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CHARACTERIZATION OF WEAKLY BERWALD FOURTH ROOT METRICS
XAPAKTEPU3ALIA CJIABKUX YOTUPUKOPEHEBUX METPUK BEPBAJIBJIA

In recent studies, it is shown that the theory of fourth root metrics plays a very important role in physics, theory of
space-time structures, gravitation, and general relativity. The class of weakly Berwald metrics contains the class of Berwald
metrics as a special case. We establish the necessary and sufficient condition under which the fourth root Finsler space with
an («, B)-metric is a weakly Berwald space.

B ocranHiX gociikeHHAX OyII0 BCTAHOBIICHO, I1I0 TEOPis YOTHPHKOPEHEBUX METPHK BiIirpae BaXKIIMBY poib y (i3uIli, Teopil
MIPOCTOPOBO-9aCOBUX CTPYKTYp, TpaBiTamii Ta 3aranbHiii Teopii BimHOCHOCTI. Kitac cmabkux metpuk bepBanbaa micTHTh
Kiac MeTpHuk bepBanbjia sik YaCTHHHMIN BHIIQIOK. BCcTaHOBIGHO HEOOXiIHY Ta JOCTAaTHIO YMOBY, 32 SIKOT YOTHPUKOPESHEBHIA
npocrtip Dincnepa 3 (o, 3)-MeTpuKoIo € cnabkuM npoctopom bepsaibia.

1. Introduction. In [15], Shimada developed the theory of m-th root Finsler metrics which applied
to biology as an ecological metric [1]. An m-th root metric is regarded as a direct generalization of
Riemannian metric in the sense that the second root metric is a Riemannian metric. The third and
fourth root metrics are called the cubic metric and quartic metric, respectively.

Recently studies show that the theory of m-th root Finsler metrics plays a very important role
in physics, theory of space-time structure, gravitation, general relativity and seismic ray theory
[9, 13, 14]. For quartic metrics, a study of the geodesics and of the related geometrical objects
are made by S. Lebedev [7]. Also, Einstein equations for some relativistic models relying on such
metrics are studied by V. Balan and N. Brinzei in [3].

In [18], Tayebi and Najafi characterized locally dually flat and Antonelli m-th root Finsler met-
rics. They showed that every m-th root Finsler metric of isotropic mean Berwald curvature reduces
to a weakly Berwald metric. In [19], they proved that every m-th root Finsler metric of isotropic
Landsberg metric reduces to a Landsberg metric. Then, they showed that every m-th root Finsler
metric with almost vanishing H-curvature satisfies H = 0. Recently, Tayebi, Nankali and Peyghan
defined some non-Riemannian curvature properties for Cartan spaces and considered Cartan space
with the m-th root metric [20]. For other recent papers, see [18-22, 26, 27].

Let (M, F) be a Finsler manifold of dimension n, TM its tangent bundle and (z7,%") the
coordinates in a local chart on 7M. Let F be a scalar function on TM defined by F' = v/A, where
A is given by

A= agn(@)y'y'y"y, ()
with a;;x; symmetric in all its indices [15]. Then F' is called an fourth root Finsler metric or an
quartic Finsler metric.

Let F' be a Finsler metric on a manifold M. The geodesics of F' are characterized locally by the
equation #(t) + 2G%(x,4(t)) = 0, where G? are coefficients of a spray defined on M denoted by

. . . 1. .

G(z,y) = yzw - QGZW' A Finsler metric F' is called a Berwald metric if G* = 511;,{:(56)(%‘7/‘C
Z Y

are quadratic in y € T, M for any z € M. Taking a trace of Berwald curvature yields mean Berwald

