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THUITY XOMA

We study Virasoro-type extensions of the g-deformed Witt Hom — Lie superalgebras. Moreover, we provide the cohomology
of the g-deformed Witt— Virasoro superalgebras of the Hom type.

BuBuarotecs posmmpenHs tairy Bipacopo mis ¢-gedopmMoBaHuX BITTIBChKHX cynepairedp Xoma —Jli. Kpim Toro, HaBeneHO
KOTOMOJIOTiI0 ¢-IehopMoBanux cymnepanredp Bitra—Bipacopo tumy Xoma.

1. Introduction. The first instances of Hom-type algebras appeared in physics literature when
studying quantum deformations. The first examples deal with oscillator algebra and Virasoro al-
gebras. Various important examples of Lie superalgebras have been constructed starting from the
Witt algebra W. It is well-known that VW (up to equivalence and rescaling) has a unique nontrivial
one-dimensional central extension, the Virasoro algebra. This is not the case in the superalgebras
case, very important examples are the Neveu— Schwarz and the Ramond superalgebras. For further
generalizations, we refer to Schlichenmaier’s book [13]. The Neveu - Schwarz and Ramond super-
algebras are usually called super-Virasoro algebras since they can be viewed as superanalogs of the
Virasoro algebra. Their corresponding second cohomology groups with values in the adjoint module
are computed in [5]. One may found the adjoint valued second cohomology group computation of
Witt and Virasoro algebras in [9, 10, 12]. The g-deformed Witt superalgebra V¢ was defined in
[1] as a main example of Hom - Lie superalgebras. The cohomology and deformations of WW? were
studied in [2, 3]. The first and second cohomology groups of the ¢-deformed Heisenberg — Virasoro
algebra of the Hom type are computed in [6].

In this paper, we aim to study extensions of Hom—Lie superalgebras and discuss mainly the
case of W9 Hom-superalgebra. We provide a characterization of the Virasoro-type extensions of the
q-Witt superalgebra and study their cohomology. In Section 2, we review the basics about Hom - Lie
superalgebras and their cohomology. In Section 3, we give some observations about graded algebras
and Hom - Lie algebras. In Section 4, we discuss their extensions; and in Section 5, we describe the
q-Witt superalgebra extensions of the Virasoro type. Section 6 is dedicated to some computations
derivations of Virasoro-type extensions of ¢-Witt superalgebras and in Section 7, we deal with adjoint
cohomology.

2. Preliminaries. In this section, we recall definitions of Hom — Lie superalgebras, g-deformed
Witt superalgebra and some basics about representations and cohomology. For more details we refer
to [2].

Definition 2.1. 4 Hom - Lie superalgebra is a triple (G, [,-],«) consisting of a superspace G,
an even bilinear map [-,-]: G xG — G and an even superspace homomorphism «: G — G satisfying

[:I:)y] = _(_1)\:E||y|{y7x]7
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(—D)"H¥ [a(@), [y, 2] + (1) [a(z), [2,y] + (1) [a(y), [2,2]] =0,

for all homogeneous element x,y,z in G and where |x| denotes the degree of the homogeneous
element x.

2.1. A q-deformed Witt superalgebra. A q-deformed Witt superalgebra WW? can be presented
as the Zo-graded vector space with {L,, },,c7 as a basis of the even homogeneous part and {G), },ez
as a basis of the odd homogeneous part. It is equipped with the commutator

[Ln; Lm] = ({m} - {n})Ln-i-ma (2.1
(L, Gm] = ({m +1} - {n})Gn-i-m; (2.2)
1—qg™

where {m} denotes the g-number m, that is {m} =

. The other brackets are obtained by
—q

supersymmetry or are equal to 0.
The even linear map « on W1 is defined on the generators by

o(Ly) = (14 ¢") Ly, a(Gp) = (14 ¢"™HG,. (2.3)

For more details, we refer to [1].

2.2. Cohomology of Hom — Lie superalgebras. Let (G, |-, ], o) be a Hom—-Lie superalgebra and
V = Vi @ Vi be an arbitrary vector superspace. Let 3 € GI(V') be an arbitrary even linear self-map
on V and

[-,-]VIQXV—>V,
(9,v) = [g,v]v

a bilinear map satisfying [G;, Vv C Viy; where i, j € Zs.
Definition 2.2. The triple (V,[-, v, ) is called a representation of the Hom — Lie superalgebra
G = Go ® G1 or G-module V if the even bilinear map |-,y satisfies, for x,y € G and v € V,

Hxvy]ug(v)]v = [a(x)7 [ya UHV - (_1)|xHy| [a(y)7 [x, UHV' (2-4)

Remark 2.1. When [-, -]y is the zero-map, we say that the module V' is trivial.

Remark 2.2. (G,][,-],«) is a representation of the Hom-Lie superalgebra (G, [-, ], «), which
we call the adjoint representation of G.

