite speed of the
interface propagation in the special case of the strong slip regime n € (1, 2). Proof of the finite speed
of propagation property is based on local entropy estimate and Stampacchia’s lemma. Moreover, we
obtain an upper bound the time evolution of the support as: I'(t) < C’otn%‘l. This bound coincides
with the asymptotic behaviour of self-similar type solutions to (1.3) (see [5]).

2. Main result. We study the thin-film equation

up+ ((1— x2)|u]”((1 — x2)ux)m)$ =0 in Qr (2.1)
with the no-flux boundary conditions

(1-2uy=(1-2") (1-2u,) =0 at x==£1, ¢>0, (2.2)

rxr

and the initial condition
u(z,0) = up(x). (2.3)

Here n > 0, Qr = Q x (0,7), Q := (—1,1), and T > 0. Integrating the equation (2.1) by using
boundary conditions (2.2), we obtain the mass conservation property

/u(az,t)da: = /uo(x)dx =M > 0. (2.4)

Q Q

Consider initial data ug(z) > 0 for all z € Q satisfying
/ {ug(z) + (1 = 2®)uf ,(z) }dx < oo. (2.5)
Q

Definition 2.1 (weak solution). Let n > 0. A function u is a weak solution of the problem
(2.1)=(2.3) with initial data uq satisfying (2.5) if u(z,t) has the properties
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o o 2
ue C2%(Qr), 0<a<p<—,

Z,

(1-2?)5

3

w € L2(0,T; (HY(Q)),  (1—a?)7u, € L™(0,T; L3(Q)),
(1—a?)2[ul? ((1 - 2?)u,),, € L2 (P),

and wu satisfies (2.1) in weak sense:

T
/Ut, (), dt — // (1 — 2?)|u|” ((l—x)ux) LOzdzdt =0
0

forall ¢ € L*(0,T; H(Q)), where P := Qr \ {{u=0} U {t =0}},

N

(1-— :EQ)%uw(.,t) — (1 —2%)2ug,(.) stronglyin L*(Q) as t— 0,

and boundary conditions (2.2) hold at all points of the lateral boundary, where {u # 0}.
Let us denote by

_A2—n Al—n )
(n—l)(n—2)_1—n(z_A) if n#1,2,
0<Go(2) =¢znz—2(InA+1)+ A if n=1,
ln<A>+Z—1 if n=2,
z

where A =0ifn € (1,2) and A > 0 if else.
Theorem 2.1. Assume that n > 1 and initial data ug satisfies / Go(up) dr < 400, then
Q
the problem (2.1)—(2.3) has a nonnegative weak solution, u, in the sense of Definition 2.1, such that

ol
2

(1 —2*)u, € L*(0,T; H'(Q)), (1—2%)2u, € L*(Qr), ~ € (0,1],

we L®(0,T;L2(Q),  (1-2)2ue ¥ (Qr), pe(-1,8].

The solution in the sense of Theorem 2.1 is called a strong solution. The existence of these
solutions was proved in [16]. Our aim is to establish the finite speed of propagation property for a
strong solution u of (2.1).

Theorem 2.2 (finite speed of propagation). Assume that 1 < n < 2, the initial data satisfies the
hypotheses of Theorem 2.1 and the support of the initial data satisfies supp(ug) C Q\ (—ro,70),
where Q = (—1,1) and r¢ € (0,1). Let u be the strong solution from Theorem 2.1. Then there exists
a time T* > 0 and a nondecreasing function T'(t) € C([0,T*]), T'(0) = 0 such that u has finite
speed propagation, i. e.,

supp(u(+,t)) C [— ro+I(t),ro — F(t)] cQ

for all t € [0,T*]. Moreover, Topi(t) = C’otn%“l Sorall t € [0,T%].
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3. Proof of Theorem 2.2. 3.1. Local entropy estimate.

Lemma 3.1. Assume that 1 < n < 2 and v > 1. Let ¢ € 012(QT) such that its support
satisfies supp(¢) € Q and (¢Y)y = 0 on OQ. Then there exist positive constants Cy, Cy are
independent of ), such that for all T > 0 the strong solution u of Theorem 2.1 satisfies

/( 227 Mz, T)Go(u d:z:—// (1 — 22)7(¢")Go(u) dzdt+
/ / )l ¢t dedt < J (1= 2%)"¢*(x,0) Go(uo) dz+
+cl// (1= )2 (¢ + (O + CPlCon] dadt+

+Cy // (1 — 2?2 [¢t + ¢ + (P, ] dadt. (3.1)

Proof. Equation (2.1) is doubly degenerate when v = 0 and x = £1. Therefore, for any € > 0
and § > 0 we consider two-parametric regularised equations

wess + |(1 =22 4+ 0) (juss|" +2) (1 = a® + Dusa) | =0 in Qs (3.2)

with boundary conditions
sz = ((1— 2% + 0)uesa),, =0 at x==£l,
and initial data
Ues(x,0) = uges(z) € CHI(Q), v >0,
where

1
> b Ty
uoes(t) = uos(z) &7, 0 € (O’ 2(n — 1))’

upes — Ups  strongly in H'(Q) as e—0,
(1- 2 + 5)%14,033,5 — (1 - xQ)%uo,m strongly in LQ(Q) as o0 — 0.

