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THE CLASSIFICATION OF NATURALLY GRADED ZINBIEL ALGEBRAS
WITH CHARACTERISTIC SEQUENCE EQUAL TO (n — p,p) *

KJACHU®IKALIS IPUPOTHO I'PAIYHOBAHUX AJITEBP 3IHBEJIS
3 XAPAKTEPUCTHYHOIO MOCJIJOBHICTIO (n — p, p)

This work is a continuation of the description of some classes of nilpotent Zinbiel algebras. We focus on the study of
Zinbiel algebras with restrictions imposed on gradation and characteristic sequence. Namely, we obtain the classification
of naturally graded Zinbiel algebras with characteristic sequence equal to (n — p, p).

[IponoBxeHO ommc AESKUX KIAaciB HUIBIIOTEHTHUX anreOp 3iHOens. OCHOBHY yBary 30CEpeIKCHO Ha BHBYCHHI anreOp
3iH0€Ns 3 OOMEKEHHAMHU Ha TPasallilo Ta XapaKTePUCTUYHY MOCIIIOBHICTh, a caMe, OTPUMAHO KiIacu(iKallilo MPUPOIHO
rpayiioBaHux anre6bp 3iHOENs 3 XapaKTepUCTHYHO TIOCIIOBHICTIO (n — P, p).

1. Introduction. This paper is devoted to investigation of algebras, which are Koszul dual to Leibniz
algebras. These algebras were introduced in the middle of 90th of the last century by the French
mathematician J.-L. Loday [15] and they are called Zinbiel algebras (Leibniz written in reverse
order).

A crucial fact of the theory of finite dimensional Zinbiel algebras is the nilpotency of such
algebras over a field of zero characteristic [12]. Since the description of finite-dimensional complex
Zinbiel algebras is a boundless problem (even if they are nilpotent), their study should be carried out
by adding some additional restrictions (on index of nilpotency, gradation, characteristic sequence,
etc.).

In general, investigation of Zinbiel algebras goes parallel to the study of nilpotent Leibniz alge-
bras. For instance, n-dimensional Leibniz algebras of nilindices n 4+ 1 and n (which is equivalent
to admit characteristic sequences equal to (n) and (n — 1, 1), respectively) were described in papers
[5] and [14]. Similar description for Zinbiel algebras were obtained in the paper [3].

In the study of n-dimensional Leibniz algebras of nilindex n — 1 (see [10]) it was noted that
characteristic sequences of such algebras are equal to either (n — 2,1,1) or (n — 2,2). Descrip-
tion of Leibniz (Zinbiel) algebras with such characteristic sequence were obtained in [9] and [10]
(respectively, [4]).

Later on, naturally graded Leibniz algebras of nilindex n — 2 that admit the following character-
istic sequences:

(n—-3,3), (n—3,2,1), (n—3,1,1,1)
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were investigated in a series of papers [6, 7, 11], respectively. Description of naturally graded Zinbiel
algebras with these properties was given in [1] and [2].

Finally, the latest progress in the description of the structure of nilpotent Leibniz algebras was
obtained in papers [11] and [16]. In particular, naturally graded nilpotent n-dimensional Leibniz
algebras with characteristic sequences equal to (n—p,p) and (n—p, 1,...,1) were described. Since
the description of p-filiform Zinbiel algebras (that are Zinbiel algebras with characteristic sequence
equal to (n—p,1,...,1)) was obtained in [8], in order to complete the description similar to [11], in
this paper we present the description (up to isomorphism) of naturally graded Zinbiel algebras with
characteristic sequence equal to (n — p, p).

All considered algebras and vector spaces in this work are assumed to be finite dimensional and
complex. In order to keep tables of multiplications of algebras short, we will omit zero products.

2. Preliminaries. In this section we give definitions and known results necessary to proceed
further to the main part of the work.

Definition 2.1. An algebra A over a field F is called a Zinbiel algebra if for any x,y,z € A
the following identity holds:

(xoy)oz==xo0(yoz)+zo(zoy),

where o is the multiplication of the algebra A.

For an arbitrary Zinbiel algebra we define the lower series as follows:
A=A, AM = Ao AF, k>1.

Definition 2.2. A Zinbiel algebra A is called nilpotent if there exists s € N such that A% = 0.
The minimal such number is called the nilindex of A.

Definition 2.3. An n-dimensional Zinbiel algebra A is called null-filiform if dim A* = (n+1)—i
for1 <i<n+1.

