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LINEAR AND NONLINEAR HEAT EQUATIONS ON A p-ADIC BALL*

JIHIMHE TA HEJIIHIMHE PIBHSIHHSI TEILJIOITPOBITHOCTI
HA p-AJIMYHINA KYJII

We study the Vladimirov fractional differentiation operator D%, o > 0, N € Z, on a p-adic ball By = {z € Qp:
|z]p < pv }. To its known interpretations via the restriction of a similar operator to Q,, and via a certain stochastic process
on By, we add an interpretation as a pseudodifferential operator in terms of the Pontryagin duality on the additive group
of By . We investigate the Green function of D% and a nonlinear equation on By, an analog of the classical equation of
porous medium.

BuBuaerhes oneparop Biagumuposa nudepeniiroBanns apobosoro nopsaky DR, a > 0, N € Z, na p-aauuHii Kyii
By ={z €Q,: |z|, <p"}. Jo iioro BinomMux inTepuperauiii y TepMiHaX 3By)KeHHS IONIGHOTO ONEPATOpa, BU3HAYEHOIO
Ha Qp Ta uepe3 neskuil BUMAAKOBHUIA mporec Ha By, MU JomaeMo iHTeprpeTauilo y BUDIAAL IceBIoAn(epeHLiabHOrO
omeparopa B TepMiHax jayanbHocTi [ToHTpsriHa Ha aguTuBHiK rpyni By . Buedeno ¢yHnkuiro I'pina Ha DY, Ta HemiHiliHe
piBHSHHS Ha By, 10 € aHAJIOTOM KJIACHYHOTO PIBHSHHS IIOPUCTOTO CEPEIOBHIIIA.

1. Introduction. The theory of linear parabolic equations for real- or complex-valued functions on
the field Q, of p-adic numbers including the construction of a fundamental solution, investigation
of the Cauchy problem, the parametrix method, is well-developed; see, for example, the monographs
[16, 21]. In such equations, the time variable is real and nonnegative while the spatial variables are p-
adic. There are no differential operators acting on complex-valued functions on Q,, but there is a lot
of pseudodifferential operators. A typical example is Vladimirov’s fractional differentiation operator
D%, a > 0; see the details below. This operator (as well as its multidimensional generalization,

a/2 of real

the so-called Taibleson operator) is a p-adic counterpart of the fractional Laplacian (—A)
analysis.

Already in real analysis, an interpretation of nonlocal operators on bounded domains is not
straightforward; see [3] for a survey of various possibilities. In the p-adic case, Vladimirov (see
[19]) defined a version D% of the fractional differentiation on a ball By = {z € Q,: |z|, < pV}
as follows. One takes a test function on By, extends it onto (@, by zero, applies D, and restricts
the resulting function to By . Then it is possible to consider a closure of the obtained operator, for
example, on L?(By).

In [16] (Section 4.6), a probabilistic interpretation of this operator was given. Let &, (¢) be the
Markov process with the generator D on Q. Suppose that £,(0) € By and denote by S&N) (t) the
sum of all jumps of the process &,(7), T € [0,¢] whose p-adic absolute values exceed p. Consider
the process 7,(t) = &q(t) — §&N) (t). Due to the ultrametric inequality, the jumps of 7, never exceed
p™V by absolute value, so that the process remains almost surely in By. It is proved in [16] that the
generator of the Markov process 1, on By equals (on test function) DY, — AI, where

-1
A= pf—i-l _ 1pa(17N)'

In [16] (Theorem 4.9) the corresponding heat kernel is given explicitly.
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194 A. N. KOCHUBEI

In this paper we find an analytic interpretation of the latter operator using harmonic analysis
on By as an (additive) compact Abelian group (this group property, just as the above probabilistic
construction, is of purely non-Archimedean nature and has no analogs in the classical theory of partial
differential equations). We give an interpretation of DY, — Al as a pseudodifferential operator on
By, then consider it as an operator on Ll(B ~) and study its Green function, the integral kernel of
its resolvent. The choice of L!(By) as the basic space is motivated by applications to nonlinear
equations.