The parameters € > 0 and > 0 in (3.2) make the problem regular up to the boundary (i.e., uniformly
parabolic). The existence of a local in time solution of (3.2) is guaranteed by the classical Schauder
estimates (see [9]). Now suppose that u.s is a solution of equation (3.2) and that it is continuously
differentiable with respect to the time variable and fourth order continuously differentiable with
respect to the spatial variable. For the full detailed proof of existence of strong solutions please refer
to [16].

Multiplying the equation (3.2) by ¢(z,t)GL(ues), integrating over €2, and then integrating by
parts yield
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d
dt/gf)G (Ues) dx—
/qﬁtG Usg) :/ (1—a22+9) tes o [ (1 —x2—|—5)u557x]m¢dx+

+ / (1—2%49) (Jues|™ + ) Gr(ues) [(1 — 2+ 5)u55,x]m¢x dr =
Q

— —/ [(1—2*+ 5)“55@]i¢ dr — / (1= 2% + 0)uesa [(1 — 2% + 0)ucs o] b dw —

Q Q

_/ [(1 —a? + ) (Jues|" + E)G,/e(usé)d)m]z [(1 — a4+ 5)“55,x]$ dx =
Q

/ [(1 — 2?2+ 5)u557m]i¢ dx + % / [(1 — 2?4 6)u55’x]2¢m dx —

Q Q

[(1— @ + O)ucsa], (Jues|" + ) GLlucs) (1 — a® + 8)¢y) , dx —

/
1 — 2% 4 ) ues x] (1—2%49) [(|u85|" + s)G’E(u,g(;)] uuﬂ;,xqﬁxdm. (3.3)

I
!

Integrating (3.3) in time and taking the regularising parameter ¢ — 0, by applying the Young

1
inequality and 2"G{(z) = 1,5 We finally get
—-n

¢ Go(us) de — [ [ ¢Golus) dedt + [ [ [(1— 2+ 6)us,) ddadt <
foo s ]

1 2
< [ $Golugs)dr + = (1 —2® + 8)us s Poo dudt —

// [(1 — 24 5)“5,z]wua((1 — 2?4 5) ) dadt —

1—n
Qr

1—n // [(1— 22 + O usy] (1 — 2° + 8)us o6y dadt <
QT

< [ ¢Go(uos)dx + p [(1 — 2?4 (5)u§,x]i¢ dxdt +
focsmaines |
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(1 =22+ 6)y
+ 2 // 1—33 +5)u(5x] qud:ndt%— // "+ 9) )35 dzdt, (3.4)
—n)
. L. .
where 1 > 0. Choosing p = 5 n (3.4), we arrive at
/¢ Go(us) dz —
Q
1
—/ 01Go(ug) dedt + 3 // [(1 — 2+ 5)u(;7z]i¢> dxdt <
T
2—n
< /QZ)GO(U(M) dx —|— 31 —n) // 1 —x +5)u(gz] |pus| dzdt +
Q
1 — + 0) s
// e +0)¢s), dzdt. (3.5)
2(1 —n)?
Letting § — 0 in (3.5), we deduce that
/(;5 ) Go(u) dx — / d1Go(u) dzdt +
// 1—x ux ¢dxdt</¢) ) Go(ug) dz +
9 _ 2
n / / 1?6 | dacalt T / / (U =202)s 4o (3.6)
1 —n)

Taking ¢(z,t) = (1 — 22)"¢*(z,t) in (3.6) for v > 1, we have

/( 2%)"¢H(T)Go(u dﬂ?—//l—x ) (¢M:Go(u) dadt +
// (1= 2 [(1 - 2)up] 2" dodt < /(1 — 22)°¢4(0) Goug) da +
Q
+Cy // (1= 22)u, 2 [(1 = 22" 72¢ + (1 — 27 (P + (Pl Caal)] dadt +

e // A=)+ (1 -2, ] dadt <
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< [@-ae') Gotuo)ds + € [ [ (1= a7 [Ct+ G2 + (¥l dade +
Qr

Q

Lo, / / (1— 22 22[Ch 4 ¢+ 22, dedt,

16(v + 1)1
(1-n)?