It is clear by definition that an algebra A being null-filiform is equivalent to admitting the
maximal possible nilindex.

Let x be an element of the set A\ A%. For an operator of a left multiplication L, (defined as

L,(y) = xoy) we define a descending sequence C'(x) = (n1,n2,...,nk), where n =nq +ng+ ...
.. .+ny, which consists of the sizes of Jordan blocks of the operator L,. On the set of such sequences
we consider the lexicographical order, that is, (n1,n2,...,ng) < (mi,ma,...,ms) if there exists

i € N such that n; = m; for all j <7 and n; < m;.

Definition 2.4. The sequence C(A) = max,¢c a4\ a2 C(z) is called the characteristic sequence of
the algebra A.

Example2.1. Let C(A) = (1,1,...,1). Then the algebra A is Abelian.

Example2.2. An n-dimensional Zinbiel algebra A is null-filiform if and only if C(A) = (n).

Let A be a finite-dimensional Zinbiel algebra of nilindex s. We set 4; := A° /A”l, 1<i<s—1,
and gr A := A1 ® Ay @ --- ® As_1. From the condition A; 0 A; C A;;; we derive a graded algebra
gr A. The graduation constructed in a such way is called the natural graduation. If a Zinbiel algebra
A is isomorphic to the algebra gr A, then the algebra A is called a naturally graded Zinbiel algebra.

Further we need the following lemmas.

ISSN 1027-3190. Ykp. mam. scypn., 2019, m. 71, Ne 7



THE CLASSIFICATION OF NATURALLY GRADED ZINBIEL ALGEBRAS ... 869

Lemma 2.1 [13]. For any n,a € N the following equality holds:

n
—k
> (DGO = 0.
k=0
Lemma 2.2 [12]. Let A be a Zinbiel algebra with the following products to be known:
eroe; =eip1, 1<i<k-—1
Then 4
eioe;=Cly; yeiyj, 2<i+j<k,

where C° = (2) denotes the binomial coefficient.

3. Main results. Let A be a Zinbiel algebra and C(A) = (n1,na,...,nk) its characteristic
sequence. Then there exists a basis {ey,ea,...,e,} such that the matrix of an operator of the left
multiplication by the element e; has the form

Jna(l) 0 0
L61 N = 0 Jnf"@) O ,
0 0 JIn, )

where o (i) belongs to {1,2,...,s}.
By a suitable permutation of basis elements we can assume that n,(2) > n53) > ... = ng ().
Let A be a naturally graded Zinbiel algebra with characteristic sequence equal to (ny,na, ..., ng).
Proposition 3.1. There is no naturally graded Zinbiel algebra with ny 1y =1 and ny(g) > 4.
Proof. From the condition of the proposition we have the products

epoer =0, ejoe =ejp1, 2<i0<4,

¢ t+1
€106 = €1, Zna(k)-i-léiﬁzna(k)—l, 3<t<s—1,
k=1 k=1

t
6106Z‘:0, i:Zno(k), BStSS
k=1

By using the property of Zinbiel algebras
(aob)oc=(aoc)ob,

we obtain
esoe; = (ejoeg)oe; =(ejoer)oeg =0=ezoe; =0.

The chain of equalities
0= (e1oer)oeg=ecro(ejoeg)+ero(ezoe;) =ejoeq =es

implies e; = 0, that is, we get a contradiction with the condition n, ) > 4 which completes the
proof of the proposition.
The next example shows that the condition ny () > 4 of Proposition 3.1 is essential.
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Example3.1. Let A be a four-dimensional Zinbiel algebra with the multiplication table
€10€2 =€3, €10€e3=¢€y4, €20€ = —€3.
Then C(A) = (3,1) and the matrix of the operator of the left multiplication on e; has the
form /i 0
0 J3)
Let A be an arbitrary Zinbiel algebra with characteristic sequence equal to (n — p, p). Then the
matrix of the operator of the left multiplication by e; admits one of the following forms:

Jnepy O J, 0
. : . > .
! < 0 Jp) 1 (0 Jn—p) I

Definition 3.1. A Zinbiel algebra is called an algebra of the first type (of type 1) if the operator
Le, has the form (J"O_p 2)

Taking into account results of papers [4] and [3], we will consider only n-dimensional naturally
graded Zinbiel algebras with C'(A) = (n —p,p), p > 3.