The first model example of a nonlinear parabolic equation over Q, is the p-adic analog of the
classical porous medium equation:

Z‘era(@(u))—o, u=u(t,z), t>0,2€cQ, (1.1)

where @ is a strictly monotone increasing continuous real function on R. Its study was initiated in
[13]. Here we consider this equation on B, taking the operator DY%; instead of D“:

?; + D% (®(u)) = 0. (1.2)

As in [13], our study of Eq. (1.2) is based on general results by Crandall —Pierre [10] and
Brézis — Strauss [6] enabling us to consider this equation in the framework of nonlinear semigroups
of operators. Following [3] we consider Eq. (1.2) also in L7(By), 1 < v < o0.

An important motivation of the present work is provided by the p-adic model of a poropus
medium introduced in [14, 15].

2. Preliminaries. 2.1. p-Adic numbers [19]. Let p be a prime number. The field of p-adic
numbers is the completion Q,, of the field Q of rational numbers, with respect to the absolute value
||, defined by setting |0[, = 0,

) m

lz|, =p " ifz :p"g,
where v,m,n € Z, and m,n are prime to p. Q, is a locally compact topological field. By
Ostrowski’s theorem there are no absolute values on @@, which are not equivalent to the “Euclidean”

one, or one of | - |,.
The absolute value |z|,, € Q,, has the following properties:

|z|, = 0 if and only if z = 0,

’$y‘p = ‘5U|p : ‘y’]H
|z + ylp < max(|z|p, [ylp)-

The latter property called the ultrametric inequality (or the non-Archimedean property) implies
the total disconnectedness of Q,, in the topology determined by the metric |z — y|,, as well as many
unusual geometric properties. Note also the following consequence of the ultrametric inequality:
&+ ylp = max([zly, lyly). if |l # [yl

The absolute value |z, takes the discrete set of non-zero values pv, N € Z. If |z|, = p', then
x admits a (unique) canonical representation

:U:p_N (m0+x1p+x2p2+...), 2.1)

where xg,z1,22,... € {0,1,...,p — 1}, ¢ # 0. The series converges in the topology of Q,. For
example,
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LINEAR AND NONLINEAR HEAT EQUATIONS ON A p-ADIC BALL 195

“1=(p-D+@E-Dp+p-Dp*+..., [-1,=1
We denote Z), = {z € Q,: |z|, < 1}. Z,, as well as all balls in Q,,, is simultaneously open and
closed.
Proceeding from the canonical representation (2.1) of an element x € ), one can define the
fractional part of x as the rational number

(2} 0, if N<0 or x =0,
T =
P p N (:1:0+x1p+...+xN,1pN_1), if N >0.

The function x(z) = exp(27mi{z},) is an additive character of the field @,, that is a character of its
additive group. It is clear that x(z) = 1 if and only if |z|, < 1.

Denote by dx the Haar measure on the additive group of Q, normalized by the equality / dr =
ZP
=1.

The additive group of Q,, is self-dual, so that the Fourier transform of a complex-valued function
f € L'(Q,) is again a function on Q, defined as

(FF(E) = / £ (26) f () da.

Qv

If Ff € L'(Q,), then we have the inversion formula

f@) = [ x(-we)F(e)de.
Qp
It is possible to extend F from L'(Q,) N L?(Q,) to a unitary operator on L?*(Q,), so that the
Plancherel identity holds in this case.

In order to define distributions on Q,,, we have to specify a class of test functions. A function f :
Qp — C is called locally constant if there exists such an integer [ > 0 that for any = € Q,

fla+a') = f(x) if || <p™"

The smallest number [ with this property is called the exponent of local constancy of the function f.
Typical examples of locally constant functions are additive characters, and also cutoff functions

like
1, if <1
o - {1 T el <1,
0, if [zl > 1.

In particular, €2 is continuous, which is an expression of the non-Archimedean properties of Q,,.

