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UNIQUENESS OF DIFFERENCE-DIFFERENTIAL POLYNOMIALS
OF MEROMORPHIC FUNCTIONS *

IMPO €IUHICTDH PIBHUILIEBO-IU®EPEHIIAJTBHUX ITOJIIHOMIB
MEPOMOP®HUX ®YHKIIIA

We investigate the problems of uniqueness of difference-differential polynomials of finite-order meromorphic functions
sharing a small function ignoring multiplicity and obtain some results that extend the results of K. Liu, X. L. Liu, and
T. B. Cao.

BuBuarotbcs pobiieMu €IMHOCTI Pi3HUIEBO-TH(EPEHINIaTbHUX MTOJIHOMIB MEPOMOP(PHUX (QYHKIINH CKIHUCHHOTO MOPSIIIKY,
10 MOJIIAIOTE MaTy (PyHKIII0 (HEXTYI04H KpaTHICcTI0). OTpHUMaHO JesIKi pe3yabTaTy, 10 y3arajabHIoTh pesyasraru K. Liu,
X.L.LiuiT. B. Cao.

1. Introduction and results. In this paper, a meromorphic function always means it is meromor-
phic in the complex plane C. We assume that the reader is familiar with standard notations of the
Nevanlinna theory of entire and meromorphic functions as explained in [5, 6, 14].

Let f(z) and «(z) be two meromorphic functions. We say that «(z) is a small function with
respect to f(z) if T'(r,a(z)) = S(r, f), where S(r, f) is used to denote any quantity satisfying

S(r,f) = o(T(r, f)) as r — oo, outside an exceptional set E of finite logarithmic measure, i.c.,

. dt
lim, _yao — < o0.

ane t
Let f(z) and g(z) be two non-constant meromorphic functions. If, for a € C = C U {c0}, the
quantities f(z) — a and g(z) — a have the same set of zeros with the same multiplicities, then we
say that f(z) and g(z) share the value & CM (counting multiplicities). At the same time, if we
do not consider the multiplicities, then f(z) and g(z) are said to share the value a IM (ignoring
multiplicities). Let f(z) and g(z) share the value 1 IM and let zp be a 1-point of f(z) of order p

and a 1-point of g(z) of order q. We denote the counting function of the 1-points of both f(z) and

. 1 _
g(z) with p > g by N, <r, f1> In the same way, we can define NV, (r, 1)
[e— g [e—

Let f(z) be a non-constant meromorphic function. Let a be a finite complex number, and let &

1 — 1
be a positive integer. By NV (r, f) <or Ny (r, f))’ we denote the counting function
—a —a

1 — 1

of the roots of f(z) — a with multiplicity < k£(IM) and by N <7", f) <0r N <r, f>> ,
—a —a

we denote the counting function of the roots of f(z) — a with multiplicity > & (IM). We set

ferte) T ) ) )

Further, we define the order p(f) of a meromorphic function f(z) by
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o) = Jim <ET)

r—oo  logr

and the hyper order p2(f) of a meromorphic function f(z) by

oo(f) = Tm loglog T'(r, f)

r—00 log r
Let m be a non-negative integer, ag(# 0),a1,. .., amnm-1,amn(# 0) be complex constants. Define
P(w) = A W™ + A w™ T L+ ajw + ag. (1.1

In 2010, X. G. Qi, L. Z. Yang and K. Liu [12] considered the problems of uniqueness regarding
the difference polynomials of entire functions and obtained the following result.

Theorem A. Let f(z) and g(z) be transcendental entire functions of finite order and c¢ be a
non-zero complex constant. If n > 6, f(2)"f(z+c) and g(2)"g(z + ¢) share 1 CM, then fg = t;
or f = tag for some constants t1 and ty that satisfy t?“ =1 and tg“ =1.

In 2011, X. M. Li, W. L. Li, H. X. Yi, Z. T. Wen [7] have improved the above result and obtained
the following result.

Theorem B. Let f(z) and g(z) be transcendental entire functions of finite order and «(z) be
a meromorphic function such that p(a) < p(f), let ¢ be a non-zero complex constant and let n > 7
be an integer. If f(2)"(f(z) —1)f(z+c¢) — a(z) and g(2)"(g(z) — 1)g(z + ¢) — a(z) share 0 CM,
then f(z) = g(z).

Next, K. Liu, X. L. Liu, T. B. Cao [8-10] proved the following results.

Theorem C. Let f(z) and g(z) be transcendental meromorphic functions of finite order. Sup-
pose that ¢ is a non-zero constant and n € N. If n > 26, f(2)"f(z + ¢) and g(2)"g(z + ¢) share 1
IM, then f =tg or fg =t, where t"*1 = 1.