3.1. Classification of Zinbiel algebras of type 1. Let A be a Zinbiel algebra of type 1. Then we
have the existence of a basis {ey, e, ..., en—p, f1, f2,..., fp} such that the products containing an
element e; on the left are as follows:

> ; otherwise it is called an algebra of the second type (of type II).

ejoe; =e€i+1, 1<i<n—p-—1.
From Lemma 2.2 we obtain

— v o I —
eioej—ci+j71€z+ja 2<i+j<n-p, eroe,=0,

(1)
erofi=fiy1, 1<i<p—1, ejof,=0.
It is easy to see that
Al = <€1,f1>,A2 = <€2,f2>, e ,Ap = <€p7fp>7Ap+1 = <6p+1>, e ,An_p = <€n—p>-
Let
fioe; = aieir1 + Bifiv1, 1<i<p-—1,
Jioei=aieir1, p<i<n-—p-—1,

(2)

fiofi="ieix1 +difix1, 1<i<p-—1,
f1ofp = mept1-

Proposition 3.2. Let A be a Zinbiel algebra of type 1. Then, for the structural constants «;, [;,
~v; and &;, we have the following restrictions:

a1 =0, 1<i<n-—p-2,

A

k

k—’_i/é]ila Slgp_27
k=0 +

Bit1 =
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%
(i+ 1)y =5 (2’71+Z’yk>, 1<i<n—p-2,
k=2

(i + B1)di = B <251+Z5k>, 1<i<p-—2.

k=2

Proof. First, we calculate the products f; o e; and fs o e;.
Consider

faoer=er1o(fioer) tero(erofi)=aies+ (1+B1)fs.

Using the chain of equalities
fioer=(e10fi-1)oer =e1o(fic10er)+ero(ero fi1),

we deduce fioe; = agejy1 + (i — 1+ B1)fig1 for 1 < i < p—1and f;0e; = aje;qq for
p<i<n—p—1.
From the equality

ejo fi1 = (61 o €i—1) ofi=eo (ei—l o fl) +e10 (fl o 62’—1),

i—1 i—1 i—1

Z .
g YkEi+1 + Zk:o Brfiv1 for1 <i<p—1ande;o f; = Zk:1

we obtain e; o f1 = Z

forp<i<n—p-1.

AE€i+1

faooea=ejo(fioex)+ero(exo fi) = (o1 +az)es+ (14 B1 + f2) fa.

From fg oce; = (61 o fl) ce; =e€10 (fl ¢} 61‘) +e10 (ei o fl), we have

% 7
faoei =Y oneisa+ Y Prfira, 1<i<p—2,
k=1 k=0

i
fQOei:Zak€i+2a p—1<i:<n—-p-2
k=1

Now we calculate the products f; o f1 and fs o f;. We get
fao fi=(e1o f1)o fi =2vies+ 2013,
fsofi=(e1of2)o fi = (271 +y2)es + (201 + 62) f4.
By induction we obtain

i—1 i—1
fiofi= (271 +Z’Yk> eit1 + (251 + Z5k> fix1, 2<i<p-1,

k=2 k=2

p—1
fpofi= (2’71 ‘f‘Z’Yk) €p+1-

k=2
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Similarly, from fo o f; = (e1 0 fi) o fi =e1 0 (f1 0 fi) +e10 (fio fi) we derive

faofi= (%H—Z%) €iy2 + (251+Z5k> five, 2<i<p-=2,

k=2 k=2
i
faofi= (2’YI+Z’Yk> €iv2, p—1<i<p.
k=2
If 51 = 1, then from the equality (f1 o fi) oe; = (f10e1) o f1 we get

2vi(1—B1) = af —drea, (1= B1)d1 = aa(1+ By).

Consequently, o; = 0.
Let 51 # 1. Then taking the following change:

el =e, fi= 5= 161+f1,

we obtain of = 0.
Form the equalities

fioeir1=fio(eroe) =(fioer)oe;—ifioei1 = Pifaoe; —ifioei,
we derive (i + 1) f1 o ;41 = B1f2 o e;. Therefore,

(i +Dajrieipe + (i + 1)Biv1five = B (Z apeit2 + Z /kai+2> -

k=1 k=0

Comparing coefficients at the basis elements and applying induction, we deduce

ai+1:07 I<i<n—p-2,

k+p .
Bit1 = sz+11 1<i<p-2.

Considering the equality (f; o fi) oe; = (f1 o e1) o f; leads to the rest of the restrictions of the
proposition.

In the next proposition we calculate the products e; o f; and f; o e;.