curvature E. A Finsler metric with vanishing mean Berwald curvature is called weakly Berwald
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metric [23]. In [2], Bacsé and Yoshikawa studied some weakly Berwald metrics. Then 1. Y. Lee
and M. H. Lee studied some weakly-Berwald spaces of special («, §)-metrics. In [23], Tayebi and
Peyghan studied the mean Berwald curvature of R-quadratic Finsler metrics. In [18], Tayebi and
Najafi showed that every m-th root metric of isotropic mean Berwald curvature is a weakly Berwald
metric. Recently, Najafi and Tayebi have found a condition on («, 3)-metrics under which the
notions of isotropic S-curvature, weakly isotropic S-curvature and isotropic mean Berwald curvature
are equivalent [10]. Accordingly, it is necessary to study the weakly Berwald fourth root metrics.
Let L* = cia® + c2a?B?% + ¢38* be a fourth root metric on a manifold M, where ¢; #0, cg # 0
c3 # 0 are real constants. Suppose that v = y/a;;(2)y’y’ be a Riemannian metric and § = b;(z)y’

a 1-form on M such that b? = b;b* # 0; then, we prove the following theorem.

Theorem 1.1. Let (M, F™) be a Finsler manifold of dimension n > 3 equipped with quar-
tic metric L* = cio* + cpa?B? + ¢35, where o = Vaij(z)y'y? be a Riemannian metric and
B = bi(x)y’" a 1-form on M. Then F™ is a weakly-Berwald metric if and only if there exists a
homogeneous polynomial of degree 1, namely V = viyi, such that the following hold:

si =0, Tij = W (b v; + bj UZ), 2)
Where
3
U:=—2ccy — fb4clcQ —2v%c[c3 and W := fb4c 0c3 — 12025 es + 3b%cl 3 — 6bcleacs

are real constants.

2. Preliminaries. Let M be an n-dimensional manifold C*°. Denote by 7, M the tangent
space at x € M, by TM = Uyepn T, M the tangent bundle of M and by T'My = TM \ {0} the slit
tangent bundle of M. A Finsler metric on a manifold M is a function F': TM — [0, 00) with the
following properties: (i) F' is C* on T My; (ii) F'(z, A\y) = AF(z,y) YA >0, y € TM; (iii) for
each y € T M, the following quadratic form g, on T M is positive definite:

, u,v € T,M.

s,t=0

g, (u,v) = % [FQ(y + su+ tv)]

Given an n-dimensional Finsler manifold (M, F'), then a global vector field G is induced by F'
on T'My, which in a standard coordinate (z°,y*) for TMj is given by

G=y2

; 0
—y@—%’ (z,y)

oy’
where G* = G(x,y) are called spray coefficients and given by following:

Gi:i PF* . OF?

47 Ak oyt Y et ®)

G is called the spray associated to F.

0
Define B, : T,M @ T,M @ T,M — T, M by By (u,v,w) := ;kl(y)ujvkwlT , where
HARP

i 33Gi
gkl =™ Oyi dykayl

ISSN 1027-3190. Vkp. mam. scypn., 2019, m. 71, Ne 7



978 T. R. KHOSHDANI, N. ABAZARI

B, (u,v,w) is symmetric in u, v and w. Based on the homogeneity of spray coefficients, we have
B,(y,v,w) = 0. B is called the Berwald curvature. A Finsler metric with vanishing Berwald
curvature is called a Berwald metric [11, 16].

Define the mean of Berwald curvature by E, : T, M ® T, M — R, where

By(,0) = 5 D 67 ()ay (By(w,v,).¢5). @
=1

The family E = {Ey},cra\ oy is called the mean Berwald curvature or E-curvature. In local
coordinates, Ey(u,v) := E;;(y)u'v?, where
1
Lij = B g
By definition, E,(u,v) is symmetric in u and v, and we have E,(y,v) = 0. E is called the mean
Berwald curvature. F' is called a weakly Berwald metric if E = 0.

3. Proof of Theorem 1.1. A Finsler metric L(x,y) is called («, 8)-metric if L is a positive-
homogeneous function of o and 3 of degree one, where a® = «a;;(z)y'y’ is a Riemannian metric
and B = B;(x)y’ is a one-form. The functions G’ of a Finsler space with an (o, 3)-metric are
given by 2G* = ~{, + 2B, where ’Y]i‘k stands for the Christoffel symbols in the space (M, «)

(see [8, 17, 24, 25]). Let G = 9;G" and G}k = 3kG§-. Then we have

where @Bi = Bji» and 8kB; = B;kl'
Then a Finsler space with an («, 3)-metric is a weakly-Berwald space if and only if B! =
= 0B™/0y™ is a one form.

