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A NOTE ON STRONGLY SPLIT LIE ALGEBRAS *
3AYBAKEHHS IIOJO CUJIBHO PO3HMIEINIVIEHUX AJITEBP JII

Split Lie algebras are maybe the most known examples of graded Lie algebras. Since an important category in the class of
graded algebras is the category of strongly graded algebras, we introduce, in a natural way, the category of strongly split
Lie algebras £ and show that if £ is centerless, then £ is the direct sum of split ideals each of which is a split-simple
strongly split Lie algebra.

Posmemneni anre6pu JIi € MaOyTh HalOIBII BiIOMUM NPHKIAAOM IpamyiioBanux anredp Jli. OcKigbkH Ba)KJIMBOIO Ka-
TETopi€r0 B KJIaci IpagyHoBaHUX aireOp € Kareropis CHIBHO IpajyHOBaHUX anreOp, MU BBOAUMO (TIPUPOAHHM UYHHOM)
KaTeropito CHIbHO po3miemiennx anredp JIi £ i moBoaumo, mo y BUMAAKY, KOIH £ HE Ma€ LEHTpa, £ € MPSIMOI0 CyMOIO
PO3MLICIUICHUX iIealliB, KOXHUHN 3 SKUX € MPOCTO-PO3IICIUICHOIO CHIBHO PO3IIEILICHO anreoporo JIi.

1. Introduction and preliminaries. We begin by noting that, troughout this short note, all of the
Lie algebras are considered of arbitrary dimension and over an arbitrary base field K.

By the one hand, let us recall that given a Lie algebra L and a fixed maximal Abelian subalgebra
H of L, we can consider for any linear functional o: H — K, the root space of L associated to «
as the linear subspace

Ly, ={vq € L: [h,v,] = a(h)v, forany he H}.

The elements o € H* satisfying L, # 0 are called roots of L with respect to H and if we denote
by A :={a € H*\ {0}: L, # 0}, it is said that L is a split Lie algebra (with respect to H), if

L=H®o (@La>.

a€EN

It is also said that A is the root system of L, being A called symmetric if A = —A.

Let us focuss for a while on the concept of split-ideal in the framework of split Lie algebras.
Observe that the set of linear mappings {ad(h): h € H}, where ad(h): L — L is defined by
ad(h)(v) = [h,v], is a commuting set of diagonalizable endomorphisms. Hence, given any ideal |
of L, since I is invariant under this set, we can write

I:(IﬂH)@(EB(IﬂLa)>. (1)

a€N

From here, if I N H # 0, then I adopts a split like expression (respect to I N H). This motivate
us to introduce the concept of split-ideal as follows. An ideal I of a split Lie algebra L is called a
split-ideal if I N H # 0. The split Lie algebra L will be called split-simple if [L, L] # 0 and L has
not proper split-ideals.
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By the other hand, we also recall that a graded algebra

A= A,

geG

that is, A is the direct sum of linear subspaces indexed by the elements in an Abelian group (G, +)
in such a way that Ay Ay, C Agyp, is called a strongly graded algebra if the condition AjAy, = Agyp
holds for any g, h € G (see [2, 3]).

Since Jacobi identity shows that in any split Lie algebra L we have [L, Lg] C L,4p for any
a, 3 € AU{0} and the fact H = L holds, we have that L becomes a graded Lie algebra by means
of the Abelian free group generated by A. Taking into account the above observations we introduce
the category of strongly split Lie algebras as follows.

Definition 1.1. A split Lie algebra £ with set of nonzero roots A is called a strongly split
Lie algebra if H = ) \[€a, £ 0] and given o, € A such that o + 3 € A, then we have
[€a, £8] = Latp-

As examples of strongly split Lie algebra we can consider the finite dimensional semisimple Lie
algebras, the Lie H*-algebras, the locally finite split Lie algebras, the split graded Lie algebras with
only integer roots and the split Lie algebras considered in [1] among other classes of Lie algebras
(see [4-06]).