Proposition 3.3. Let A be a Zinbiel algebra of type 1. Then the following expressions are true:

eiofj= Z S WBrfivy for 2<i+j<p, 3)
J

fioe; =Y Ci% , \Bufir; for 2<i+j<p, “4)
k=0

where By = 1.
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Proof. We shall prove (3), (4) by induction. From (1) and (3.1) we get the correctness of (3) and
(4) for i = 1.

Consider (4) for j = 1. Since fioe; = 51 f2 and faoe; = ejo(fioer)+eio(erofi) = (1+061) f3,
then using the equalities fjoe; = (ejo fi—1)oe; =ejo(fi—10e1)+e10(ero fi—1) and induction,
we deduce fioe; = (i — 1+ /1) fit1 for 1 <i <p—1. From

eiofi=(eroei_1)ofi=ero(ei—10f1)+ero(fioei—1),
it implies
i—1

eio fi :Z/kai+1 for 1<i<p-1.
k=0

Therefore, the equalities (3) are true for 7 = 1 and arbitrary <.
Let us suppose that expressions (3), (4) are true for ¢ and any value of j. The proof of the
expressions for ¢ 4 1 is obtained by the following chain of equalities:

eir10fij=ero(eofj)+ero(fjoe)=

o (ZCfﬂ 9— kﬁkfi+j+zcﬁj 9 kﬁkfiﬂ') =
k= k=0
—Zcﬂ - kﬁkfwwzcm o wBrfirirl =

<Z +] 9_ kﬂk‘FZ ﬂ 9_ kﬁk) Jitj+1= Z +J 1—eBefitjr1-

Here we used the well-known formula C/"~! + CI* = C" .

The proof of expressions (4) is analogous.

Below, we clarify the restrictions on structural constants of the algebra with relation to the
dimension and the parameter j3;.

Proposition 3.4. Let A be a Zinbiel algebra of type 1. Then the following restrictions are true:

(1) Case dim A > 2p+ 1. If 51 # 1, then

=0, 1<i<p-1,

5;i=0, 1<i<p—2
(p—1+4B1)y =0,

(p—2+p1)dp-1=0.

If By =1, then

vi=m, 1<1<p,

(51':(51, 1§i§p—1.
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(2) Case dim A =2p. If By # 1, then
7% =0, 1<i<p-2
5 =0, 1<i<p-—2,
(p—2+PB1)wp-1=0,
(p—2+ p1)dp—1=0.

If 61 =1, then

Proof. Let dim A > 2p + 1. Then from Proposition 3.2 we have

k
(i+1)v = B (271+Z%>, 1<i<p-—1,
k=2

i Q)
(i 4+ 51)0i = 51 <251+Z5k> , 1<i<p-2
o
Consider
(fiofi)oer= fro(fioer)+ fio(ero fi) = (i + B1)(Vit1€it2 + dit1fiv2)-
On the other hand,
(fio fi) oer = (vieit1 + difix1) 0 e1 = (i + 1)yieipa + (i + B1)0; firo-
Hence,
(i4+ 1)y =G+ P1)vier, 1<i<p—1, ©

(i+51)0i = (i+ F1)0iv1, 1<i<p—2.

Considering the cases #1 # 1 and 57 = 1 together with the expressions (5) and (6) leads to the
restrictions of the case dim A > 2p + 1. The proof of the remaining case is carried out in a similar
fashion.

Consider a general change of basis of the algebra A. It is known that for naturally graded Zinbiel
algebras it is sufficient to take the change of basis in the form

¢y =Aey +Bfi, fi=Cei+Dfi,
where AD — BC # 0.
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Proposition 3.5. Let A be a Zinbiel algebra of type 1 and let 51 # 1. Then
/ / / .
€ipr=e0€, l1<i<n-—p-1,

flii=elofl, 1<i<p-—1,

i—1
¢;=Ale; + AT'BY Bifi, 1<i<p-—1,
k=0

fl=A"'Df;, 1<i<p-1,
C=o.

Proof. From f]o f{ = 0 we get C' = 0. The proof of the proposition is completed by considering
products €} o€j =ej,; and €| o f] = fi. ;.