Definition 2.3 [2]. The set C*(G, V) of k-cochains on space G with values in V is the set of
k-linear maps f: ®F G — V satisfying

f(x]_,...,fﬁi,xi+17...,xk):—(—1)|$ini+l|f(ﬂf]_,...,$i+1,$i,...7$k) for 1<i<k-1.

For k = 0 we have C°(G, V) = V. We denote the sets C*(G, G) by C¥(G).

A k-cochain on G with values in V' is defined to be a k-Hom-cochain f € Ck (G, V) if it is
compatible with « and 3 in the sense that 5o f = f o a. Denote C{;,B(g, V') the set of k-Hom-
cochain.
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Definition 2.4. We call 1-coboundary operator of Hom — Lie superalgebra G the map
061 Cha(G, V) = C24(G, V),  frd'f
defined by
36(H)(x,y) = =f (2. 9]) + (1) Wz, fy))y — (D)D) (2.5)

Definition 2.5. We call 2-coboundary operator of Hom - Lie superalgebra G the map
0 : Cap(G,V) = Cap(G,V),  fr8f
defined by
0G(f)(@,y,2) = = f(lw.y) a(2) + (=)W f([z, 2], a(y)) + f(alz), [y, 2])+
(=D (), fly, 2)lv — ()P [a(y), fe, 2)]v+

()R 0 (2), £, )y .6)

A straightforward calculation shows that §2 o §' = 0. We have with respect to the cohomology
defined by the coboundary operators

0g: Ch 5(G, V) = CHY(G, V), ke{0,1}.

The k-cocycles space is defined as Z¥(G) = ker (55.

The k-coboundary space is defined as B*(G) = Im 52‘1.

The k' cohomology space is the quotient H*(G) = Z*(G)/B*(G). It decomposes as well as
even and odd k" cohomology spaces.

3. Graded superalgebras. In this section, we give some observations about graded algebras
and provide a bracket characterizing Hom — Lie superalgebras.

Definition 3.1. Let A be a commutative group. A graded vector superspace of type A is a vector
superspace K = Ko @® K together with a family {K§ ® K{'}oea of subspace of K indexed by A,
such that K is the direct sum of the family {K§ & K{'}oea of subspaces. We set K* = K§ & Kf.
The elements of K are called homogeneous of degree «.

An even (resp. odd) linear map of graded superspace K = ®,ca K“ into a graded superspace
L = ®aeaL® is homogeneous of degree f3 if, for every a € A, we have f(K®) C L5,

3.1. A Za X Z-graded superspace. Let K a superspace over the field C. Consider the cochains
o€ CHK), e C(K)and v € End(K)p, n =k + 1 — 1. We define p ot € C"(K) by

¥o (¢>7)(Ula--- ,’Un) = Z 6(0)80(1“%(1)7- . 'ava(l))vfy(va(l-&—l))w -'77(’00(71)))7
o€Sh(l,k—1)
where €(o) is a sign determined by the rule v, (1) ... Vy(n) = €(0)v1 ... v, and Sh(l,k — ) are the
permutations in Z which are increasing on the first [ and the last £ — 1 elements.

The set C*(K) = &, °C*(K) has a natural Z, x Z-grading, with the bidegree of a homogeneous
element ¢ € C"(K) given by bideg(¢) = (]¢|,n—1). There is a natural bracket operation in C*(K)
given by

o, w0 =0 () = (~)PIRIHEDED g o (34471, ERY

By a simple calculation we obtain the following results.
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Proposition 3.1. Let d € C?(K) be an even super-skew-symmetric bilinear operator. The triple
(K,d,~) defines a Hom— Lie superalgebra if and only if [d, d]* = 0.

Proposition 3.2. Let (K,d,v) be a Hom-Lie superalgebra and f be a k-cochain. Then
55(f) = [d. f1.

These results generalize the observations in the classical case which may be seen in [9, 11].

3.2. Graded Hom - Lie superalgebras. A Hom-Lie superalgebra (G, [-,],«) is said to be
Z-graded if the superalgebra G is graded of type Z, «(G") C G" and [G",G™] C G"t™ for all
n, m € Z.

Example 3.1. The g-deformed Witt superalgebra is Z-graded by

deg L,, = deg G,, = n.

4. Construction of Hom - Lie superalgebras by extensions. An extension of a Hom-Lie
superalgebra (G, [+, -], &) by a representation (V,[-, -]y, ) is an exact sequence

0 — (V,8) —= (K,7) = (G,a) — 0

satisfying v 0 i =i 0o f and @ o m = 7 0 . This extension is said to be central if [K,i(V)]x = 0.
In particular, if K = G@V, i(v) = v Yo € V and 7(z) = = Vo € §, then we have
v(z,v) = (a(x), B(v)) and we denote

0— (V,5) — (K,y) — (G,a) — 0.

Now we shall determine the 2-cochains d such that (K, d,~) is a Hom—Lie superalgebra.

