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SOME RESULTS ON THE GLOBAL SOLVABILITY FOR STRUCTURALLY
DAMPED MODELS WITH A SPECIAL NONLINEARITY *

JAESKI PE3YJIBTATH I1PO IVTIOBAJIBHY PO3B’A3HICTD
JIJISI MOJEJEM 31 CTPYKTYPHUM 3ATYXAHHSIM
TA HEJIHIMHICTIO CIEIIAJIBHOT'O BUIUIAY

The main purpose of this paper is to prove the global (in time) existence of solution for the semilinear Cauchy problem
Ut + (_A)Uu + (_A)(sut = |ut|p7 U(O, Ll’) = U’O(x)7 uf,(O,x) =ui (LE)

The parameter § € (0, o] describes the structural damping in the model varying from the exterior damping § = 0 up to
the visco-elastic type damping § = o. We will obtain the admissible sets of the parameter p for the global solvability of

this semilinear Cauchy problem with arbitrary small initial data wuo, 1 in the hyperbolic-like case 6 € (%, 0) and in the

exceptional case d = 0.

OCHOBHOIO METOIO Li€T CTaTTi € JOBEASHHS I100anbHOro (3a yacoM) iCHyBaHHs Po3B’sI3Ky HamiBiiHiiHOT 3agaui Komi
s
usr + (=A)u + (—A)°ur = |uel?, u(0,2) = uo(z), ue(0,2) = ui(x).

ITapamerp § € (0,0] omucye CTPyKTypHE 3aTyXaHHsSI B MOJEII, 11O 3MIHIOETBCS BiJ 30BHIIIHBOrO 3aryxanHs 0 = 0 10
3aTyXaHHs B’S3KOETAaCTHYHOTO THIY § = o. BH3HAYeHO MHOKHMHM IapameTpa p, AOMYCTHMIi 3 TOYKH 30Dy IIOOANbHOI
PO3B’sA3HOCTI AaHoi HamiBaiHiMHOT 3ama4i Kol 3 sIK 3aBroJJHO MaJHUMHU MMOYATKOBUMH JaHUMHU Ug, U1 Y BHIAJAKY TinepOo-

. o
JiYHOrO THIY € (5, O'), a TaKOX y BUHATKOBOMY BUHanKy 6 = 0.

1. Introduction. The semilinear Cauchy problem
uy — Au = |ul?, w(0,2) = up(z), w(0,2) =uy(zx)

has been investigated in recent years in many papers in order to prove Strauss’ conjecture about
the critical exponent pi; for the global solvability with arbitrarily small data (ug,u1). The next
question of interest is to understand the influence of a damping term of the form (—A)%t that will
be included in the model. There are several papers that have introduced methods to deal with the
nonlinear Cauchy problem of the form

ugy — Av + p(=A)v; = F(x,u,up), v(0,z) =vo(x), ve(0,2) =vi(x).

In [2] the authors have linear decay estimates to prove global (in time) existence results for this
kind of nonlinear Cauchy problems. From these paper one can learn that several interesting intervals
of § generate either a parabolic or a hyperbolic behavior of the solution for the corresponding linear
model from the point of decay estimates.

More precisely, the solutions to the linear model

vy — Av + p(—A)%v; = 0, v(0,2) =vo(x), v(0,2) =v1(x),
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1
for 6 € <0, 2> behave themselves similarly to solutions to a corresponding parabolic model. Mean-

1
while for § € 3 1) solutions behave more like those of a corresponding hyperbolic model. In [§]

the authors have applied a strategy to study the following more general model:
v + (=A)70+ p(=A) v =0, 0(0,2) =w(x),  v(0,2) = vi(2). (1)

There were several difficulties which arose in the understanding of the last model. In order to
estimate the nonlinear term by Duhamel’s principle, some new results on the fractional Gagliardo —
Nirenberg inequality from harmonic analysis have been applied successfully. These problems ap-
peared mainly due to the fact that the fractional Laplacian is a nonlocal operator.

Classically there exist several equivalent definitions for this operator. Without any restriction on
the parameter we can define the fractional Laplacian for all positive o by the Fourier transform

F((=R)7f() = €7 F(£)(€)

for all 0 > 0. In the last expression F(f) denotes the Fourier transform of the function f with
respect to x variable.

