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ON DARBOUX VECTOR IN LORENTZIAN 5-SPACE
ITPO BEKTOP JAPBY B 5-IIPOCTOPI JIOPEHIIA

We introduce the Darboux vector in the Lorentzian 5-space. We give some characterizations of this vector in the space. In
addition, we consider some special cases in the space.

Bgeneno Bexrop [apOy B S-mpoctopi Jlopenna. HaBeneno aesiki XapaTepHCTHKH TaHOTO BEKTOpa B koMY mpocTopi. Kpim
TOTO, PO3IISIHYTO JAEsIKi YaCTHHHI BHIIAJKH B I[LOMY K IPOCTOPI.

1. Introduction. Let X = (1,22, z3,24,25) and Y = (y1,y2,Y3, Y4, y5) be two non-zero vectors
in Lorentzian 5-space L. For X, Y € L?

5

g(X,Y) = (X,Y) = —miy1 + ) wiys,
i=2

is called Lorentzian inner product. The couple {LL°, (,)} is called Lorentzian 5-space. Then the
vector X of L° is called: (i) time-like if (X, X) < 0, (ii) space-like if (X, X) > 0 or X = 0,
(iii) null (or light-like) vector if (X, X) = 0 and X # 0. The set of a null vectors in T,,(IL%) is called
the nullcone at p € L°.

Similarly, an arbitrary curve o = «(s) in IL° can be locally be space-like, time-like or null, if all
of its velocity vectors o/(s) are respectively space-like, time-like or null. Also, recall the norm of
a vector X is given by || X|| = /|(X, X)|. Therefore, X is a unit vector if (X, X) = +1. Next,
vectors X, Y in L are said to be orthogonal if (X,Y) = 0. The velocity of the curve « is given
by ||[o/(s)| . Thus, a space-like or a time-like « is said to be parametrized by arclength function s,
if (d/(s),a/(s)) = £1 [1].

2. Basic definitions of IL°.

Definition 1. Let a: I — 1L be a curve in L° and ki, ko, k3, ky be the Frenet curvatures of

«. Then for the unit tangent vector Vi = o/(s) over M the ith e-curvature function m;, 1 <i <5,
is defined by

0, i=1,
£1€2
7 1= 27
m; = kl (1)
d € .
d*(mifl) + ei—omi_oki_o| ——, 2<i<5,
t i—1

where €; = (V;, V) = £1.

Definition 2. Let a: I — 1L be a unit speed non-null curve. The curve « is called Frenet
curve of osculating order d, d < 5, if its 5th order derivatives o/ (s), o' (s),...,a"(s) are linearly
independent and o/ (s),a”(s),...,a""(s) are no longer linearly independent for all s € I. For each
Frenet curve of order 5 one can associate an orthonormal 5-frame { Vi, Va, V3, Vy, V5} along o (such
that o/ (s) = V1) called the Frenet frame ki, ka, k3, ky: I — R called the Frenet curvatures, such
that the Frenet formulas is defined in the usual way;
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Vi, Vi = eak1Va,
Vi, Vo = —e1k1Vi + e3ka Vs,
Vi, Va3 = —eakaVa + e4ksVa, ()
Vi, Vi = —esksVs + e5ka Vs,
Vi, Vs = —eaky Vi,
where V1, Vo, V3, Vy, and Vs are orthogonal vectors satisfying equations
(Vi,W1) = -1,
Vi, Vi) =1, 2<i<5,

and V is the Levi-Civita connection of .°.
Definition 3. Let o be a non-null curve of osculating order 5. The harmonic functions

Hi:I—R, 0<j<3,

defined by
Hy =0,
k1
H =—
1 kQ’
—d(H )t eioH; oki| -1 2<j<3
dt Jj—1 j—24dL5—-2Ny kj—&-l’ J =9,

are called the harmonic curvatures of o, where k1, ko, kj, kj1 are Frenet curvatures of o which
are not necessarily constant and €; = (V;, V) = +1 [2].

Definition 4. Let o be a non-null curve of osculating order 5. Then « is called a general helix
of rank 3 if

(H;)? = c,

3
=1

)

holds, where ¢ # 0 is a real constant.
Corollary 1. If « is a general helix of rank 3, then

H? + H} + H} = c.

Proof. By the use of above definition, we obtain the corollary.
3. The Darboux vector in L5.
Theorem 1. Let o be a non-null curve of osculating order 5 in 1.°, then

&; ..
VVJV;«: V:H-h Z?J:L
mi+1
Eit1 m)
it i+1 .
vVthHJ = - ‘/z + VE+2; 1) = 17

miq1 miy2
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/ /
—EEH1ITNINY; — E4—1E441T 17114
Vit

Vv, Vigr = (
mimi+1

! ! i
<mi+1mi+1 + gi&ip1mim; + 5i15i+1mi1mi—1>v+2 j=1 i=23
(3 b) - b - ) b

Mi+11M+2

/ / !