For convenience, we introduce the following notation for certain cochains spaces on K = GV,
C(G",G) and C (ngl, V), where GFEVL is the subspace of K k+l determined by products of k
elements from G and [ elements fromNV.

For f € CX(K,K), weset f = f+ f + f + v+ 0+, where f € C(G2,G), f € C(GV,G),
fec(v2,G),veC(G®V),v€C(GV,V)and v € C(V2 V).

Let d € C?(K) be an even super-skew-symmetric bilinear operator. If (K,d,~) is a Hom-Lie
superalgebra and V' is an ideal in K (i.e., d(K,V) C V'), we obtain by using the above notation:

d= 0,

d=0,

0 = [d,d]*(z,y,2) = ([c?,c?f(x,y,z);2[v7£lv]*(:z,y,z) + 2[@,@]*(m,y,z)> (i.e., [czglv}*(x,
y,z) € G and (2[1},@* —1—2[6,1)]*)(:6,3;,2) eV Vr,y,z € Q),

0= [d, d]*(z,y, w) = ([a,a]* +2[d,5]" + 2, v]*)(m,y,w) Y(z,y,w) € G2 x V,

0= [d,d]*(x,v,w) = 2[0,0]*(z,v,w) V(z,v,w) € G x V2,

0=[d,d*(u,v,w) = %[U,@]*(u,v,w) V(u,v,w) € V3.

Therefore we have the following theorem.

Theorem 4.1. A triple (K, d,~) is a Hom— Lie superalgebra if and only if the following condi-
tions are satisfied:

(g , c?, a) is a Hom - Lie superalgebra,
[v,giv]* + [v,v]* =0,
%[m}* 4 [d9]" + B, =0,
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[0,0]* =0,
(V,v,3) is a Hom— Lie superalgebra.
Corollary 4.1. If v = 0, the triple (K,d,~) is a Hom—Lie superalgebra if and only if the
following conditions are satisfied.:
(Q , J, a) is a Hom - Lie superalgebra,
(V, , [3’) is a representation of G,
v is an even 2-cocycle on 'V (with the cohomology defined by (g, c?, a) and (V7 v, B) )
Proof. Let (K,d,7v) be a Hom-Lie superalgebra and assume that © = 0. It follows from
Theorem 4.1 that (G, d, «) is a Hom - Lie superalgebra and

1. A~k T
§[U’U] + [d,7]" = 0.
By using (3.1) (for | = k = 2, (vq, v2,v3) = (z,y,u)), we have

—(=1)MT(O(, w), aly)) + (=1 HDEE(Y, u), a(2)) +B(d(, ), Bu) = 0.

Therefore,
B(d(z,9), B()) = B(ala), 5y, w) — (~1)=5(a(y), 3z, u).
Then v satisfies condition (2.4). Hence, v is a representation of G.
By Theorem 4.1, we have ([U,d]* + [, U]*)(m,y,z) =0 Vz,y,z € G.
Then, by using (3.1), we obtain

v(d(z,y), a(2)) — (1) (d(z, 2), a(y)) + (—1) WDy (d(y, 2), a(z))+
—|—’17(v(a:,y),oc(z)) — (—1)‘y|lz|6(v(aﬁ,z),a(y)) + (—1)‘x|(|y|+‘z|)i}\(v(y, z),a(x)) =0.

Consequently, the even 2-cochain ¢ is a 2-cocycle on V' (with the cohomology defined by (G, d, @)).

Theorem 4.2. Let (G, [, -], «) be Hom— Lie superalgebra and (V,[-, -]y, ) be a representation.
The even second cohomology space H3(G,V) = Z3(G,V)/B3(G,V) is in one-to-one correspon-
dence with the set of the equivalence classes extensions of (G,|.,.],a) by (V,[-,"]v, B).

Proof. Let (G ® V,d,v) and (G & V,d’,v) be two extensions of (G,[.,.],«). So there are
two even cocycles ¢ and ¢’ such as d((z,u); (y,v)) = ([x,y], [z, v]v + [u,yly + Lp(x,y)) and
@ ((@,u)i (y0)) = ([ ) [ vl + [yl +/(2,9) ).

If o — ¢ = 6'h(x,y), where h: G — V is a linear map satisfying hoa = S o h (ie.,
o — ¢ € B%(G,V)). Let us define ®: (G ® V,d,v) = (G V,d,~) by ®(z,v) = (z,v — h(z)).
It is clear that ® is bijective. Let us check that & is a Hom - Lie superalgebras homomorphism. We
have

d(®((z,v)), 2((y,w))) = d((z,v — h(z)), (y,w — h(y))) =
= ([z, 9], [z, wlv + [v,9]v — [=, h(y)lv = [b(@), ylv + ¢(2,y)) =
= ([z,y], [z, wlv + [v,ylv — 6" (h)(x, y) + @(x, y) — h([z,y])) =
= &(([z, 9], f(z,y))) =
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= ([z.9), [, wly + [v,9lv + ¢ (@,y) = h(lz,9]) =
= @([e,y), [z, wly + [v,9)v + ¢ (2)) =
= (d'((z,v), (y,w))).