Denote by D(Q,) the vector space of all locally constant functions with compact supports. Note
that D(Q,) is dense in L(Q,) for each ¢ € [1,00). In order to furnish D(Q,) with a topology,
consider first the subspace Dﬁv C D(Qp) consisting of functions with supports in a ball

BN:{xGQp:mpSpN}, N e 7Z,

and the exponents of local constancy < [. This space is finite-dimensional and possesses a natural
direct product topology. Then the topology in D(Q),,) is defined as the double inductive limit topology,
so that
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196 A. N. KOCHUBEI

D(Qp) = hﬂ h%m Dév-

N—o00 l—00

If V.C Q, is an open set, the space D(V') of test functions on V' is defined as a subspace of
D(Q,) consisting of functions with supports in V. For a ball V' = By, we can identify D(By) with
the set of all locally constant functions on By .

The space D’(Q),) of Bruhat— Schwartz distributions on Q,, is defined as a strong conjugate space

to D(Qp).

In contrast to the classical situation, the Fourier transform is a linear automorphism of the space
D(Qyp). By duality, F is extended to a linear automorphism of D’(Q,). For a detailed theory of
convolutions and direct products of distributions on Q,, closely connected with the theory of their
Fourier transforms see [1, 16, 19].

2.2. Vladimirov’s operator [1, 16, 19]. The Vladimirov operator D, « > 0, of fractional
differentiation, is defined first as a pseudodifferential operator with the symbol |£[7:

(Du)(z) = F L, (€5 Fyseu],  uweD(Qy), (2.2)

where we show arguments of functions and their direct/inverse Fourier transforms. There is also a
hypersingular integral representation giving the same result on D(Q,) but making sense on much
wider classes of functions (for example, bounded locally constant functions)

(D) (@) = =Ly [ ol o = 9) — u(e)] dy. @3
Qp

The Cauchy problem for the heat-like equation

is a model example for the theory of p-adic parabolic equations. If 1) is regular enough, for example,
1 € D(Qp), then a classical solution is given by the formula

ult,z) = / 2tz — €)0(€) de,
Qp

where Z is, for each ¢, a probability density and

Z(ty + tg,x) = /Z(tl,x —y)Z(te,y) dy, ti,t2 >0, z€Q,.
Qp

The "heat kernel" Z can be written as the Fourier transform
Z(t2) = [ x(ex)e 9 d. (2.4)
Qp

See [16] for various series representations and estimates of the kernel Z.
As it was mentioned in Introduction, the natural stochastic process in By corresponds to the
Cauchy problem
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LINEAR AND NONLINEAR HEAT EQUATIONS ON A p-ADIC BALL 197

ou(t, x)

N + (D%u) (t,x) — Au(t,z) =0, x € By, t>0, (2.5)

u(0,z) = $(z), =z € By, (2.6)

where the operator DY; is defined by restricting D to functions u supported in By and considering
the resulting function D%u only on By . Note that D; defines a positive definite selfadjoint operator
on L2(By), A is its smallest eigenvalue.

Under certain regularity assumptions, for example if v € D(By), the problem (2.5), (2.6)
possesses a classical solution

u(t,z) = / Zn(t,x —y)Y(y) dy, t>0, xz¢€ By,

By
where
Zn(t,z) = eMZ(t,z) + c(t), (2.7)
oo
3 B B —1)" p—Nam
C(t) =p N —p N(l —p l)e)\tz ( n') tnl _p_om_l.
n=0 )

Another interpretation of the kernel Zy was given in [8].
It was shown in [13] that the family of operators

(T (yu)(z) = / Zn(t,z — y)ily) dy

By

is a strongly continuous contraction semigroup on L!(By). Its generator Ay coincides with DY — A\
at least on D(By). More generally, this is true in the distribution sense on restrictions to By of
functions from the domain of the generator of the semigroup on Ll(Qp) corresponding to D¢.