—EEH1ITNINY; — E4—1E441T 111 — E4—2Ei41M 2T, _o

Vv, Vigr = Vi
m;mi41

where m; are the ith e-curvature functions and €; = (V;, V;) = £1.
Corollary 2. Let o be a non-null curve of osculating order 5 in 1.°, then

€1
VV1V1 = 7‘/27
ma

Vi Vo =——V +—=Vj,
mo ms3
/ / /
m msmMa + €2€3MoM
2 3M3 2E3M2My
Vv, V3 = —g2e3—=V5 + ( ) Va,
ms mamay

/ / / / /
—E3E4M3M3 — E2E4M2My Mymy + €364M3M3 + E2€4M2My
A ( Vs + Vs,

m3mq maqmes

l / /
—E4E5M4My — E3E5M3M 3 — E2E5TM21Ty
Vi, Vs = ( V.

mams

Proof- By the use of a previous theorem, we obtain the corollary.
Theorem 2. Let o be a non-null curve of osculating order 5 in 1.5, then

Vi, Vi = exko H V5,

k
Vv, Vo = —e1ko H1 V1 + 3V,
H,y

k1 H]
Vy, V3 = _62EVQ + 5254F2V4’
H! HQH/ +€1€2H1H/
Vi = —ege3 Vi : L)Wz
Vv, Va €2€3H2 3+ 3¢5 < Ho I 55

HyH! HH;
vvlv5=—53e4< 27 T e1ea 1>V4,

HoHs

where Hy, Ho, Hs are harmonic curvature of o and €; = (V;,V;) = £1 for 1 <1 < 5.
Proof. By using definition of harmonic curvatures, we obtain the theorem.
Theorem 3. Let o: — L° be a non-null curve of osculating order 5 given over the Frenet
frame {Vl, Vo, Vs, V4,V5}. If m;, 2 <4 <5, are the ith e-curvature functions, H;, 1 < i < 3, are
dm; )
the harmonic curvatures and m), = d—l, 2 <1 < b, then the following relations hold:
S
3
det(mh, mh, mly,ms) =0 <+ Z (H;)? = constant,
i=1
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5
det(mb, ms, mjy,ms) =0 <+ Zm? = constant.
i=2
Proof. The proof can seen by using the definitions of ith e-curvature functions and harmonic
curvatures.

Definition 5. Let o be a non-null curve of osculating order 5 in 1.°, with Frenet curvatures
ki, ko, ks, kg. Let us denote

ap = koka,

koj—1

a; = &;——
J J
k:gj

aj—1, 1<35<2, kg #0.

The Darboux vector in L5 is defined by

2
D(s) = _a;Vhjs1 = agVi + a1 Vs + agV,
j=0

where Vo1 are the Frenet vectors of a.
Corollary 3. Let o be a non-null curve of osculating order 5 in >, then

where 1 < j <2, kgj # 0.
Lemma 1. The derivative of the Darboux vector D(s) is [4].

D'(s) = ayVi + a} Vs + ah V.

Definition 6. The point a(sg) is called Darboux vertex of « if the first derivative of the Darboux
vector D(s) is vanishing at that point [3].

Theorem 4. Let o be a non-null curve of osculating order 5 in 1.5, with Frenet curvatures ki,
ko, k4 and harmonic curvatures Hy, Ho. Let us denote

k1ky
a = —
0 Hl )
a1 = e1Hykaky,
!

1
as = EIF]CL
2

where H1 # 0, Hy # 0, 1 = (V1, V1) = £1.
Proof. By using definition of harmonic curvature, we get the result.
The following theorem is true.
Theorem 5. Let a: I — 1L? be a non-null curve of osculating order 5. Then

a
Hi=¢e1—, ay#0,
ao
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aoHlH{

Hy = ¢4
aky

) a2 7é 07 k4 7& 0,
where Hy, Ho are harmonic curvatures of o, ky is Frenet curvature of o, €1 = (V1,V1) = +1 and
ag, a1, az € R.

Proof. By the use of a previous theorem, we obtain the theorem.

Corollary 4. (1) If the vector Vi is space-like, then

ai

Hl = ao 7é 07
aog
HH]
H2=w7 ag #0, ky#0.
aoky
(i) If the vector Vi is time-like, then
Hl = _ﬂv ag 7& 07
ag
HH|
H2:7M) a2 #07 k;47é0

asky

Theorem 6. Let o be a non-null curve of osculating order 5 in 1.5, with Frenet curvatures k1,
ka, ks, ka. Then the curve o has a Darboux vertex at point «(s) if and only if

!/
€i<kz>_07 ki+1§£0a 1§Z§3a
ki1

where €; = (V;, V) = £1.
Corollary 5. (1) If the vector V1 is space-like, then
(Hy) = 0.
(i1) If the vector Vi is time-like, then
—(H1)' = 0.