Let us put
b = a'"b,, b2 = a"*b,bs, (5)
1 1
Tij = i(bi/j +bj/i)s Sij = §(bi/j —bji), (6)
ré» = a"rrj, 53 = a"srj, ri = byry, si = bysj. 7

Here, the symbol “/” denotes the h-covariant derivation with respect to the Riemannian connection
of (M, «). For Finslerian connections see [4, 5]. It is remarkable that if ;; = O then 3 is a killing
1-form and if s;; = 0 then §3 is a closed 1-from (see [12]).

According to [6], the necessary and sufficient condition for a Finsler space F™ with («, 3)-metric
to be a weakly-Berwald space is that G}, = 7, + B, and B} is a homogeneous polynomial in
(y™) of degree one which is given by following:

1

mo__ 2 * 2 2
Bm = W {2Q AC + 2a L) BS[) + « LLaLaa(CT()O + .DS() + ETO)} s (8)

where

A= (n+1)8La(BLoaLg — aLLaa) + av’L{a(Laa)® — 2LaLaa — @LoLaaa},  (9)
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B = a’LLa, (10)
C= 372 {_62([@4)2 + 2b2a3LaLaa - a272(Laa)2 + a272LaLaaa} > (11)
D =2a{f%(y* — 8*)LaLp — 0*B*y*LaLaa — 2a87°(v* +26) LgLaa} —
*043’)/4(110[&)2 - Q2B’74L6Lao¢a (12)
and
E =2a*3°L,Q, (13)
72 = bt - 3, (14)
o af(rooLa — 2asoLg) (15)
2(f*La + av?Laa)
0= 52[/04 + 0472Laa (16)
provided that 2 # 0.
In order to prove the Theorem 1.1, we need the following lemma.
Lemma 3.1. Let F™ be a Finsler space with an fourth root Finsler metric F(x,y). Then:
(1) In case of n = 2, F* is always written in the form
F4 = d10é4 + ngéQBQ,
with constants dy,dy by choosing suitable quadratic form o and one form [, where o may be

degenerate.
(2) In case of n > 3, if F is a function of a nondegenerate quadratic form o = aij(w)yiyj and
a one-form B = b;(x)y’ which is homogeneous in o and 3 of degree one, then F* is written in the
form
FY = cio* 4 cpa?B% + ¢35

with constants c1,co and cs.
Proof. (1) First, we consider two-dimensional Finsler space with a quartic metric. Putting
2

t:= y—l, the quartic metric L is written as follows:
Yy

4
(yl) = aq111 + daiiiat + 6ai1oot® + dajost® + 612222754(2 f(t)). (17)

In case of ageo # 0, the algebraic equation f(t) = 0 of the degree four with real coefficients has
always two real roots or four real roots or four complex roots.

Case A. If f(t) has two complex roots of z; and z9, then it is clear that Z; and Z, are roots of
f(t). Hence, we obtain

1 1
f(t) = a2 <t2 — §Re z1t + 7) <t2 — §Re Zot + 5) ,
where § := 29Z9 and «y := 21Z; are real numbers. Let us put
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af = (y*)* — %Re ay'y’ +9(y')? af = am {(y2)2 - %Re 2y'y’ + 5(y1)2} :
Hence, we get F* = o*. In the case of ag299 = 0 and a;;11 # 0, we have
f(t) = 4arg9ot® + 6ay100t® + 4ayiiat + a1
Indeed, f(t) has always at least one real root . Then we obtain
f(t) = (t —7)(daioat® + bt +¢),

where b and c are suitable real coefficients. Thus, we put

2

o = a2 (y®)® + by*y' +c(y')? and & =y* —y,

to get F* = o232,
If as999 = 0 and aj111 = 0, we have f(t) = 4(11222t3 + 6@1122t2 + 4ay112t. By putting

a? = 4ajo99(y*)? + 6a11220°y" + 4ar112(y")? and 5y =y' and Sy =y,

one can obtain F* = o232,
Case B. If f(t) has two real roots a1, as and two complex roots z,z, then we get

f(t) = a2 <t2 _ %Re 2zt + ’y> (t —ay)(t — ag),

where v = 2% is a real number.