Theorem D. Let f(z) and g(z) be transcendental entire functions of finite order, n > 5k + 12.
If [f(z)"f(z—l—c)](k) and [g(z)"g(z + c)]( ) Share the value 1 IM, then either f(2) = c1e9%,
g(z) = coe=C% where ¢y, ¢y and C are constants satisfying (—1)F (c1c)" ™! [(n+ )C’] =1 or
f =tg, where t"t1 = 1.

Theorem E. Let f(z) and g(z) be transcendental entire functions of pa(f) > 1, n > 5k +
+4Am + 12, If [f"(f™ = 1) f(z + ¢)] ® and (9" (g™ — 1)g(z + c)](k) share the value 1 IM, then
f =tg, where t"T1 =™ = 1.

In this paper, we shall extend these results to meromorphic functions and obtain the following
two theorems.

Theorem 1.1. Let f(2) and g(z) be two non-constant finite order meromorphic functions. Sup-
pose that a(z)(# 0,00) is a small function with respect to f(z), which has no common zeros or
poles with f(z) and g(z). Let k(> 0) and m(> 0) be two integers satisfying n > 4m + 13k + 19,
P(w) be as defined in (1.1) and ¢ be a non-zero complex constant such that f(z) and g(z) are not
periodic functions of period c, poles of f(z) are not zeros of f(z + ¢) and poles of g(z) are not
zeros of g(z + ). If [f"P(f)f(z+ )] ) and [9"P(9)g(z + c)](k) share a(z) IM, f(z) and g(z)
share oo IM, then one of the following two cases holds:

(1) f = tg, for a constant t such that t* = 1, where d = GCD(n+m +1,...,n+m+1 —
—dy...,n+1), am—; # 0 for some i =0,1,2,...,m;
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908 R. S. DYAVANAL, M. M. MATHAI

(2) f(z) and g(z) satisfy the algebraic difference equation R(f,g) = 0, where R(wi,ws) =
= wi(amwi” + am_lwin_l + ...+ ap)wi(z +c) — wh(anwy + am_lwg‘_l +...+ag)wa(z+c).

Theorem 1.2. Let f(2) and g(z) be two non-constant finite order meromorphic functions. Sup-
pose that a(z)(# 0,00) is a small function with respect to f(z), which has no common zeros or
poles with f(z) and g(z). Let k(> 0) be integer satisfying n > 13k + 19, P(w) = ag, where
ap # 0 is a complex constant and ¢ be a non-zero complex constant such that f(z) and g(z) are
not periodic functions of period c, poles of f(z) are not zeros of f(z + ¢) and poles of g(z) are not
zeros of g(z + ). If [f"P(f)f(z+ ¢)] ) and [9"P(9)g(z + c)](k) share a(z) IM, f(z) and g(z)
share oo IM, then one of the following two cases holds:

(1) f(2) =tg(z) for a constant t such that t" ™' = 1;

@ @[ iz +0)] " g9z + )W = a2(2).

2. Some lemmas. We need the following lemmas to prove our results.

Lemma 2.1 [2]. Let f(z) be a meromorphic function of finite order p and let ¢ be a fixed
non-zero complex constant. Then, for each € > 0, we have

Lemma 2.2 [3]. Let f(z) be a meromorphic function of finite order p and let ¢ be a fixed
non-zero complex constant. Then, for each € > 0, we have

T(T‘, flz+ c)) =T(r f)+ O(r”_1+€).

It is evident that S(r, f(z +¢)) = S(r, f).
Lemma 2.3 [11]. Let f(z) be a meromorphic function of finite order p and let ¢ be a fixed
non-zero complex constant. Then

@ N(r, J,3(21+C)> < N(r, J{) + S0 f),

(i) N(r, f(z+¢c)) < N(r, f)+S(r, ),

— 1 —( 1
(iii N(r, > < N(r, > + S(r, f),
) Mriero) =M (r, f)
(iv) N(r,f(z+¢)) <N(r f)+S(r f),
outside an exceptional set with finite logarithmic measure.