Theorem 3.1. Let A be an n-dimensional (n > 2p + 2) Zinbiel algebra of type 1 and with
characteristic sequence equal to (n — p,p). Then it is isomorphic to one of the following non-
isomorphic algebras:

e oej = g+j_1€i+j7 2<i+j<n-p,

A1 . . .
’ 1—1 J . .

eiofj :Zk 0 z+] 29— kﬂkfz-&—]v fzoej Zk ~0 H—j 9_ k;ﬁkfl"r]u 2<i+7<p,

ik
where ;11 = Hk;:[) k—:ﬁll for 1 <i<p-—2and B €C;

eioej=Cl . ey, 2<i+j<n—p, fiofp1="fp

AQZ . .
i—1 i1 J
ciofj=), Oljoibrfivi fices=) Ol i Bufirj, 2<i+j<p,

where (3; = (—l)iC’;,Q Jor 1 <i<p-—2;

e v = L j1Cit 2<i+j<n-p,
3

ezof] fzoej fl f] Z+j 1fz+], 2<2+] <p

Proof. From Proposition 3.4 for 51 # 1 we obtain a multiplication table of the algebra:

cioej=Cl yeny, 2<i+j<n-—p,

7

fiofi=06ifix1, 1<i<p—1, fiofj=¢(01,02,...,0)firj, 2=<i+j<p,

J
eio fj= Z Lo kBrfivy, fioe; = CL2 o \Brfiry, 2<i+j<p,
k=0

where (p — 1+ 51)v =0, (p —2+ B1)dp—1 = 0.
Consider

(fiofp)oer = fro(fpoer)+ fio(erofp) =0.
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On the other hand,
(f1o fp) oer = peprioer = (p+ 1)pepio.
Therefore, we deduce ~, = 0.
Applying Proposition 3.5 to the general change of basis, from the equalities

flofy 1 =(Df1)o (AP2Df, 1) = AP7°D?5, 1 f, =

=0, 1 f) =0, 1 (A""'D+ AP">BD6,_1) fp,

Dé
we get (S/ Wgéll
If 6p_1 = 0, then 5’71 = 0, and we obtain the algebra A;.
. A+ de,1
If §,—1 # 0, then, by choosing D = 5 and from (p — 2+ $1)d,—1 = 0, we have
p—1

5’ _1 =1, B1 =2 —p, that is, we have the algebra A,.

A+ Bé;
o1
Consequently, fi o f; = fiy1 for 1 <i < p—1. From Lemma 2.2 we deduce f;o f; = H] 1Jivi

2 <i+j < p. Thus, we get the algebra As.

In the following theorem the classification for n = 2p + 1 is presented.

Theorem 3.2. Let A be a Zinbiel algebra of type 1 and with characteristic sequence equal to
(p+ 1,p). Then it is isomorphic to one of the following non-isomorphic algebras:

In case of 51 = 1 we have §;, = 41, 1 < i < p— 1. Putting D = we obtain ¢ = 1.

eioej=Cf jeivj, 2<i+j<p+1, fiofy=ep1,

i-1 . J
eiofj:zk:005+] 9_ kﬁk.fl-ﬁ-]? on€] Zk:OCH'J 9_ kﬁkfz-l—]a 2<i+j<p,

A42

where By =1, 5; = (—I)Z'CIZ;_1 for1<i<p-1,
cioe;=Cl qeiry, 2<i+j<p+1,

As: i1 j
- j—1 J 2 . .
6i0fj=Zk o Clri—oiBrfivs, fz‘oejzzk oCZﬂ o 1Prfitj, 2<i+j<p,

ik
where [y = 1, ﬁi+1:Hk:0 k—:—ﬂll for 1 <i<p-—2and p €C;

€ o€ = Z‘]+j_16i+j7 QSZ—’_] Sp+17 flofp—lzfpa

AGZ .
i—1 J

eiofy =3 Ol WBufirs fioes=% Ci?y \Bufiry, 2<i+j<p,

where o =1, p; = (=1)’ ;72f07” 1<i<p—2and -1 =0;

€ oej = Cg;t,_j_lei-&-j? 2<i+j<p+1,
. 6i0fj:fi06j:cf;j_1fi+jv 2<i+j<p,

fiof;i= +j 1€i+j +6IC+] 1fivg, 2<i+7<p,

fiofi =mCiy;_epsa, i+j=p+1,

where v1, 01 € C.
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Proof. From Proposition 3.4 for 1 # 1 we obtain a multiplication table of A
ecioej=Cly ey, 2<i+j<p+]1,