We summarize the main facts in the following theorem.
Theorem 4.3. Let (V,[-, -]y, 3) be a representation of a Hom— Lie superalgebra (G, |.,.], o).
(1) Let

0— (V.8)—(G®V,7)—(G,a) — 0

be an extension of (G, |.,.],«) by a representation (V,[-,-|v,3), where ~y is defined by v(z,u) =
= (a(z),B(w)), forall x € G and w € V. Let d € C* (G ® V,G ® V), be an even 2-cochain.
The triple (G ® V,d,~) is a Hom— Lie superalgebra if and only if

(@, w); (9,0) = ([e,9], ool = (D)W, uly + (1)), (4.1

where @ is a even 2-cocycle (i.e., ¢ € Z*(G,V)o).

Q) If GV, [5]+ v +¢,7) and (GO V,[] + [,-]v + ¢',7) are two extensions of
the Hom— Lie superalgebra (G,|.,.],«) by a representation (V,|-, v, [3), then they are equivalent
extensions precisely when ¢ — o' € BY(G, V).

Remark 4.1. 1f ¢ = 0, the Hom - Lie superalgebra (G @V, d,~) is called the semidirect product
of the Hom - Lie superalgebra (G, d, «) and (V, [, -]y, B).

5. g-Deformed Witt— Virasoro superalgebras of the Hom type. The Virasoro algebra is the

1
central extension of the Witt algebra with the choice the 2-cocycle defined by 5(m) = E(m‘?’ —m).

The Virasoro algebra is spanned by {L,,: m € Z} U {c} such that ¢ is central, i.e., [¢c, L,,,] = 0 for
1
all m € Z, and [Lyn, L] = (m — n)Lyp + 5n+m7oﬁ(m3 —m)c (see [10, 12]).
The Neveu-—Schwarz superalgebra [5] can be presented as the Zs-graded vector space with
{Ln, D}nez as a basis of the even homogeneous part and {F},}, .1, as a basis of the odd homo-
2

geneous part. It is equipped with the commutator

(n+1)n(n—1)

[L’m Lm] = (m - n>Ln+m + 3

5n+m,0D7

1
Ly, Fp] = <2m — n> Foim,

1 1
[Fhn, ] = 2Lpqm + 3 (n2 _ 4>§n+m,0D,
and the property that D is central. The Ramond superalgebra (see [5]) has {L,,, D},cz as a basis
of the even homogeneous part and {F}, },cz as a basis of the odd homogeneous part. It is equipped
with the commutator
n3

[Lna Lm] = (m - n)Lner + §5n+m,0Da

1
[Lm Fm] = (2m - TL) Fn—i—ma
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1
[Fru Fm] = 2Ln+m + 5”25n+m,0D;

where D is defined central.
The g-deformed Heisenberg— Virasoro algebra H of the Hom type [6] is a complex Hom —Lie
algebra with basis {Cr,Cr,Crr, Ly, I, € Z} with the following relations:

—-n

(L, Lin) = ({n} = {m}) Lnm + 6n+m,0m{n + 1H{nH{n - 1}C1,
Ly In] = —{m} o + 5n+m,0(123_;){n + 1R},
2q—"
[Ina Im] = 6n+m,0m{n}cla

[Lyn,CL] = [I,,,CL] =0, [Lyn,Cri] = [In,CrL1] = 0, [Lyn,Cr] = [In,Cr] =0,
a(Ly,) =1 +4")Ly, ally) = 1+¢")1,.

Now, we describe central extensions of g-deformed Witt superalgebra WW? (see subsection 2.1).
We recall first the following result describing its scalar cohomology.
Theorem 5.1 [2]. We have

H*(W1,C) = Clpo] @ Clenl,

where
1 1+¢ {n+1}Hn}Hn -1}
LnaLm = 5n m )
2ol ) = Srtmo e S {312}
SDO(LTM Gm) = 07 300<Gn7 Gm) = 07
and
1 1442 1 -1
L B B RS U | S,
(Pl(Lru Gm) = "1+ q" {3}{2}
_5n+m,71901(L7m Gm), if n<O,
©1(Ln, L) =0, ©1(Gn, Gm) = 0.
Let
0— (V,8)—WiaV,7)—(G,a) —0
be a central extension of (W9, ][.,.],«a) by a representation (V,[-, ]y, 3), where 7 is defined by
v(z,u) = (a(z), B(w)), forall z € W? and u € V.
As a central extension, we have [-, -]y = 0 and