Lemma 2.4 [15]. Let f(z) be a non-constant meromorphic function and p, k be two positive
integers. Then

1 1
Np <T7.]c(]€)> S T (va(k)) —T(T’,f) +Np+k <r7f> +S<T’, f)a
1 — 1
Np (T’f(k)> SkN(T’f)+Np+k <T7f> +S(Taf)

Lemma 2.5 ([13], Lemma 3). Let f(z) and g(z) be two non-constant meromorphic functions.
If f(z) and g(z) share 1 CM, then one of the following three cases holds:
1 1
) T00) < Mo ) N (72 ) + Mo () 4 Nar9) + 0 ) + ()

f
the same inequality holds for T'(r,g);
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2 fg=1

3 f=y

Lemma 2.6 [15]. Let fi(z) and f2(z) be two non-constant meromorphic functions. If c¢qf1 +
+ cofo = c3, where c1, co and c3 are non-zero constants, then

T(r. f1) < N(r, f1) —i—N(r, 1) +N<r, ! ) + S0 fo).

1 2

Define
R ) N
where 7 = PG +a]® and ¢ = P99+ C)](k), both f(z) and g(z) are mero-

a(z) a(z)

morphic functions of finite order, ¢ is a non-zero complex constant such that f(z) and g(z) are not
periodic functions of period ¢, a(z)(# 0, 00) be a small function with respect to both f(z) and g(z),
which has no common zeros or poles with f(z) and g(z).
Using the similar method as in Lemma 2.14 of Banerjee [1], we obtain the following lemma.
Lemma 2.7. Let F, G and H be defined as in (2.1). If F and G share 1 IM and oo IM, and
H #£0, then F # G and

1 1 — 1 — 1 __
T(r,F) < NQ(T, F) —|—N2<r, G) +2N(r, F) —i—N(r, G) +7N(r,F)+ S(r, F)+ S(r,G),

the same inequality holds for T(r,G).

Lemma 2.8 [16]. Let F', G and V be defined as in (2.2). If F and G share oo IM and V = 0,
then F' = G.

Lemma 2.9 [16]. If F' and G share 1 IM, then

NL<7«, F1_1> <N<r,}17) LN F) + S0 F) + S(r, G).

Lemma 2.10. Let f(z), g(z) be two non-constant finite order meromorphic functions such that
poles of f(z) are not zeros of f(z + ¢) and poles of g(z) are not zeros of g(z + ¢), F, G and V be
defined as in (2.2), P(w) be defined as in (1.1) and n(> 3), k(> 0), m(> 0) be three integers. Let
¢ be a non-zero complex constant such that f(z) and g(z) are not periodic functions of period c. If
V #£0, F and G share 1 and oo IM, then

(n+m+k—5N(rf) < 2N<r, 1> +2N<r,

a 1>+S(T,f)+5(r,g)

G
and
(n+m+k—5N(r,g) < QN(T, ;) + 2N<7", é) +S(r, f)+S(r,g).
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Proof. Let zy be a pole of f(z) and g(z) with multiplicities p and ¢, respectively. By using
hypotheses V' # 0, F' and G share co IM, pole of f(z) is not a zero of f(z + ¢) and a pole of g(z)
is not a zero of g(z + ¢), we get z is pole of F' with multiplicity (n + m)p + k and pole of G with
multiplicity (n + m)q + k.

F/
Thus zj is zero of 1 F with multiplicity (n + m)p+k —1>n+m+ k — 1 and also

! !

G . o .
el with multiplicity (n+m)q+k—1>n+m+k — 1, hence zg is zero of

— G
V' with multiplicity at least n +m + k — 1. Thus
> (2.3)
> . (2.4)

zg 1s zero of

(n+m+k—1)N(rf) < N(r,

<|~

and
(n+m+k—1)N(r,g) < N(r,

<|~

By the lemma of the logarithmic derivative, we have
m(r,V) = S(r, f) + S(r, 9).
Now consider
N(r, ‘1/> <T@ V)<m(r,V)+ N, V) <N, V)+S(r, f)+S(rg). (2.5)
Since F'(z) and G(z) share the value 1 IM, zeros of F'(z) — 1 and zeros of G(z) — 1 of different

multiplicities contribute to poles of V' and also since F(z) and G(z) share the value co IM, the
poles of F(z) and G(z) of different multiplicities contributes to zeros of V. Thus from (2.2) and

(2.5), we deduce
1 — 1
< —
() 7(3)-

/1 _ 1 7 1
+N<'I", G> + NL (7“, F_ 1> + NL <T, C-;'-]_) + S(T, f) + S(T,g) (26)

Since F' and G share 1 IM, by Lemma 2.9 and (2.6), we get
N(r, ‘1/> <N <’r, ;) +oN <7«, é) YN F) + NG+ S f)+ S(rg).  27)

By Lemma 2.3, we obtain

n (k)
N, F):N<T, [P (= +0)] ) .