Jiofp-1="0p1fp,  frofp=pept1,
i—1
_1 . .
eiofj=> Cl, Bufirss fioe =Zc:+f o iBrfivs, 2<i+j<p,
k=0 k=0

where o =1, (p— 1+ S1)yp =0and (p — 2+ B1)dp—1 = 0.
Consider the general change of basis as above. Then from Proposition 3.5 we have

p—1 p—2
e, = APep + (AP_IB Z B + AP B? Z 5k5p—1> fps

k=0 k=0

p—1 p—2
€ = (APH (APIB2 Z By, + AP72B? Z 5k5p—1> 7p> €p+1,

f)=(A""'D + AP">BD6,_1) fp.
The equality €] o fz’, = 0 in the new basis implies By, = 0.
Case 1. Let v, #0. Then B=0and 3y =1 —p, 6,1 = 0.
Considering the equality fj o f, = v,¢€;,,1, we derive AQVI’, = D%,
A
Setting D = ——, we obtain fy]’o = 1. Thus, we get the algebra A4.
p
Case 2. Let 7, = 0. Then, considering the equality fj o f, ; = d, ,f,, we deduce J, ;
_ D 5p—1
o A+ B(Sp,1 ’
If 6,—1 = 0, then 51’9_1 = 0, that is, we obtain the algebra As.
A+ Bop—1
dp—1
Now we consider case $; = 1. Using Proposition 3.4, we obtain the algebra A-.
Below, we present the classification of Zinbiel algebras with characteristic sequence equal

C(A) = (p,p).

If §,—1 # 0, then 31 = 2—p and putting D =

877

, we get §, ; = 1 and the algebra Ag.

to

Theorem 3.3. Let A be a Zinbiel algebra with characteristic sequence (p,p). Then it is isomor-

phic to one of the following non-isomorphic algebras:
e;oej = Ol €itj, 2<i+j<p,

Ag:
i—1 71
ezof] Zk 0 +J 9 kﬁkfz+]a floej Zk —0 _,_J 9 kﬁkflJr]a 2<i+j<p,

ik
where By =1, Bi+1 = szo kiﬁll for 1 <i<p-—2and p €C;

eioej:Cer] 1€i+55 2<2+]<p7 flofp 1= fp7

i 1 J . .
eioszzk -0 H—] 2_ kﬂkfz-i-ja fZOe_] Zk 0 ’L+] 2 kﬁkfz—&-]a 2<i+j5<p,

Ag:
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where o =1, 3; = (—l)iC’;_Q Jor1<i<p—2and )1 =0;

€;0e; = CH—] 1€i+7 2<i1+j<p, flofp 1—€p+5p 1fpa
Al()I

i—1 71 ]
eioszzk 0 Z+] 2 kﬁkflJr]v fzoej ZkZOCZ+J 2 kﬁszz+]y 2<i1+4+j5<p,

where By = 1, ; = (—1)Z'C’1272 Jor 1 <i<p—2, Bp—1 =0and dp—1 € C;

Aqr:oe; oej = Cg+j,1€i+j> €; 0 fj = f;o0 e; = CZJFJ 1f1,+j7 2<i+j5<p,

€;0e; = Cz+] 1€i+75 2§i+j Sp:
Agg: , o
eiofj=fioej=fiofi=Cl, (firjy 2<i+j<p.

Proof. The proof of this theorem is carried out by applying the methods and arguments as in the
proof of Theorems 3.1 and 3.2.

3.2. Classification of Zinbiel algebras of type 11. Consider a Zinbiel algebra of type II. From
the condition on the operator L., we have the existence of a basis {e1,e2,...,€p, f1, f2,..., fu—p}
such that the products involving e; on the left-hand side have the form

€1 0€; = €i+1, 1§Z§p—1

Applying Lemma 2.2, we get

eioej=Cf ;i jeirj, 2<i+j<p, eroe,=0,
erofi=fit1, 1<i<n—p-1, erofpp=0.

It is easy to see that

Al = <elufl>7A2 = <625f2>7-‘- 7Ap = (epafp>’Ap+1 = <fp+1>7' '-’An—p = <fn—p>-

Let us introduce notations:

fioe;=aieip1 + Bifiv1, 1<i<p—1, firoey,=PBpfpt1,
fiofi=ieix1 +6ifiy1, 1<i<p—1,
fiofi=0ifix1, p<i<n—p—-1, fiofnp=0.

The following proposition can be proved similar to Proposition 3.2.