2. Main results. In the following, £ denotes a strongly split Lie algebra with a symmetric root
system and £ = H @ (€ £,) the corresponding root spaces decomposition.

aEA
Definition 2.1. Let o € A and 5 € A be two nonzero roots. We say that o is connected to 3 if
there exists a family oy, oo, . .., o € A satisfying the following conditions:
1) a1 = a,

2) {an +ag, a1 +astas,...,a1+ ...+ ap_1} CA,

3) a1+ oo+ ...+ a, = €gf for some eg € {£1}.
We also say that {1, ...,an} is a connection from « to [3.

It is straightforward to verify the relation connection is an equivalence relation. In particular,
a ~ —a. So we can consider the quotient set A/ ~= {[a] : @ € A}. Now, for any [a] € A/ ~ we
are going to consider the linear subspace £(,) := H{y @ V]o), Where Hiy) := > 5c14[£€5, £-5] C H
and Vi, == @ L5

BE[a]

Proposition 2.1. Any £, is an ideal of £. If furthermore £ is centerless, then £, is split-
simple.

Proof. We begin by showing that

€ &l = [Hu oV Ho [ P s | o | P & ]| €

Bela] v¢lal
Clearly [ oz]a}I69 (BG? Sﬁ)] [ (] ] - ‘/[Oc]‘
€la]
Since in case [£s5,£;] # 0 for some §,7 € A with 6 + 7 # 0, the connections {J,7} and

{8, 7, =0} imply [0] = [0 + 7] = [7], we get [V[a],ﬁg?],ﬁg} C £, and
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Vi, P &| =0. )
yla]

This fact and Jacobi identity finally give us

H[a]7 @ ‘S’Y =0. (3)
v¢[c]

We have showed £/, is an ideal of £. Since equation (3) implies [H[,,V|y] = 0 for any
[v] # [a] we get Hiy) # 0. From here, we can also assert that £;,) is a strongly split Lie algebra
with the split decomposition

Lo = Hu @ | D L5
BEla]

Suppose now £ is centerless and let us show £, is split-simple. Consider a split-ideal I of

£(q]- By equation (1) we can write I = (I N Hiy) © (BQ[B}(I N £5)) with I N Hj,) # 0. For any
€la

0 # h € I N Hiyy, the fact £ is centerless gives us there exists 3 € [a] such that [h, £5] # 0. From

here we get [ N H|,), £5] = £5 and so 0 # £5 C I.

Given now any ¢ € o]\ {£/}, the fact that S and ¢ are connected allows us to take a connection
{a1,a9,...,a,} from § to 4. Since ay,as, a1 + az € A we have [£4,, Lay] = Laytay C I as
consequence of £,, = £5 C I. In a similar way [£4,1as, Las] = Lai+asta; C 1 and we finally
get by following this process that £, {astas+..4a, = Les6 C I for some €5 € 1. From here we
have Hj,) C I and as consequence, taking also into account that equation (3) allows us to assert
[H{q), £5] = L5 for any 0 € [a], that Vi) C I. We have showed I = £,) and so £, is split-simple.

Proposition 2.1 is proved.

Theorem 2.1. Any centerless strongly split Lie algebra is the direct sum of split-ideals, each
one being a split-simple strongly split Lie algebra.

Proof. Since we can write the disjoint union A = |J [a] wehave £= > £ Letus
[aJeA/~ [a]eA/~
now verify the direct character of the sum: given z € £, N > £(5) since by equations (2) and
BleA/~
Bea

(3) we have [£,], £1g] = 0 for [a] # [B], we obtain

[, Lol + Z | =0.

BleA/~
,Booa

From here [z, £] = 0 and so = = 0, as desired. Consequently we can write

= P gu-

[a]eA\~
Finally, Proposition 2.1 completes the proof.
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