By putting o = (y°)* — %Rezyly2 +7(y")? and & = age2{y* — a1y'} and 6y = y* — agy’,
we obtain F'* = o232, In this case, if as22 = 0, we have F* = o232, again.

Case C. If f(t) has four real roots, then we have F* = 5*. This contradicts with our assumption
where o may be degenerate. Consequently, for n = 2, F* is always written in the form F* =
= aa® + ba? 3.

(2) Now, suppose that F' be a homogeneous function of o and 3 of degree one, where «
is a nondegenerate quadratic form and S is an one-form. Then the Jacobian determinant
O(F, a, B)/0(y™, 32, y*) must be equal to zero for any different three indices of i1, ia, 3 = i, j, k, [.

For i1 =i, io = j and i3 = k, we have

2

a; a; ag
aigy® eyt agey®| =0
b; b; bi

which is a homogeneous polynomial of degree four in 3. Equating every coefficients of y®y"yy?

to zero, we get
Z Z {cia(bjarhed — brajnea)} ¢ =0, (18)
(ijk) \ (ahcd)

where the symbol Z(ijk){ ...} denotes the cyclic permutation of ¢, j, k and summation. Similarly,
for other indices, we have
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Z Z {ctia(bjarhed — brajnea)} ¢ =0,

(5k1) | (ahcd)

Z Z {ia(bjarhed — brajned)} ¢ =0,

(kti) | (ahed)
Z Z {ia(bjarhed — brajned)} ¢ = 0.
(lig) \ (ahcd)

Here we continue with the equation (18). It is similar to other relationships.
Suppose that (a?/) denotes the inverse matrix of («;;). Put

O arjkt = Dikts  VPjkt = prts Ve =pp,  blpe=p, BZ=0"b,,
s = qit, b =aq, bY'a=q=0a"prs, piana™ =g

Contracting (18) with a/?b* implies that

(n + 1)62aiahc + aia(phc - BQQhC) + aih(pca - BQQCCL) + aic(pah - BQQah)_‘_
+ nbi(bthc + bnqca + chah) - (n + 1)bipahc - n(bapihc + bpPica + bcpiah) =0. (19)

Multiplying (19) with b¢ yields, we have

B2Dian+ia(Ph—B2an) +in(Pa—B52qa) +1bi(Pan +baqn+b1a) — (n+1)bipan, —n(bapin+brpia) = 0.

Now, by contracting (20) with b%, we get e
ia(p = B2q) + 1bi(2pa + bag) — (0 + 1)bipa — npibe — (n —1)5pja = 0. 1)
From (21), we obtain
Pia = (n—ll)BQ {aia(p — B*q) + (n — 1)bipa + ngbiba — npiba } - (22)
Due to the symmetry property of p;, and «;,, from (21) one can get
pi = 7bi, (23)
where ~ is scalar. Also, contraction of (20) by a®* gives
qi = b, (24)
where 7 is scalar.
Substituting (23) in (22) yields
Pia = €1Qq + €2b;ba, (25)
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where e; and ey are certain scalars.
By putting (23), (24) and (25) in (20), we obtain

Diah = d10igby, + dacipby + d3bibe Sy, + €1, (26)
Now, substituting (23), (24), (25) and (26) in (19) yields

Qighe = T1iabpbe + To0inbabe + T30icbr by + Tactacbiby, + T50tanbebi + Totnbiba+

+e1(Qialhe + QinQea + Qictan) + T7bibabpbe, (27)
where 7;, 1 = 1,...,7, are scalars.
By (27), we have F'* = 3e;a*+ma?B2+773* where 7 is a linear combination of 73, i = 1,. .., 6.