Proposition 3.6. Let A be a Zinbiel algebra of type 11. Then for structural constants o;, B;, Vi
and §; the following restrictions hold:

Oéi_t,_l:O, 1§Z§p_27

By — k+ B
B k+1°

k=0
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7
(i + 1)y = B <2w+27k>, 1<i<p-2,
k=2

(i + B1)d; = b1 (251+Z5k>, 1<i<n—p—2.

k=2

Proposition 3.7. Let A be a Zinbiel algebra of type 11. Then the following expressions hold.:

1—1
eiofj=3 Clly \Bufieyy 1<i<p, p+1l<i+j<n—p, (7)
k=0
J
_ i—2 . . .
fioe; =Y Ci%y (Bufiryy 1<j<p, p+1<it+j<n—p, (®)
k=0

where By = 1.

Proof. We shall prove the assertion of the proposition be induction. Clearly, the relation (7) is
true for ¢ = 1.

We have

faoer=ero(ficer)+ero(erofi)=(14p1)fs.
Using the chain of equalities
fioer=(e1ofi_1)oer =ejo(ficioer)+ero(erofi—i),

and induction, we derive fioe; = (i— 1+ 1) fiy1 for 1 <i<p—1and fioe; = (i—1451)fi+1
for p < i <n — p— 1. Therefore, the relation (8) is true for j = 1.

Let us assume that the relations (7), (8) are true for ¢ and any value of j. The proof of these
relations for ¢ 4+ 1 follows from the following chain of equalities:

eir10fj=ero(ejofj)+ero(fjoe)=

i—1 %
i1 i—2
= €10 (g Cngj,Q,kﬁkfiJrj + § CngijkaiJrj) =
k=0

k=0

i1 i

_ j—1 Jj—2 _

= § CitjoiPrfivjr1 + § Citjoo i Prfivjr1 =
k=0 k=0

i—1 % %

— j—1 Jj—2 — J—1

= (Z C@'+j727k-5k‘ + Z Ci+j2k6k:> fi+j+1 = Z CiJrj,l,kﬁkfi—l—j—&-l'
k=0 k=0 k=0

Checking the correctness of the remaining relations of the proposition is analogous.

Similar to the case of Zinbiel algebra of type I for algebras of type II we obtain the restrictions
on structure constants with relation to parameter 3.

Proposition 3.8. Let A be a Zinbiel algebra of type 11.

”51 7& 17 then
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=0, 1<i<p-—2,
0; =0, 1<i<n—-p-2,

(p—2+ Bi)w-1=0,
(n—=p—2+p1)6n—p-1=0;

if B1 =1, then

Yi = 71, 1§Z§p_17
0, =6, 1<i<n—p-1.

In the next theorem we prove that there is no n-dimensional Zinbiel algebras of type II with
n > 3p+ 2.

Theorem 3.4. There is no Zinbiel algebras of type W with characteristic sequence equal to
(n—p,p) for n > 3p+ 2.

Proof. Consider for 1 < ¢ < p+ 1 equalities

0=(ejoep)ofi=ero(epofi)+ero(fioep).
Applying the relations (7), (8) and arguments similar to the ones that are used in the proof of

Proposition 3.1, we derive the relation
P

Y oCi Bk =0, )

k=0
where fp=1land 1 <i<n-—p-—1.
Now we consider the determinant of the matrix of order p + 1:

1 1 1 . 1 1
c,, ¢ a1
2, 2, 2 21
M| Pt P+ p
-1 -1 -1 -1
crtoort, ot L b 1
cyoCchk o Ch L, ... P, 1

Taking into account identity C/*~! + Ci™* = C" | and subtracting from each row the previous
one we obtain

1 1 1 ... 11
C, Cy Coo ... 1 0

v c: ¢, ¢, ... 0 0 .
crto 0O ... 0 0
1 0 O ... 0 0

ISSN 1027-3190. Ykp. mam. scypn., 2019, m. 71, Ne 7



THE CLASSIFICATION OF NATURALLY GRADED ZINBIEL ALGEBRAS ... 881

Since M = —1, the system of equations (9) for i = p+ 1 has only trivial solution with respect to
unknown variables (3;. In particular, 5y = 0. However, 5y = 1, that is, we get a contradiction to the
condition ¢ = p+ 1 < n — p — 1, which implies the non existence of an algebra under the condition
n > 3p+2.

Let A be an n-dimensional algebra with a basis {e1, e, ..., €p, f1, f2,..., fn—p} and the multi-
plication table

eioej=Cl ;i jeirj, 2<i+j<p, eioe=0,

elofn—p:O7 floszoa 1§/L7 ]Sn_p,

J
eio f = Zcﬂ o iBrfivis fioe;=> CIL2, \Brfiry, 2<i+j<n—p,
k=0

where 3; = (—1)'C}, 0 < i <p.