3. Harmonic analysis on the additive group of a p-adic ball. Let us consider the p-adic ball
By as a compact subgroup of Q,. As we know, any continuous additive character of , has the
form x — x(&x), £ € Q,. The annihilator {{ € Q,: x({x) =1 for all x € By} coincides with the
ball B_y. By the duality theorem (see, for example, [18], Theorem 27), the dual group E; to By
is isomorphic to the discrete group Q,/B_y consisting of the cosets

™" (r0+r1p+...—i—rN_m_le*m*l) + B_n, r; €{0,1,....,p—1}, meZ, m<N.
(3.1)

Analytically, this isomorphism means that any nontrivial continuous character of By has the form
x(éx), € By, where |£], > p~V and ¢ € Q, is considered as a representative of the class
¢ + B_n. Note that |¢|, does not depend on the choice of a representative of the class.

The normalized Haar measure on By is p~~ dz. The normalization of the Haar measure on
Qp/B_n can be made in such a way (the normalized measure will be denoted dy(z + B_y)) that
the equality

/f(x) dx = / PN / f(z+h)dh | du(xz + B_y) (3.2)
Qp

Qp/BfN B_n
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198 A. N. KOCHUBEI

holds for any f € D(Q,); see [4], Chapter VII, Proposition 10; [12], (28.54). With this normalization,
the Plancherel identity for the corresponding Fourier transform also holds; see [12], (31.46)(c).

On the other hand, the invariant measure on the discrete group Q,/B_n equals the sum of
d-measures concentrated on its elements multiplied by a coefficient 3. In order to find §, it suffices
to compute both sides of (3.2) for the case where f is the indicator function of the set {z € Q, :
|z — pN=1, < p~N}. Then the left-hand side equals p~™ while the right-hand side equals 3.
Therefore = p~ &

The Fourier transform on By is given by the formula

(Fnf)E) =pN / x(@) f(x)dz, € € (Q,\ B_y)U{0},

By

where the right-hand side, thus also Fy f, can be understood as a function on Q,/B_y.

The fact that F: D(Q,) — D(Q)) implies that F maps D(By) onto the set of functions on the
discrete set By having only a finite number of nonzero values. This set D(E;) with a natural locally
convex topology can be seen as the set of test functions on E; = Qp/B_n. The conjugate space
D’ (EE) consists of all functions on E; (see, for example, [11]). Therefore the Fourier transform
is extended, via duality, to the mapping from D'(By) to D’ (E}) A theory of distributions on
locally compact groups covering the case of By was developed by Bruhat [7]. To study deeper the
operator D%;, we need, within harmonic analysis on By, a construction similar to the well-known
construction of a homogeneous distribution on Q,, [19].

Let us introduce the usual Riesz kernel on Q,,

1—p @ 2mi
N _ -1
fo(z )(:C) = 1_7]9&_1|I"g y Rea > 0, « 7_é 1 <m0d 10ng> .
Using the formula [19]
’x‘a—ldx _ 1 _pil aN
P 1 —p@ )

|z]p<p™

we introduce a distribution from D’(By) setting

J— 71 - -«
(100) = 11—;—11?%@) - 11—5 / (@) = e(O)lle; ™ dz, ¢ €D(By).  (3.3)

By

For Re o > 0, this gives
1—p @ _
<f(§¢N),<P> = W / \x!;“ 1@(95) dx.
By

27
ogp

On the other hand, the distribution (3.3) is holomorphic in « # 1 <mod1 Z) . Therefore f(jx)

makes sense for any o > 0. Noticing that

1 7p_1 —aN p— 1 —aN+a _ A

1—pot1P T et 1P
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LINEAR AND NONLINEAR HEAT EQUATIONS ON A p-ADIC BALL 199

(see Introduction), so that

1—p©

<f£JZ)a <P> = Ap(0) + T—pol

[ 1@ — e(O)lal, > . (3.4)

By

The emergence of A in (3.4) “explains” its role in the probabilistic construction of a process on By
([16], Theorem 4.9).