a((w,u)s (g 0) = (le gl o oly = (DM g,y + p(2,9)) = (f2,9] 0(2,9)),
where the bracket [-, -] is defined in (2.1) and ¢ is an even 2-cocycle in Z2(W, V).
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Suppose that V' is finite dimensional. Let (ug, ..., u,) be a basis for Vj and (w1, ..., w,,) be a
basis for V. Since ¢(x,y) € Vp for all (z,y) € V; x V; and ¢(z,t) € Vi for all (z,t) € Vo x V3
or (z,t) € V1 x Vp, one can assume ¢(z,y) = Z:_l er(z,y)ur and p(z,t) = 27:_1 fre(z, t)wy.
It easy to check that e;, and f, are 2-cocycles with value in C. Hence, by Theorem 5.1, there exist
co € Vo and ¢; € Vi such that o(Ly, L) = @o(Ln, Lm)co and o(Ly, Gr) = @1(Ln, G-
Consequently, we obtain a ¢-deformed Witt— Virasoro superalgebra W of the Hom type defined by
the following bracket and linear map:

1 1+¢ {n+1H{n}Hn -1}

d(Lna Lm) = ({m} - {n})Lner + 5n+m,0 qn_2 1+qn {3}{2} €o,
B 1 1+¢ {n+1}{n}{n-1} :
d(an Gm) = ({m + 1} - {n})Gner + 6n+m,71 qn72 1+ qn {3}{2} c, if n> 0,
d(Ly,Gp) =
B 1 1+¢ {-n+1}{-n}{-n-1} :
= ({m +1} - {n})Gn-‘rm — Ontm,—1 " 214q" 3112} ¢, if n<O0,

d(Gn,Gm) = [Gn,CO] = [Gn,cl] = [Ln,Co] = [Ln,Cl] = 0,
YLn) = A4q")Ln,  Y(Gn) =1 +¢" Ly, y(w)=c, ya)=c.

Remark 5.1. The even 2-cocycles ¢ may be written in the form ¢ = @ocg + p1c1.
Remark 5.2. The set of even 2-cocycles on V' is

Z2(Wq, V)() = {)\0@060 + A1picr: Ao, A1 € (C}.
Remark 5.3. The set of odd 2-cocycles on V' is
Z2W1, V)1 = {Xowict + Aigocr : Ao, A1 € CJ.

Proposition 5.1.
Z2W,V); c BY(Wa). (5.1)

Proof. Let w; € Z2(W4,V);, i € Zs. Then there exist some number g, \; € C such that
w; = Aowico + A1pit1C1-
We define the linear map v : V' — V by v(cp) = Aoco and v(c1) = Aicy. Then
85:(0) (2, y) = =02, y)) = —owo(z, y)co — w1z, y)er = —wo(z, y).
We define the linear map v : V- — V by v1(co) = A1cq and U1 (c1) = Agcp. Then
8= (1) (2, y) = =Bi(p(@, ) = =Aipo(, y)d = Aogr (2, y)co = —wi (@, y).

Remark 5.4. The Hom - Lie superalgebra Wi is Z-graded by

deg(L,) = deg(G,) = n, deg(cp) =0, deg(c1) = —1.

ISSN 1027-3190.  Vkp. mam. scypn., 2019, m. 71, Ne 11



COHOMOLOGY OF ¢-DEFORMED WITT - VIRASORO SUPERALGEBRAS OF THE HOM TYPE 1547

6. Derivations of g-deformed Witt— Virasoro superalgebras of the Hom type. Recall that
an «"-derivation D of a Hom-Lie superalgebra (G, [-,-],«) is a linear homogeneous map in G
satisfying D oo = a o D and

D([x,y]) = [D(x),a" (y)] + (~1)IP[a” (), D(y)].

Notice that D is an a”-derivation if and only if D is a 1-cocycle associated to the adjoint represen-
tation.
Let 0 — (V,8)—(K,d,v7)—(G,a) — 0 be an extension of (G,d, ) by a representation
(V,\,8), where K =G®Vandd =6+ X+ ¢ (0 € Z%(G, V)o)-
6.1. Derivations of K. Let f € C}(K,K) and set f = f + f + v + 0 where f € CL(G,G),
€ CY(V,G), v € C1(G,V) and ¥ € CY(V,V). For f € C(K, K), by Proposition 3.2, we have
( ) = [ f]*. Then
(f is aderivation of K) < ([d, f]* =0). (6.1)

Let f be a derivation. For all z,y € G, we obtain

0= [d.f1"@.y) = ([6.7] @ 9) + [, FT @), 16 + A0 (0,9) + [0, F +7] (@,9) ).

o, [0, F]"(x,v) + [0, F]"(w,9) = 0 and [6 + A\, v]*(z,y) + [, f + 7] (z,y) = 0.
Forall z € G, u € V, we get

~ ~

0=[d, f](,v) = ([6 4+ F]"(@.0), [\ F+ 9] (@,0) + [0, ] (20)).

So, [§+ A, f]"(z,v) =0 and [\, f+73]"(z,v) + [0, F ] (z,v) =
For all © € V, we obtain

0= [d, fl(u,0) = [\, 1" (u,v).