// (1—2?)"[(1 — 2%)u,] C4dxdt // Hyt2y2 tdedt —
-2 // (1—x V+1uxumC4 dxdt + 2// — %) 2C4 dxdt >
/ / 2y 22 ¢t dedt — 2 / / u¢t dzdt,

we deduce (3.1) with C; = Cy + 2.

Lemma 3.1 is proved.

3.2. Finite speed of propagation. For an arbitrary s > 0 and 0 < § < s we consider the families
of sets

Qs) :={x € Q: |z| < s}, Qr(s) =(0,T) x Q(s), Krp(s,0) = Qr(s)\ Qr(s —9).

We introduce a nonnegative cutoff function 7(7) from the space C?(IR!) with the following proper-
ties:

~ 2
where Cy = 1771 max {5v,2v(v +1),2(3 + 2v) }, Cy = . From here, due to

1 if 7<0,
n(r) =< —7m3(6r2 - 157 +10)+1 if 0<7<1,
0 if 7>1.

Next, we introduce our main cut-off functions 7ss(z) € C?(£2) such that 0 < n, s5(x) < 1 for all
x € Q) and possess the following properties:

Ns.5(z) =1 (W—(S—‘S)> 1 weats-o),

0 0, ze€Q\Q(s),
15 5(v/3 -1
e)el € o [(mag)esl < 227

t

T in (3.1), we arrive at

/(1— Hyryt=(rT d:v+// ) u? " dadt +

Q(s—9) Qr(s—9)

forall s >0 and 0 < § < s. Choosing (*(z,t) = ns s(x
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+C // 2y t2y2 dadt < e / (1 — 2?) ud™"(x) do +
QT(S 5)
<% // d:cdt+— // ) 2u? dadt (3.7)
KT 35) KT S(;

for all 0 < § < s. Here and throughout this proof, C' denotes a positive constant independent of €.
By (3.7) we deduce

(1= (s— 8)2) / uQ_"(T)d:r—l—(l_S_ // W2 dadt +

Q(s—9)

+C(1—(s—9¢ // » dedt < e - // u? dzdt +

Kr(s,9)
1—(s—

—l—C( (s // (1-— 22)72u? dadt,

Kr(s,9)
whence

1

/ w? (T dx + 7 / / w*™" dadt +

Q(s—9) Qr(s—0)
C(1—
C(1 —rd)? // ul, dedt < — // u’y dxdt + 7’0 // u®dxdt =: R(s)  (3.8)
QT(sfé) KT S 6 KT S 6)

forall 0 < 0 < s < ry. We apply Lemma A.I in the region (s — J) to a function v := w with
n 4—n

—d=j=2b=2—mn, k= k=1), N =1, and 6, = ( 0, — )

a J n 0 (or ) and 6, 83, or 0 g3

Integrating the resulted inequalities with respect to time and taking into account (3.8), we arrive at
the following relations:

A(s = 8) < C(1 =12~ T (R(s)) ™ + C T(R(s)) ", (3.9)
B(s — ) < C(1 —r8)~2T% (R(s)) "™ + C T(R(s))' ", (3.10)
where
// u?dxdt, B(s) := // uldzdt,
Qr(s) Qr(s—9)
_ 4(n+4) 4(6 —n) ~ 4(2-n) ~2(2-n)
M= YT, T g, AT gTa BTy
4n 2n n
MZ8T3 MT 83 T oy
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Since all integrals on the right-hand sides of (3.9), (3.10) vanish as 7 — 0 and u € L?(0,T;
H 1( - 70, ro)), then for sufficiently small 7" we get

A(s = 8) < C3(1 = r2) = TP (64 A(s) + 62 B(s)) ", (3.11)
B(s —6) < Ca(1 —13)~2TP2 (54 A(s) + 6 2B(s)) ", (3.12)

where C3, Cy are a positive constant depending on all known parameters and independent of 2. Let
us denote by
D(s) i= A% (s) + B9 (s), k= (14 k1)(1+ Ka),

C5(T) R { [03(1 B T(Q))—mTﬁﬂ 1+H2’ [04(1 . r%)_QQT’BQ] 1+m}.
Without loss of generality, we can define the function
D(s)=D(s) if se(0,m] and D(s)=0 if s> rg.
Then by (3.11), (3.12) we arrive at
D(s —6) < C5(T) (6D "1 (s) + 62 D172 (5)) (3.13)
for all s € RT and ¢ € (0, ). Choosing
- 1 - 1
d(s) = max { [4C5(T) D" ()] *, [4C5(T) D" (s)] 2“}

in (3.13), we find that

whence it follows
§(s—6(s)) <~d(s) VseRY, (3.14)

where v = max {2_%, 2_;%} < 1. Applying Stampacchia’s lemma (see Lemma A.2) to (3.14), we
obtain
d(ro)