a(z
SN(r, )+ N(r, f(z+ )+ S(r, ) <2N(r, ) + S(r, f)- 2.8)
Similarly,
N(r,G) <2N(r,g) + S(r,g). (2.9
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From (2.7)—(2.9) and using that f(z) and g(z) share co IM, we have
1 — 1 — 1 — _
N(riy ) <29 (n ) + 28 (g ) + 280 1) 4 2N () + S( ) + 5(0,9) <

< 2N<7°, ;) + 2N<r, é) +4N(r, f) + S(r, f) + S(r, g). (2.10)

It follows from (2.3) and (2.10) that

(n+m+k—1Nf) < 2N<r, ;) + 2N<r, é) +AN(r, f) + S(r, f) + S(r. g),
i,
(n+m+k—5)N(rf) < 2N<r, ;) + QN(T, (1;) +5(r ) + S(r,g).
Similarly,

(n+m+k—5N(rg) < 2N<r, ;) + 2N<r, é) + S0 f) + S(r,g).

Lemma 2.11 [4]. Let f(z) be a non-constant finite order meromorphic function. Let P(f) be
as defined in (1.1) and ¢ be a non-zero complex constant such that f(z) is not periodic function of
period c. Then

(ner*l)T(r’f)jLS(T’f) ST(T,fnP(f)f(Z+C)) < (n+m+1)T(r,f)+S(r,f)

Lemma 2.12 [4]. Let f(z) be a transcendental finite order meromorphic function. Let k(> 0)
be integer satisfying n > k + 5, ¢ be a non-zero complex constant such that f(z) is not periodic
function of period ¢ and let P(w) be as defined in (1.1). Suppose that a(z)(#£ 0,00) is a small
function with respect to f(z). Then (f"P(f)f(z + c))(k) — a(z) has infinitely many zeros.

Lemma 2.13 [4]. Let f(z) and g(z) be two non-constant finite order meromorphic functions.
Let P(w) be as defined in (1.1). Let k(> 0), m(> 0) be integers satisfying n > 2k +m + 5 and
¢ be a non-zero complex constant such that f(z) and g(z) are not periodic functions of period c. If

[Pz 4] = [9"P(9)g(z+ )], then J"P())](z +¢) = g"P(g)g(= + ).

Lemma 2.14 [4]. Let f(z) and g(z) be two non-constant finite order meromorphic functions.
Let ¢ be a non-zero complex constant such that f(z) and g(z) are not periodic functions of period
c and k(> 0) be integer satisfying n > k + 5. Let P(w) be as defined in (1.1). Suppose that
a(z)(# 0,00) is a small function with respect to f(z) with finitely many zeros and poles. If
(f"P(f)f(z + C))(k) (9"P(9)g(z + c))(k) = a?(z), f(2) and g(z) share oo IM, then P(w) re-
duces to a non-zero monomial, namely, P(w) = a;w" # 0 for some i € {0,1,...,m}.

3. Proof of the theorems. 3.1. Proof of Theorem 1.1. Let F, G, H and V be as defined
in (2.1) and (2.2). If F} = f"P(f)f(z 4+ ¢) and G1 = ¢"P(g)g(z + ¢), then F and G share 1 and
oo IM. Suppose that H # 0. Then according to Lemmas 2.7 and 2.8, F' # G and V # 0 and it
follows that
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1 1 — 1 — 1 —
< Bl — il —
T(r,F) < No <7“, F> + Ny <r, G) +2N<7“, F> —i—N(r, G) + 7N (r, F)+
+S(r, F) + S(r,G). (3.1)
By Lemma 2.4 with p = 2, Lemma 2.3 and (3.1), we obtain
T(r,Fy) < N. 1 +2N 1 +N L +N z + 7N (r, F)+
) > N2\ T G T, F T, a k+2\ T I3 T,
+5(r, F) + 8(r,G) <
1 — 1 — 1
< Nggo (7, —= )| +EN(r,G1) + 2Ngy1 (7, = | + 2kN(r, F1) + Ngyy |7, =— ) +
G1 Fl Gl