Then, under previous assumptions, we have the following theorem.
Theorem 6.1. Let D: K — K be a 1-Hom-cochain then, D is a o°-derivation of K, if and
only if D satisfies

(0.7 + [ 1) @w) =0, (6.2)
(lo T +3]" + [0+ A 0] ) (@) =0, (6.3)
[6+ A, f]" (z,0) =0, (6.4)

(A F+2)" + [0, FT7) @0) = 0, (6.5)
([)\, f]*) (u,v) = 0. (6.6)

6.2. Derivations algebra of wa. First, we recall a result about a-derivations of the Hom - Lie
superalgebra W1 (see [2] for the proof).
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Lemma 6.1. The set of o®-derivations of the Hom — Lie superalgebra W1 is
Der,o(W1?) = (D1) & (D2) & (Ds3) @ (Da),
where D1, Dy, Do, D3, and D, are defined, with respect to the basis, as
Di(Ly) = nLy, D1(Gr) = nGhp,
Do(Lp) =0,  Da(Gy) = Gy,
Ds(Ly) = nGp_1, D3(Gr) =0,
D4(Ly,) =0, Ds(Gp) = Lp41.

Lemma 6.2.

~

(f is an o’-derivation of )7\/\‘1) = (f = 0).

Proof. Let f be an a-derivation of Wa.
By using (6.4) and A = 0, for all v € V, we have

[6, ] (Ln,u) =0 YneZ=

~

= —(=D)llES(F(u), a(Ln)) =0 VneZ=

~

= [f(u),L,] =0 VneZ=

~

= f(u) =0.

In the following, we provide the a-derivations of Wi explicitly.
Proposition 6.1. The set of a'-derivations of W1 is

Deraof\/\q) = (D1) ® (D) ® (D3) ® (Da),
where D1, D1, Da, D3, and Dy are defined, with respect to the basis, as
Di(Ly) = nLy, D1(Gp) = nGy, Di(c;) = 0,
Dy(Ln) =0,  Dy(Gn)=Gn,  Dac;) =0,
D3(Ln) = nGp-1,  D3(Gn) =0,  Ds(c;) =0,
Dy(Ly) =0, Di(Gp) = Lpy1, Dy(c;) =0,

fori=0,1. N B
Proof. By f = 0 and (6.2), we obtain [5, f]*(az,y) = 0. Therefore, f € Deryo(W?). So, by
using Lemma 6.1, we get N
f e (D) ® (D2) ® (D3) ® (Dy).

If f:is even, there exist A1 and Ag satisfyingf: MDDy + Ao Ds.
If f is odd, there exist A3 and A4 satisfying f = A3 D3 + Ay Djy.
By using (6.3) and A = 0, we get
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(e 747+ [6,0) ) ) = 0=

= o(f(@),y) — (=D o(f(y), 2)) — 0(e(z,y)) — v(d(z,y)) =0. (6.7)

Taking (x,y) to be (Ly, L) and (L, G) in (6.7), respectively, we have

o(F(Ln), Li) — o(F(Lk), Ln) = 0(o(Lns Liy)) — v(6(Ln, Li)) = 0, (6.8)

@ (F(L1), Gn) = @ (F(Gu), L) = B(p(Ln, Gn)) = v(8(Li Gn) = 0. (6.9)
Since ¢ = @gco + @i1cy, it is easy to verify the following properties:
@(L1,2) =0 VYoeWd,
@(Ln,Ly) =0 Vn+k#0,
o(Ln,Gr) =0 VYn+k#—1.

Setting £ = 1 in (6.8), we obtain v(L,+;) = 0, n # 1. Taking (n,k) = (1,0) in (6.8), we have
v(Ly) = 0. Setting £k = 1 in (6.9), we get v(Gp11) = 0 Vn # 0. Taking (n,k) = (2,—1) in
(6.9), we obtain v(G1) = 0. Consequently, v = 0. Taking k¥ = —n in (6.8), by using v = 0
and f = MDj + \aDy, we have v(D) = 0. Taking k = —n — 1 in (6.8), by using v = 0
and f = MD1 + A2Dg, we obtain ©(d) = 0. Taking k& = —n in (6.8), by using v = 0 and
f = A3Ds + \yDy, we get v(D) = 0. Taking k = —n — 1 in (6.9), by using v = 0 and f =
= A3D3 + Ay Dy, we have v(d) = 0. Consequently, v = 0. Hence, one can deduce that f = f

Remark 6.1. We have 65 (a) = [a~*(a),] = 0 for all a € G. Then
H'(G) = 21(G)/B°(9) = Derao(G).

7. Second cohomology of g-deformed Witt— Virasoro superalgebra of the Hom type with
value in the adjoint module. Let f € C?(K) be a homogeneous 2-cochain. By (2.6) and Propo-
sition 3.2, we obtain [d, f]* = Sx(f). Weset f = f+ f+ f+v+70+77 where f € C%(G,G),
Fech (GV,G), feC¥(V,G) veC(G,V), 5 et (GV,V), and T € C2(V, V).