The above formal definition is not so useful for practical applications. Therefore, for some
special values of o it is possible to introduce the fractional Laplacian as a singular integral. Indeed,
for o € (0,1) we can adopt the following more convenient integral representation of the fractional
Laplacian:

u(z) —u
(-8 u(w) = ene [T dy
R~
2296T(n/2 + o)
a/2T(1 — o)

for sufficient smooth u with a normalization positive constant ¢, , = depending

on n and o.

The nonlinear Cauchy problem with the right-hand side |u:|P has some specific feature in the
comparison with the cases of nonlinearity |u|P or HD\au‘p . We do not apply only the Gagliardo -
Nirenberg inequality to obtain the global solvability for the last model, since the term |u;|? is absent
from the definition of the data spaces and the solution spaces.

The goal of this paper is to cover possible values of the parameter o, § which were missing in
our previous paper [8] for the model with nonlinearity |u:|P. We will obtain global solvability results

for the whole range ¢ € <;, 0>, whereas such a result was obtained in [8] just only for the case

o= %. Unlike the proof in [8] in the case § = %, the method we will use in this paper does not
require large values of p for the global solvability of the nonlinear Cauchy problem with a class of
nonlinearities f = f(u;) on the right-hand side of the equation, since we do not apply the fractional
power rules (see [7]).

Finally, we will state and prove an interesting result in the case 6 = 0 with the same type of
nonlinearity |u;|P. This case requires a certain attention due to the special formula of the characteristic
roots of the corresponding parameter-dependent ordinary differential equation after applying the
Fourier transform to the equation in the Cauchy problem (1).
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SOME RESULTS ON THE GLOBAL SOLVABILITY FOR STRUCTURALLY DAMPED MODELS ... 1213

Recall that by applying the partial Fourier transform with respect to the spatial variables x to the
equation in (1) the following Cauchy problem is obtained for the Fourier transform w = w(&,t) :=

= Upe (65 1) = F(u)(&,1):
wit + Pl we +E7w =0, w(0,€) = wo(€), wi(0,6) = wi(§).

The characteristic equation A2 + p|¢|2\ + |€]27 = 0 has the roots

M 2(6) = 5 (il = \Ju2lel — ajel2 ).

Using these characteristic roots we can write down directly the detailed formula for the solution
of the linear Cauchy problem (1) by means of the fundamental solutions:

u = Ky *ug + Ky *uq,

where * denotes the convolution with respect to x variable. In the last expression the fundamental
solutions K; are given by the following formulas:

B /\16)‘2t _ )\26)\1t B 6)\115 _ e)\zt
Ky=F 11— K =F 1 (E_—% ),
0=F < A1 — A2 ’ 1=F A1 — A2

Our main results are contained in the following theorems which will be formulated with different
values of the damping parameter 9.

Theorem 1. Consider the Cauchy problem for the structurally damped model
g+ (=8)7u + p(=A)up = |wl’,  w(0,2) =uo(x),  w(0,x) = ui(x),

with o € <1, Z), w>0andd € (;, O‘). The data (ug,u1) are supposed to belong to the function

2| +1
spaces (L' N H?®) x (L' N H*~7), where the parameter s satisfies [;} +1+ [W

Then for all
€| max 1+ 25 S "
X — e
P n’'" ) [n+20—2s]t

there exists a uniquely determined global (in time) small data solution in C([0,00), H*)NC([0, 00),
HS_O')‘

]SSEN.

. n o L 2s
We see that in the case s > ) + o the condition for p is simply reduced to p > max {1 +—,5.

n
This conditions on s, p in the above theorem may seem too strict, however as we will explain at the
end of the proof of Theorem 1, the analogous result with the same restriction on s, p is also valid if

we replace |u;|P in the right-hand side by more general nonlinearity function f(u;) satisfying some
growth of power type.

For the external damping model with 0 = 1, § = 0 we have the following result.
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1214 P. T. DUONG

Theorem 2. Let us consider the Cauchy problem for the external damped model
up — Au+ up = |ug|P, w(0,z) = up(x), u(0,2) =wui(x).