Theorem 3.1. The operator DY, o > 0, acts from D(By) to D(By) and admits, for each
¢ € D(By), the representations:

(1) Die = fgi) * (0 where the convolution is understood in the sense of harmonic analysis on
the additive group of By

y 1-p® -
(i) (D) (2) = Mgl + T2y [ 1ol el =) — plalldy, o>
N

(iii) on D(By), DY — Al coincides with the pseudodifferential operator ¢ — F ]Gl(PNya}" N),

where

1—p® —a—
Pno(§) = T_pol / lyl I (y€) — 1] dy. (3.5
By
This symbol is extended uniquely from (Q, \ B_n)U {0} onto Q,/B_N.
1 — p&
Proof. Denote, for brevity, a, = 177];71 Let z € By. Assuming that ¢ is extended by
-p

zero onto Q,, we find

(D%0) @) = ay [l ol —9) — plalldy =T+ T+ I
Qp

where

h=ay [l eta =) — el dy
Bn

I =a, / lyl, oz — y) dy,

ylp>p™

I3 = —app(x) / lyl, * dy.

[ylp>pN

We get using properties of p-adic integrals [19]

h=a, [ -t le@di=a, [ el de =0

|z —z|p>p |zlp>pN
Iy = —app(z) > / lyl, ' dy = —app(x) (1 - p> > Y = dp(),
I=NHy | =pi J=N+
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200 A. N. KOCHUBEI

which implies (ii). Comparing with (3.4) we prove (i).
In order to prove (3.5) we note that

Bn Bn
— ayp L/wwyWy/x@@@@—y%—wﬂww—ﬂm@NfM@@%
Bn By
£eQ,/B-

Theorem 3.1 is proved.

An important consequence of the representations given in Theorem 3.1 is the fact that, in contrast
to operators on Q,, DY : D(Bn) — D(Bn), so that we can define in a straightforward way, the
action of this operator on distributions. In particular, the pseudodifferential representation remains
valid on D'(By). Below (Theorem 4.2) this will be used to describe the domain of the operator Ay
on LY(By).

4. The Green function. In Section 2 (just as in [13]) we defined the operator Ay as the
generator of the semigroup Ty on L(By). We can write its resolvent (Ax + )™t > 0, as

(Ay + pI)~ /e H gt / Zn(tx — Eu(€)de, ue L'(By), (4.1)

where Zp is given in (2.7).
Theorem 4.1. The resolvent (4.1) admits the representation

((Ay + ) /kfx— © sty [ul@as, weLi(By), n>o0,
By
4.2)

where for 0 # x € By, |z|, =p™,

x(nz)

K, (z)= / — = dn. (4.3)
u(7) nlg =X+ n
p—N+1§|n‘p§p—m+1
If a > 1, then, for any x € By,
x(nz)

K, (x)= / — . (4.4)

) ol — A+

|”7‘p2p7N+1

The kernel K, is continuous for x # 0 and belongs to L'(By).
If a > 1, then K, is continuous on By. If oo =1, then

|K,(z)| < Cllog |z|,|, « € Bn. 4.5)
If o < 1, then

|Ku(z)| < Clz|3~", x € By. (4.6)

ISSN 1027-3190.  Ykp. mam. scypn., 2018, m. 70, Ne 2



LINEAR AND NONLINEAR HEAT EQUATIONS ON A p-ADIC BALL 201

Proof. Let us use the representation (2.7) substituting it into the equality
/ Zn(t,x)de =1
Bn

(for the latter see Theorem 4.9 in [16]). We find

so that
Zn(tx)=eM | Z(t,z) —p N / Z(t,y)dy| +p N, x € Byn.
By

Let us consider the expression in brackets proceeding from the definition (2.4) of the kernel Z.
Using the integration formula from Chapter 1, §4 of [19] we obtain

Z(t,z) —p N / Z(t,y) dy = L(t, 2) + Ly(t, z),
By
where

L(tx) = / x(€x)e I3 de,

|€|p>p~ N1
Lt z) = / [x(€x) — ek de,
|€lp<p~N

and I5(t,x) =0 for x € By.
Let |z|, = p™, m < N. Then there exists such an element & € Q,, |&|, = p~™ !, that
X(&ox) # 0. Then making the change of variables £ = 7 + &y we find using the ultrametric property