It is easy to check that this algebra is a Zinbiel algebra.

The correctness of the relation (9) for parameters 3; for n = 3p + 1 follows from Lemma 2.1.
Thus, the condition n > 3p + 2 is necessary.

We list the next theorems on the description of Zinbiel algebras of type II without proofs. It can
be carried out by applying similar arguments that were used above.

Theorem 3.5. A Zinbiel algebra of type 11 with characteristic sequence equal to (p + 1,p) is
isomorphic to one of the following non-isomorphic algebras:
€ oej = CZJFJ 1€itg, 2<i+j<p,

Ali i—1 .
_ . J . .
ciofi=Y  Cljo Bifivss fioe;=  Cit o ybrfivs, 2<itj<p+l,
i k+ .
where /80 =1, Bi-‘rl = szo L +Bll fOI" 1<:i< b — 1, ﬂl S {_p7_(p_ 1)) < _2)_1}a
_ (eioe;=Cl_jeirj, 2<i+i<p fiofp1=ep
Azi

eofi = Clly (Bufisy fioe; =3 Cir?, Brfis 2<iti<p+l,
where 3; = (—1)° ;_2f0r0 <i<p—2p,1=0p=0;

eioe;=Cl yeinj, 2<i+j<p, fiofy=fpr1,

eiofy =3 Ol Bfieg fioe; =3 O, (Bufig, 2<iti<p+l,

where (3; = (—l)iCIi,_1 Jor 0<i<p—1and 3, =0;

Agi

— Jeioe; =Gy ey, 2<i+j<p,
A4Z j ‘ .
ezofj floe] i+j_1fi+ja 2<i4+5<p+1,
—~ €i0€j = Cz-l—j 1€i+js 2<i+j<p,

ez‘of] floe]_ H—J 1fz+]: fio f] H—] 1fz+]7 2<i+j<p+1
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Theorem 3.6. A Zinbiel algebra of type 11 with characteristic sequence equal to (p + 2,p) is
isomorphic to one of the following non-isomorphic algebras:

€;0 €5 = g+j_1ei+j7 2 SZ+] Spv
— i—1
Ag: ezofj Zkﬂ +]2kﬁkf’b+]7 I1<i<p, 2<i+j<p+2

fioejzzk OCZﬂQ o 1 Bkfivi, 1<j<p, 2<i+j<p+2

i k+ 1 .
where /80:17 Bi+1:Hk:0 k’—|—1 for]-SZSp_]-a Ble{_pv_(p_1)7a_2’_1}a
eioe; =Gl ey, 2<i+j<p, fiofp1=cp

1—1 _ . . .
Az QOﬁZEZkO%Hkaﬁﬂ,131§p,2§z+33p+l

J . S
fioeg= Cit o bufiviy 1<j<p, 2<i+j<p+2,
where [3; = (—1)”&0;72 Jor 0<i<p—2, B, 1=p0,=0;
€i O € :Cz'j—l-j—lei-i-j’ 2<i+j<p, frofpr1= fp+o2,

i—l
Ag: eiij = Zk 0 H_] - kﬁkfz—l—]v 1

J . C
fioejzzko Z+]2k/3kfl+]7 ]—S.]Spu 2§2+j§p+27

| /\

1<p, 2<i+4+j<p+2,

where [3; = (—1)iCI§f0r 0<i<np.

Theorem 3.7. A Zinbiel algebra of type 11 with characteristic sequence equal to (p + t,p), for
3 <t <p+1, is isomorphic to one of the following non-isomorphic algebras:

cioej =Cl e, 251+ =p,
— 1—1 . . .
A9: eiofj: ke OC+J 2 kﬁkf2+]> 1§Z§pa 2§Z+]§p+t7
froej =31 O, \Bifug 1<j<p 2<i+j<p+t,
i k+ B .
waﬁo:LﬁwlzIL:Ok+1ﬁwlézép—lw%e{—n—@—lkuw—@—Uh
eioej = Clij_ieirj, 2<i+j<p, fiofp1=ep

— 1—1
Ao eiofj:Z Cﬂ ok Bk fivis

J
e ()C'H 2— kﬁkfz+]a 1

,_.
IN

1<p, 2<i+j<p+t,

fioe; =

IN

J<p, 2<i+4+j<p+t,

where (3; = (—1)iC’;_2 Jor0<i<p—2and -1 =, =0.
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