+kN(r,G1) + Ny (r, ;) +7N(r,F)+ S(r,F) + S(r,G) <
1

<(k+ 2)N(r, ;) + N(r, Pég)> + N(r, g(zic)> + 2kN(r, g)+

+2(k + 1)N<r, }) + 2N<7°, (1f)> + 2N<r, f(zl—l—c)> +4kN(r, f)+

i

+(k + 1)N<r, ;) + N<r, ng)> + N<r, g(zic)> +2kN(r,g)+

) oty o)
+14N(r, f) + S(r, f) + S(r, 9),

1.e.,

T(r,Fy) < (3k + 4)N<r, ch) + (2k + 3)N<r, ;) - 3N<r, P(lf)> - 2N(r, ng)> +
+3N<r, }) + 2N<r, ;) + (8k + 14)N(r, f) + S(r, f) + S(r, g).
By Lemma 2.11, the above inequality reduces
(n+m—1)T(r,f) < Bk+3m+7)T(r, f) + (2k +2m + 5)T(r,g) + (8k + 14)N(r, f)+
+S(r, f) + S(r, 9). (3.2)
Similarly,
(n+m—1)T(r,g) < (3k+3m+7)T(r,g) + (2k + 2m +5)T(r, f) + (8k + 14)N(r, f)+
+S(r, f)+ S(r,9). (3.3)
From (3.2) and (3.3), we get
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(n+m—1)(T(r, f) +T(r,9)) < (5k + 5m + 12)(T(r, f) + T(r, g)) + 2(8k + 14)N(r, f)+
+8(r, f) +8(r, 9),
ic.,
(n—4m — 5k —13)(T(r, ) + T(r, 9)) < 2(8k + 14)N(r, f) + S(r, f) + S(r,9).  (3.4)

Since V #£ 0, F and G share 1 and oo IM, by Lemma 2.10, we have

(n+m+k—5)N(rf) < 2N<r, ;) + 2N<7“, é) + S(r, f)+ S(r,g). (3.5)

By Lemma 2.4 with p = 1, (3.5) reduces

(n+m+k—5N(r f) <2(k+ 1)N<r, }) + 2N<r, P(lf)> + 2N<T, f(zlm> +

+2EN (7, f) + 2kN(r, f(z +¢)) +2(k + 1)N <’r, ;) +

+2N<r, P§g)> + 2N<r, g(zl—l—c)> +2kN(r, 9)+
+2kN (r,g(z +¢)) + S(r, f) + S(r,g) <

<2k +m+2)T(r, f)+2(k +m+2)T(r,g) + 8kN(r, ) + S(r, f) + S(r, 9),
ie.,
(n+m =Tk =5)N(r, f) < 2(k +m+2) [T(r, f) + T(r,g)] + S(r, f) + S(r, 9). (3.6)
It follows from (3.4) and (3.6) that
[(n — 4m — 5k —13)(n+m — Tk — 5) — 4(8k + 14)(k +m + 2)|[T(r, f) + T(r, g)] <
< S(r, f) +5(r,9),

which is a contradiction because n > 4m + 13k + 19. Thus, H = 0.
Similar to the proof of Lemma 2.5 applied to the functions F' and (G, we obtain the following cases:
1 1
(i) T(r,F) < Ny (T, F> + No (r, G) + No(r, F) + Na(r,G) + S(r, F) + S(r, G),
(1) FG =1,
(i) F=Gq.
By the condition on n, the case (i) is impossible.
By Lemma 2.14, the case (ii) is impossible.

Hence, we get only the case (iii), i.e., [f"P(f)f(z + ¢)] *) = [9"P(9)g(z + ¢)] (k), then, by
Lemma 2.13, we obtain f"P(f)f(z +c¢) =g¢"P(9)g9(z + ¢), i.e.,

' (amf™ + am1 f™ 4ot arf +ao) f(z+0) =

=gq" (amgm +Um1g™  + .+ arg + ao) g(z + ¢). (3.7)
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f

Let h = =. If h is a constant then substituting f = gh and f(z+c¢) = g(z+c)h(z+¢) in (3.7),

we deduce a;:g”*m (A"t h(z4+c) —1)g(z+¢) + am—1g" T (AT Th(z+c) = 1)g(z+¢)+. ..
arg" T (R (24 ¢) — 1) g(2 4+ ¢) + aog" (R h(z+¢) — 1) g(2 +¢) = 0, which implies h? = 1,
where d = GCD(n+m+1,....,n4+m+1—4,...,n+1),ay,—; # 0 fori =0,1,...,m. Thus
f(2) =tg(z) for a constant ¢ such that t? = 1, where d = GCD(n+m+1,....n+m+1—1,...
ooyn+1), am—i # 0 for i = 0,1,...,m, which is the conclusion (1) of Theorem 1.1. If h
is not a constant then f(z) and g(z) satisfy the algebraic difference equation R(f,g) = 0, where

R(wi,w2) = wi(amwi® + amflw’lnfl + ...+ ap)wi(z + ¢) — wi(anwy® + am,lwghl + ...
...+ ap)wa(z + ¢), which is the conclusion (2) of Theorem 1.1.
3.2. Proof of Theorem 1.2. Substituting a; = ay = ... = a,, = 0 in P(w) and proceeding as

in the proof of Theorem 1.1, we complete the proof of Theorem 1.2.
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