Since it was assumed that F' is a function of « and [ alone, so it is obvious that e; and 7;,
1 =1,...,7, and then m must be constant.
Proof of Theorem 1.1. The fourth root Finsler metric L(«, 8) of F™ is given by

LY, B) = cra* + 20?8 + ¢358%, (28)

where c1, co and c3 are constants. Let us put

X :i=ca®+ %czﬁ% (29)
Y = %clcgof1 +3023%¢1c3 — %oﬂﬁ%g + 20302,84. (30)
Then we have

LPLy = aX, (31
LPLg = c33° + %cm%, (32)
L' Loo = Y32, (33)

LM Lo = —%o/ﬁ%?@ - 15@5640%03 —608%1c500 + gagﬁ%;’ — %aﬁgcgc;:,—l—
+6B8aclc§ + gﬁ4a5clcg. (34)

Substituting (31)—(34) in (9)-(16) and using (8), yield
&?BOB™ + o* B2 Urgy + o BArg + BYsy = 0, (35)

where @, ¥, A and Y are listed in Appendix 1.
It should be noted that

AL B8aSX2(LY2 X3 4+ 3L X?Y b + 3LAXY?a*b? + Y3505 — 3L8X2Y 32—
—6LIXY?0?b? 5% — 3Y3ab1B% + 3LAX Y21 + 3Y3a?b? B — Y36%) £ 0 (36)
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and
208%(XL* + ?Yb? — Y B%) #0 (37)

because it appears in the denominator of (8).
Thus, L* # 0 and X # 0. Analogously to the above, this implies ¢; # 0 and co # 0 and

c3 # 0. Suppose that F'" be a weakly-Berwald space, that is, B]) is hp(1). The term in (35) which

seemingly does not contain a? is

. 2
523 (—61)2016303 + 87

9
3+ bzc Sca 4 24c3c3cl — 18clc§‘c§) S0
only, and we must have hp(22) Vo such that
BPesy = a?Vay,

where o7 9
c= —6bcic3cl + gcgcg + ZbQC 3+ 24c3c3c} — 18¢i 5.

Analogously to the above, it implies that sg = 0.
Substituting sp = 0 into (35) implies that

(I)Brnrz + BWrgy + Arg = 0. (38)

Let us put

U:=—2ccy — fb40102 —2v%¢l 3,

T:= *b60102 +3b%cl 3 + 6b2cYeg + 4c).

Then only the term o2°(Urg + TB™) of (38) seemingly does not contain 3, and we must have
hp(20) Voo such that
a20(U7,0 + TBnn;L) = 5V20.

From a? # 0 (mod 3) and b? # 0, it follows that there exists a function k(x) such that
Uro + TB™ = k(z)B. (39)
Multiplying (38) with U and using (39) one can obtain
BUYry + Ak(z)5 + (U — AT)B], = 0. (40)
Dividing (40) by S implies that
UUrg + Ak(x) + SB;, =0, (41)
where

U — AT

S = 7

Let us put
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W = §1346 0c3 — 120%cfes + 3b%c] 3 — 6bc]cacs.
Since only the term a'8UWrqg + Uk(x)a?® of U¥rgy + Ak(z) in (41) seemingly does not contain
B, thus there exists hp(19) Vig such that
B (UWrgg + Uk(z)a?) = BVig.
Then there must exist hp(1) U; satisfying
UWrgo + Uk(x)a? = BU;. (42)

It is a contradiction and then k(x) = 0. Putting it into (41) implies that

UTrgo + BSB™ = 0. (43)
Then only the term o'BUWrgy of UWUrg in (43) seemingly does not contain /3. Then we must have
hp(20) Vo such that

aBUWre = fVao.
According to a? # 0 (mod 3) and b? # 0, there must exists hp(1) V = v;y’ satisfying

UWrg = BV.

Hence, we have

1

Too = WW' (44)

1
Conversely, let rgog = Wﬁv and sg = 0 hold. Then we have

1
"= auw
where 8 = b;(z)y’ and V = v;y*. Multiplying (45) by by’ implies that

——(bjv; + bjv;), s; =0, (45)

= Sy —— (B*V + ), i = ST —a vj + vpbj), (46)
where v, = v;b’. According to assumptions and by puttlng (46) into (35), we obtain
OB + —— 32V LA = 4
+ B V+2UW (b°V 4+ uB) = 0. 47
It is easy to see that only the term 2" (TB;”’,LL + ﬁbQ V) of ®B™M + WAIFV in (47) seemingly

does not contain 5. Then we must have hp(20) V5 such that

2w

The above shows the existence of a function g(x) satisfying

Voo = g(q:)azo.