X(w&)e 5 de = (o) / (et dn,

|€lp=>p—m+2 n|p>p=mt2
so that
X(@&)e 7 dg = 0.
€lp=p—m+2
Therefore
L N GO
pmNFILEfp<pmHt
thus

Zn(t,z) = At / X(xé)e—tlflg de+p N, 2], = p™.

p~NHLLg|p<p—mtL
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202 A. N. KOCHUBEI

Substituting this in (4.1) and integrating in ¢ we come to (4.2) and (4.3). Note that [n|y > A, as
Inlp > p VL
If o > 1, then the integral in (4.4) is convergent. For |x|, = p™ we prove repeating the above

argument that
/ X (1) iy =
Nl —A+p

[nlp>p=m+2

Therefore in this case the representation (4.3) can be written in the form (4.4).
Obviously, K, (z) is continuous for x # 0. If o > 1, then there exists the limit

d
z—0 ’n’p - + 1%
[nlp>p=N+1

so that in this case K, is continuous on By .
Let a < 1. By (4.3) and an integration formula from [19], Chapter 1, § 4,

—m-+1
1
K= > o [ e
_ P + u
=N €lp=p'
1\ = P p™
= ]_ —_ = — 5 - m.
< p> Z pol — X\ + L pa(ferl) —A+u |l’|p p

I=—N+1

For some v > 0, p® — A4 > yp®!. Computing the sum of a progression we obtain the estimate
(4.6). Similarly, if o = 1, then |K,(z)| < C(—m + N), which gives, as m — —oo, the inequality
(4.5).

Theorem 4.1 is proved.

If @ > 1, we can also give an interpretation of the resolvent (Ax 4 pf)~! in terms of the
harmonic analysis on By . We have

(Ay +pl) " 'u= (Ku+ p'1) xu, ue L(By), “.7

where 1(z) = 1, K, is given by (4.4), and the convolution is taken in the sense of the additive group
of B N.
Denote by Il the set of all rational numbers of the form

P <V0 +uvp+...+ Vfl+N71P_l+N_l) , <N,

where v; € {0,1,...,p—1}, 1y # 0. As aset, the quotient group Q,,/B_ x coincides with ITU{0},
and

{€eQ: [gp=p ™= | (n+B_y)

nelly

where the sets n + B_ with different 7 € Iy are disjoint.
Taking into account the fact that x(pz) = 1 for z € By, p € B_, we find from (4.4) that

_ . —N x(nz)
DR SR = v
0#n€Qp/B_N p
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LINEAR AND NONLINEAR HEAT EQUATIONS ON A p-ADIC BALL 203

Let us describe the domain Dom Ay of the generator of our semigroup T (t) on L'(By) in
terms of distributions on By .

Theorem 4.2. If o > 1, then the set Dom Ay consists of those and only those u € L*(By),
Jfor which fgi) xu € LY(By) where the convolution is understood in the sense of the distribution

space D'(By). If u € Dom Ay, then Anyu = fgi) * u — A\u where the convolution is understood
in the sense of the distributions from D'(By).

Proof. Let u = (Ay +ul)~ f, f € LY(By), p > 0. Representing this resolvent as a
pseudodifferential operator, we prove that fg(\;) % u — A+ pu = f in the sense of D'(By).

Conversely, let u € L' (By), D{u = fgi) xu € L'(By) where D% is understood in the sense
of D'(By). Set f = (DS — M + pl)u, > 0. Denote v/ = (Ay + puI)~1f. Then v/ € Dom Ay,
and the above argument shows that

(DY — M + pl)(u—u') = 0.
Applying the pseudodifferential representation we see that

[Pr,a(€) + ] [(Fnu)(€) — (Fnu)(€)] =0, €€ Qp/B-n.

It is seen from (3.5) that the factor Py (&) + p is real-valued, strictly positive and locally constant
on By . Therefore the distribution Fyu — Fyu' is zero. Since Fy is an isomorphism (see [7]), we
find that v = v/, so that v € Dom Ay

Theorem 4.2 is proved.