In this case, for all x,y,2z € G, u,v,w € V, we have

d, f1*(z,y,2) = ([5,ﬂ* + [, ]?]* + [0+ A\ v]" + [QO,J?-I- @]*>(x,y,z),
([0.7) + [0 7] )@,y 2) € 6.
([5-1— Aot + [%f—l— i)\]*>(az,y,z) ev,

o~ ~

d, f1"(z,y,w) = ([&f F O] 4 o FI N F+ F ]+ [, F+ 5+U]*)(x,y,w),
([5,7}* + ([/\, F+T+0*+ [cp,?+@]*)(x,u,v) =0,
[d, f]*(u,v,w) = 0.
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Proposition 7.1. f € Z%(K) if and only f satisfies the following conditions:

(0.7 + [0 71" @y, 2) =0, (7.1)

(164 70)"+ [0, F+7]) (5,9,2) =0, (72)
([5 + M 17+ [«P,ﬂ*)(x,y,v) =0, (73)

<[5 N0 N A+ e @]*) (z,y,v) =0, (7.4)
[0, f" (2, u,v) =0, (1.5)

(0 F+T+0 + o T+ 7)) (@,u,0) =0, (7.6)
I\, T (w0, w) = 0. (7.7)

Corollary 71. 1. If f = f~', then

[63 ﬂ*(l',y, Z) =0,
feZ2(K) <] [, ] (x,y,2) =0, (7.8)

[)\, f]*(x,y,v) = 0.

2. If f =w, then
(f € Z2(K)) & (f € Z*(G,V)). (7.9)

3. Iff\z 0, then N
(f € Z2(K)) = (f € Z%(G,V)). (7.10)

Lemma 7.1. R
(f € ZQ(K)) = (fEO and 750).

Proof. Let f € Z 2(K) be a homogeneous 2-cocycle of degree s. Since A = 0, by using (7.3),
we obtain ([(57 f]* + [907?]*)(1.717%7717”) = 07 where deg(xn) =n, deg(:cm) =m, v & {00701}-
Thus,

~ ~ ~

_(_1)IIMHUI[f(xm'U)7a(xm)] + [f(xﬂhU)v O‘(mn)] + f([mn; xmLU) + f(()o(xnv xm), U) = 0.
(7.11)

Letg=f (-,c0) and h = f (-, c1). Given a super-skew-symmetric bilinear map f and ¢y an even
element of V, we have f(co,co) = 0. Then, if we take (2, Zm,v) = (Lp, Lim,c) in (7.11), we
obtain g([Ly, Ly]) = [¢(Ln), a(Lym)] + [@(Ly), g(Lm)]. Hence, g is an a-derivation. Since the set
of a-derivations is trivial (see [2]), then g(L,) = 0.

We assume ﬁ{st that f is an even 2A-cocycle of degree s. ‘We can assume that f (Ln,Gp) =
= bs,n,st-l-n-l-pa f(C(), Gp) = bs,st-l-pv f(Cl, Lp) = als,pLS-‘y—pa f(d7 GP) = b{s,pGS-i-p and f(cla Cl) =
= ¢/, Ls_o. Then, by (2.1), (2.3) and Remark 5.1 and by taking the triple (zy,, Ty, v) to be (Ly, G, co),
and (L, Gy, c1) in (7.11), respectively, we obtain
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—bsm(1+ qn)({s +m+1} - {n})Gs+m+n + ({m + 1} — {n})bS,n+mGn+m+s+

+5n+m,—lbnf<cl7c(]) =0, (7.12)
@ (1 4+ ") ({m} = {n+ s} Gnamss — Vo n(L+¢"){s + m+ 1} = {n})Gormin+
({m + 1} - {n})bls,n-i-mGn—i-m—i-s + 5n+m,—1bn?(cla Cl) - 07 (7~13)
where )
11 —
b k=1
b= 4q" *1+4q" {312}

—b_n, if n<O.
Letting, in (7.12), respectively, m = —1; m = -1, n =0, s #0; s =0, n = 0; s = 0,
n=—1, m= —1, we obtain by ,,—1 = (1 + q")q1 __q(i bs,—1 (n # 0); b, _; = 0 hence bs 1 =0

Vs % 0; bom = 0 Ym # —1; bp,—1 = 0. Consequently, f(co, Gp) =0 and f(c1,c0) = 0.
Setting (2., T, d) = (Ln, L, d) in (7.11), and since f(c1,cq) = 0, we have

W[ Lund) = [(Ln), (L)) + [0 L), h(L)].