Corollary 6. If o: I — 1L has a Darboux vertex at the point o(sg), then o is a general helix
of order 3 [3].

4. cer-Curve in L5,

Definition 7. 4 curve o: I — L° is said to have constant curvature ratios (that is to say, it
Kit1

is a ccr-curve) if all the quotients &; are constant, k; # 0. Here, ki, kiv1, 1 <1i < 3, are

(2
Frenet curvatures of o, and ¢; = (V;, V;) = +1, 1 <i < 3.
ai

Theorem 7. (i) For i = 1, the ccr-curve is .
(i) HT

asHy
(k1)?
apH>
ko HY
Here Hy, Hy are harmonic curvatures of «; ki, ko are Frenet curvatures of «; ¢; = (V;, V) =
=41, 1<1¢ <3, and ag, a1, as € R.

(i) For 1 =2, the ccr-curve is €1

(ii1) For ¢ = 3, the ccr-curve is £5€3
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Proof. The proof can be easily seen by using the definitions of the harmonic curvature and

cer-curve.
az Hy

Corollary 7. (1) If the vector V1 is space-like, then the ccr-curve is W, where €1 = 1.
1

.. o . asHy

(ii) If the vector Vi is time-like, then the ccr-curve is — )2’ where €1 = —1.
1

a

(i) If the vectors Vo, V3 are space-like, then the ccr-curve is ﬁ, where e9 = 3 = 1.

21417

. o . apHs

(iv) If the vector Vy is time-like, then the ccr-curve is — N where eg = —1 and €3 = 1.
244

(v) If'the vector Vs is time-like, then the ccr-curve is —%, where €3 = —1 and €9 = 1.
24

Corollary 8. o is a ccr-curve in L® < e1 (Hy) ™ = constant.
Corollary 9. For a: I — L5 curve, we have

ki ' ki1
i =g , 1<4<3,
: <kz'+1> : ( ki > =9

that is the Darboux vertex is equal to the constant curvature ratio.

Now, we will calculate Darboux vector and Darboux vertex of the unit speed time-like curve in
L® studied in [5].

5. An example.

Example 1. Let us consider the following curve:

als) = (\/gsinhs, V3 cosh s, sin s, s, cos 3) ,
Vi(s) = d/(s) = (\/gcosh s,V/3sinh s, cos s, 1, — sin s) ,

where (a/(s),a/(s)) = —1. One can easily see that «(s) is an unit speed time-like curve. We express
the following differentiations:

a’(s) = (\/gsinhs,\/gcoshs,—sins,(),—coss) =
= a"(s) = (\/gcosh s,v/3sinh s, — cos s, 0, sin s) =
= a"(s) = (\/gsinh s,v/3cosh s,sin s, 0, cos s) =

= a’(s) = (\/gcosh s,V/3sinh s, cos s, 0, — sin 5) .

So, we have the first curvature as
& (s)]| = k1(s) = 2.

Moreover we can write second, third, fourth and fifth Frenet vectors of the curve, respectively,

3 3 1 1
Va(s) = e9 ({ sinh s, \2[ cosh s, —3 sin s, 0, —3 cos s) ,
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1
Vs(s) = \/ﬁ (—3\/§cosh s, —3v/3sinh s, —5cos s, —4, 5sins) ,

1 1 3 3
Va(s) =p <—2 sinh s, D) cosh s, ) sin s, 0, —5 cos s>

1 1 3 2 3
Vs(s) =p —\/ﬂcoshs,—\/ﬂsinhs,\/Mcoss,—\/;—wusins ,

where 4 is taken F1 to make +1 determimant of {V7(s), Va(s), Va(s), Va(s), V5(s)} matrix. In ad-
dition to, we can write second, third, fourth curvatures and harmonic curvature of «(s), respectively,

ka(s) = VA, ha(s) =1/~ h(s) = \/g o= 2

and

a0:2, a1 = &1 GQZO.
Now, we will calculate ccr-curves of a(s) in L5. If the vector V; is time-like, then =1, &1 = —1
and g9 = e3 =1

ko V14 ks V3 ky

2
€1-— = ——— = constant, g9— = —— = constant and £3— = —= = constant.
! kil 2 2 k2 14 3 kg \/g

Thus, «(s) is a ccr-curve in L. Also, we obtain, respectively, Darboux vector and Darboux vertex
of a(s) in L?,
(i) If the vector Vj is time-like, then p =1, 61 = —1 and eg = e3 =1,

D(s) = 20;/§ cosh s, 20;/§ sinh s, 2—74 COS S, 2—72, —% sin s
and
D'(s) = 207\/§ sinh s, 20;/§ cosh s, —% sin s, 0, —2—74 coS S
(i1) If the vector Vj is time-like, then Darboux vector and Darboux vertex are as in (i) when
puw=—1,e1=—1and eg = e3 =1, since ay = 0.
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