5. Nonlinear equations. Let us consider the equation (1.2) where ® is a strictly monotone
increasing continuous real function, ®(0) = 0, and the linear operator D%, is understood as the
operator Ay + A on L'(By). By the results from [10] and [6], the nonlinear operator D} o @ is
m-accretive, which implies the unique mild solvability of the Cauchy problem for the equation (1.2)
with the initial condition u(0, z) = ug(z), ug € L' (By); see, e.g., [2] for the definitions. As in the
classical case [3], this mild solution can be interpreted also as a weak solution.

Following [3], we will show that the above construction of the L'-mild solution gives also
L7-solutions for 1 < v < oo.

Theorem 5.1. Let u(t,z), t > 0, © € By, be the above mild solution. If 0 < ug € L7(By),
1 <y < o0, then u(t,-) € L"(By) and

u(t, ) v By < luollzy(y)- (5.1

Proof. The case v = 1 has been considered, while the case v = oo will be implied by the
inequality (5.1) for finite values of ~ (see Exercise 4.6 in [5]).

Thus, now we assume that 1 < v < oo. It is sufficient to prove (5.1) for ug € D(By). Indeed,
if that is proved, we approximate in L7(By) an arbitrary function uy € L7(By) by a sequence
ug,; € D(Bn). For the corresponding solutions u; (¢, z) we have

s (8, ) v By < ol (By)- (5.2)

Since our nonlinear semigroup consists of operators continuous on L!(By), we see that, for each
t >0, uj(t,-) = u(t,-) in L'(By). By (5.2), the sequence {u;(t,-)} is bounded in L7 (By). These
two properties imply the weak convergence u;(t,-) — u(t,-) in L7 (By) (see Exercise 4.16 in [5]).
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Next, we use the weak lower semicontinuity of the L7-norm (see Theorem 2.11 in [17]), that is
the inequality

liminf {|u; (2, |2 By 2 lults )l By)-
Passing to the lower limit in both sides of (5.2), we come to (5.1).

Let us prove (5.1) for ugp € D(By), 1 < 7 < co. By the Crandall - Liggett theorem (see [2] or
[91), u(t, ) is obtained as a limit in L'(By),

k—o0

—k
t
u(t,-) = lim <I+ ED]O\“, o (I)) U,

that is u(¢,-) = limg_, oo up Where uy are found recursively from the relation

t
mD% 0 D (upy1) + U1 = Ug. (5.3)

Under our assumptions, u(t,z) > 0 (this follows from Theorem 4 in [10]). The nonlinear

-1
operator (I + ED]O\‘, o (I>> is also positivity preserving (Proposition 1 in [10]), so that u; > 0 for

all k.
Note that the operator D%, commutes with shifts while the equation (5.3) for u;; has a unique
solution in L'(By). As a result, if ug € D(By), then all the functions u; belong to D(By).
Rewriting (5.3) in the form

t

-1
<k. T 1) (uk+1 — uk) = —DRy © D(up1), (5.4)

multiplying both sides by ugﬁ and integrating on By we find
£\t . .
(k—l—l) /(uk+1 — uk)u;/;ldx = — / uZ;le’\‘, o ®(ug41) de. (5.5
N Bn

Let w = uz: Then w € D(By). It follows from (5.4) that DY ®(ug41) € D(By). Also we
have ®(ugy1) € D(By), so that ®(ugy;1) belongs to the domain of a selfadjoint realization of the
operator D% in L?(By). Therefore we can transform the integral in the right-hand side of (5.5) as
follows:

/ W) 7 D 0 D(up ) da = / ®(w1) DS (w) dz. (5.6)

Applying the Holder inequality we find
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—1
1/ X

which implies the inequality
lurs1llorBy) < llukllzr(By)

and, by induction, the inequality

k1l (By) < llwollzr(sy)-
Passing to the limit, we prove (5.1).
Theorem 5.1 is proved.
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