(TBm + —52 ) = [Vap.

Then
1
m o _ 2
By = — BV 4 fg(e). (48)
Therefore, B]”" is hp(1) and, hence, the Finsler space with (28) is a weakly-Berwald space.

Theorem 1.1 is proved.
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4. Appendix 1.

27 3
¢ = aﬁzocgcz; +402°c) + 4L X2y 30 — 564,820010203 + 6?5203 c3cs — bQBZOC 1c5e3—

9
—5b2520c1c3c§ + 6080 828 c3 4 360802 B2l e + 210802 32 3 4 108a0b* B4 el A+

15 69 27
+—4 a16b4ﬁ4c?c% 5 at6p? gt ?cg —64a4b45160363 + 56&45166%03 § 4B16c‘rfc§ %
27 27
4616010203 + — 6l 262B18 32a2ﬂ18010203 + 40a25180‘;’c§cg 2ﬁ18026502

129
Zaltb1p8¢ics — 108a4b?85¢] 2 + —= 1 o285 5 — 800 B5¢] cacs — 10812018853 —

39 123 3
_Ea12b4686§cg - Q2023845 — 152128852y — - 10b4510 R = Q102310308 ¢
10 510 10 510 834 12 §8412 141 509010 2 7
+7201°81%8 e — 1760080 ey — 2160501 8123l + 61” b*pB 39 ¢ b= “cy
25 9 153
+78a% 2 c5ca — B¢l ches + 1440502815 el — o1 aSb? 1 e 5 4 320881 S eacd +

+36a°pMclc3c3 — 59a6,614010203 4360801 %l cac3 +930101 818 ez + 1320102 B4 ¢l coc3 —

195 99
132183 3ch + —= 1 a3 el + Ea4b45160102c3 + 1681?10l cach—
189
—1320%02B 53 3¢l — a4b26160%cgc§ + Ea4b2516010563 — 24021183 3+
39
Za2b451801620§ + 6002023183 e — 48002 B8 cich %—G— 2b25186 Sca+

432400 850 cac? + 1020101 85 c3es + 2580?80 c3es + 477&12b4ﬁ8c?c§c§—|—

219
+— 1 a2 B8cicaes — 3420202 88K eack + 3390202 83 ez — 3240 b B0 cac +

15
4486000 310} 32 — T 0181093 S e — 4590107 19 3k 4 30301002 51 0¢ ez —

1125 285
—1770481)‘%12011l % §+ 1 86461 % T aSpipi2e? 10203 +24a8b2512clcgc§

711 735
- 8b2ﬁ12 %—{— ) 8b2ﬁl2010203 288a6b4514c§‘020§—|—42a6b4ﬁl4c:fc§c§+

297 513
+Ta6b4514c%c5c2 6a6b4614010203 96a662ﬁ14c‘11c§§ 6b2,814c3c4c§—|—

7
—0441)251603 — 32a4ﬁ160?c§+

543
6b2ﬁ140102c 200416ﬁ4c c3 + 50a16640102 o

8
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243
+6—4a4ﬁlﬁclc§ + 3¢l + 60207 ey + 800808 eS + 2401238l 2 4 890238 i+

323
+71a10ﬁlocilcg+160&85126?634—?&85126? A 6 6b451469+ 6514clc;+

27
4 52 2 52 2 2 2 4 20 2 4
b 15} O¢ 2 3+ b 0 7 — 84 0 3C2C3+9ﬁ Oclc2c§

7 27
—§5200102C3 + 200418520102 + 6—4042,81802,

3
U = —LAX3Y?bleon — 3018 er 41890805 810  cacs — 18080551063 c3el + = 04866510020502

8b45106 687’1, 249 8b4610 4.2 .3

8b6B10010203 + 3608018103 cin + — 123 1Cy > cic5c3+

16
1167841 2 13184102
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