11—

d(s)=0 forall s<ry—

Next, we will find the upper bound for §(rg). In view of Theorem 2.1, (1 — xQ)%u € L?(Qr) and
(1 —z?)2u, € L*(Qr) for any v > 1, then the right-hand side of (3.7) is bounded for all 7' > 0.
So, taking s = 2ry and 6 = 7 in (3.9) and (3.10), we obtain D(ry) < Cs C5(T'), whence

_2(6—n) 2—n

d(ro) < C7(1— 7“3) 8—3n T'8-3n

This implies the upper bound for speed of propagation to solution support, i.e.,

8—3n

—n 2—n
D(T) < ro— CyT53n  forall T <T*:= (2‘;) (3.15)

gy

for any ro € (0,1), where Cg = 1
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3.3. Exact upper bound for speed of propagation. In this subsection, we refine the estimate
(3.15). Throughout this subsection, C' denotes a positive constant independent of 2. Applying
Lemma A.1 in the region Q(s) \ (s — ) to a function v:=u witha=d=j=2,b=1, k=0
(ork=1), N=1,and 0; = R (or 0y = 5), and integrating the resulted inequalities with respect

to time, taking into account the mass conservation (2.4), we arrive at the following estimates:

// w? dedt < © TV0 pp200=00) // u?, dedt +05—1TM2, (3.16)
KT 36 KT(S6

// u? daedt < C T 02 pr20-02) // ul, drdt | +C63TM?. (3.17)
KT 35 KT(85

Using (3.16), (3.17) and Young inequality, from (3.8) we find

1
/ uZ*”(T)der— // u? " dadt + C(1 - 1g)? // u?, dedt <

Q(s—6) (s—0) Qr(s—9)
e(1—72)? // u?, dedt + C67°(1 — ) 3T M?,
Kr(s,6)
where £ > 0. Selecting £ € (0,27°) enough small and making standard iteration process, we get

1
/ (T de+ / / w* ™" dadt +

Q(s—9) Qr(s—9)

C(1 —rd)? // ul, dedt < C 621 —r3) 3T M?. (3.18)
Qr(s—90)
Taking s = 2I'(T") and § = I'(7’) in (3.18), we obtain

// u?, dedt < CT>(T)(1 —r2) ST M?,
Qr(T(T

whence, similar to (3.16) and (3.17), we have
A(T(T)) < CTNT)(1 —13) ' TM?,
B(I(T)) < CT3(T)(1 — 1) 3T M>.
Hence,

J(IN(T)) <C max{ [T (T)(1 — )~ (mtenprmth M%l]izxuim ,
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[F—?mg (T)(1 — rg)—(Snz-i-ocz)Tm-i-BzMQng]m } _
= Cy max{rnis (T)T#%, T8 (T) 5 }

Thus, we get

I'(T) + Cjo max {r‘#(T)T%w,r‘sg—*"n(T)T%} < ro, (3.19)
Co .
where Cg = T Now we use the following calculus result: let a > 0 and b > 0, then the
-7
1 140
function f(x) = x+az~" for all z > 0 has minimum at z,;, = (ab) T and f(Zmin) = %fﬂmm-

Hence, minimizing the right-hand side, we obtain
Topt(T) = CoT7+1  forall T <T*.

Theorem 2.2 is proved.

Appendix A.

Lemma A.1[14]. If Q C RY is a bounded domain with piecewise-smooth boundary, a > 1,
be (0,a),d>1,and 0 <k < j, k,j €N, then there exist positive constants dy and dz (dy = 0
if Q is unbounded) depending only on ), d, j, b, and N such that the following inequality is valid
for every v(x) € WH4(Q) N LY(Q):

k i[9 1-0
|25 gy < 1270y 015Gy + 2 ol
1 k 1
VTN [k
where 0 = ﬁ'cll € [,, 1). Note that if @ = B(0,R) \ B(0,r), where B(0,x) is ball with
S J J
b N d

(a—b)N
the radius = and the origin at 0, then dy = ¢(R — 7)™ a»  *.

Lemma A.2 [15]. Assume that f(s) is nonnegative nondecreasing function satisfying the fol-
lowing inequality:
fls=f(s)) <ef(s) Vs < s,
(s0)
1—¢

~

where € € (0,1). Then f(s) =0 forall s < so —
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