Then h is a a-derivation of W,. Therefore, h(L,) = 0, i.e., a,, = 0 Vs,n € Z. Therefore, we can
rewrite (7.13) as follows:

—b;,m(l—&—q”) ({s+m+1}—{n})Gs+m+n+({m+1}—{n})b’s7n+mGn+m+s+bncsLS_2 =0. (7.14)

Hence, we deduce that ¢, = 0 and

(I + ) {s+m+1} —{n}) + ({m+1} = {n})b, 1 = 0. (7.15)

Letting, in (7.15), respectively, m = =1, n =0; m = —-1; s =0, n =0; s =0, n = —2,
m = 1, we obtain by _; = 0 (s # 0); b, 1 = g -1 =0 (s #0, n# 0);
0m =0 (m#—1); by 4 = (1+q )by = 0.

Similar computations are done if the 2-cocycle f is odd, which ends the proof.

Lemma 7.2.

(fe Z2(VV\‘1)) = (v=0 and v=0).
Proof. By Lemma 7.1 and (7.4), we obtain ([d, 0]* + [, 0]*) (2, Zm, v) = 0. Then

V([@n, Tm], v) + 0(o(Tn, Tm),v) = 0. (7.16)

By taking various triples (z,, z,,,v) with elements of the basis, we get the conclusion.
Theorem 7.1. The second group of YW1 with coefficients in the adjoint representation is equal
to zero:

H2(Wi) = {0}.

Proof-  Let us recall that second cohomology group of W7 with coefficients in the adjoint
representation is equal to zero: H*(W?) = {0} (see [3]).
By (7.1) and Lemma 7.1, we obtain [67 f]* =0.

ISSN 1027-3190.  Vkp. mam. ocypn., 2019, m. 71, Ne 11



1552 A. MAKHLOUF, N. SAADAOUI

So, f e Z2(W9). With H?*(W?) = {0}, the 2-cocycle f is trivial. Then there exists a linear

map h: W? — W4 such that f = 8}y, (h).

By Lemmas 7.1 and 7.2, we obtain f = ]7+ v. We deduce

f = 6bal(h) +v.

Therefore, f = 5117v\q(h) + w, where w(W9,Wq) C V. So

feZ? W) =0 (f)=0=

= 02 (0L (h)) + 6%, (w) = 0 =

q

References

1.

10.
11.
12.

13.
14.
15.

16.

Ammar F., Makhlouf A. Hom-Lie algebras and Hom—Lie admissible superalgebras // J. Algebra. — 2010. — 324,

Ne 7. - P. 1513 -1528.

Ammar F., Makhlouf A., Saadaoui N. Cohomology of Hom - Lie superalgebras and g-deformed Witt superalgebra //

Czechoslovak Math. J. — 2013. — 63, Ne 138.

Ammar F., Makhlouf A., Saadaoui N. Second cohomology of g-deformed Witt superalgebras // J. Math. Phys. —

2013. - 54.

Fialowski A., Penkava M. Extensions of (super) Lie algebra / Commun. Contemp. Math. — 2009. — 709.

Hijligenberg N., Kotchetkov Y. The absolute rigidity of the Neveu— Schwarz and Ramond superalgebras // J. Math.

Phys. — 1996. - 37.

Yongsheng C., Hengyun Y. Low-dimensional cohomology of ¢-deformed Heisenberg — Virasoro algebra of Hom-type //

Front. Math. China. — 2010. — 5, Issue 4. — P. 607 —-622.

Larsson D., Silvestrov S. D. Quasi-hom-Lie algebras, central extensions and 2-cocycle-like identities // J. Algebra. —

2005. — 288. — P. 321 -344.

Makhlouf A., Silvestrov S. D. Hom-algebra structures // J. Gen. Lie Theory and Appl. — 2008. — 2, Ne 2. — P. 51 -64.

Fialowski A., Schlichenmaier M. Global deformations of the Witt algebra of Krichever—Novikov type // Commun.

Contemp. Math. — 2003. — 5, Ne 6. — P. 921 -945.

Fialowski A. Formal rigidity of the Witt and Virasoro algebra // J. Math. Phys. — 2012. — 53, Ne 7.

Michel P Lo, algebras and their cohomology // arXiv. 95120114, — 1995.

Schlichenmaier M. An elementary proof of the vanishing of the second cohomology of the Witt and Virasoro algebra

with values in the adjoint module // Forum Math. — 2014. — 26, Ne 3. — P. 913 -929.

Schlichenmaier M. Krichever—Novikov type algebras // De Gruyter Stud. Math. Theory and Appl. — 2014. — 53.

Sheng Y. Representations of Hom - Lie algebras // Algebr. Represent. Theory. — 2012. — 15, Ne 6. — P. 1081 -1098.

Scheunert M., Zhang R. B. Cohomology of Lie superalgebras and their generalizations // J. Math. Phys. — 1998. — 39,

Ne 9. — P. 5024-5061.

Yau D. Enveloping algebra of Hom - Lie algebras // J. Gen. Lie Theory and Appl. — 2008. — 2, Ne 2. — P. 95-108.

Received 26.12.16,

after revision — 16.09.17

ISSN 1027-3190.  Vkp. mam. ocypn., 2019, m. 71, Ne 11