The data (ug,u1) are assumed to belong to the function space (L' N H®) x (L' N H*~1) with
n
s>1+4 5" Then for any

4(s —1
p>max{2;s;1—|—(8)}
ns

there exists a uniquely determined global (in time) small data energy solution from C ([0, o), H? ) N
N CH([0,00), H*1).

It should be noted that we also can obtain a similar result with general ¢ > 1 with only minor
changes on the conditions for s and p.

Throughout this paper the notation f < g for two functions f = f(t), g = g(t) means |f(t)] <
< ¢|g(t)| for all ¢ in the range that will be shown, with a positive constant c.

The paper is organized as follows. In Section 2 we recall some estimates for solutions to the
homogeneous linear models corresponding to the problems stated in Theorems 1 and 2. In Section 3
we shall present the proofs of our main results. As conclusion, in the last Section 4 we will give
some remarks and comments for our further study in the case of variable coefficients models.

2. Estimates of solution for linear Cauchy problems. In this section of the article we will
present several estimates for solutions to homogeneous Cauchy problems which are useful in the
study of the nonlinear Cauchy problems. These estimates were obtained already in [8] and [9]
by using singular Bessel integrals for the Fourier transform of radial functions and exploiting the
asymptotic profiles of the characteristic roots \;, ¢ = 1, 2, that were given before. For the case § = 0
such estimates were obtained by comparing the solution of the damped model with those for the
corresponding evolution model u; + (—A)%u = 0 by studying the diffusion phenomenon.

First, we have the following result (Proposition 22 in [8]) on (L' N L?) — L? and L? — L? decay

estimates of solutions for the linear (homogeneous) Cauchy problem in the case § € (;, ol.

Proposition 1. Let us consider the Cauchy problem
v + (—A)70 + (—A)v; = 0, v(0,z) = vo(x), v:(0, ) = v1(x),
for é € (g, O‘> and data (vy,v1) € (L*NH?®) x (L' N L?). Then the solutions and their derivatives
satisfy the following (L' N L?) — L? estimates:
_n 1_n
[o@t, )z S (1 +8)" B lvollprnrz + (L+1) " B flor]lprnre,
_ nt2o 1_n+20
[oe(t )l L2 S (T+1)" 45 Jlvoll pippee-o + (L+1) 40 floa|[piqge,
o _nt2o 1,@
IDI7v(t, )2 S (L +6)" 45 flvollprinpge + (1 +6) 40 [Jorllprnre,

n_ _n
I1DP(t, )z < (1 4+)"48 ool pramzs + (1+ )35 [|vo1]| pane,
and the L? — L? estimates:
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SOME RESULTS ON THE GLOBAL SOLVABILITY FOR STRUCTURALLY DAMPED MODELS ... 1215
lo(t, Iz S lvollz + (1 + O)lforl 2,
loe(ts Mgz S (L +1)7 35 [[vollgaco—s + 12,
IIDIPw(t, g2 S (1 +1)7% |[voll e + [[on ] 2,

20—0o
DIt )2 S (148 [voll s + (1+8)7 20 [Jur | 2,

in arbitrary space dimensions n.

Under special restrictions to the dimension n and the parameters o, § one can prove a sharper
result than Proposition 1 by using the technique from [2] (see Proposition 24 in [8]).

Proposition 2. Let us consider the Cauchy problem

vy 4+ (—A)v + (—A)‘Svt =0, v(0,z) = vo(x), v(0,z) = v1(x),

for § € <;, U) and data (vg,v1) € (L' N H?) x (L' N L?) under the constrain condition n > 20

for the dimension n. Then the solution and its derivatives satisfy the following (L' N L?) — L?
estimates:

- _n—2c .

ot )l < (1+1)" 3 voll iz + L+ 3 |jorllpiepe if n> 20,
v )" L2 .

(1+1)"28 [[o| 1rzz + log(e + )1 ]| 12 if n=20

_n+20 n
[oe(t, )2 S (L4874 lvoll prippee-o + (1+8) 740 o]l Liaze,

o _ n+20 _n
[IDI7v(t, )|, S A+ )7 5 Jlvollprape + (1 +1)7 5 o] L2,

_ n+440—

D 20 < —%—1 By S 20
[IDI*v(t, )| . S (1 +1) lvollLrzzs + (1 41) lvillzinre-

More generally, for arbitrary o > 0 it holds

n—20

; _ _ojta _o
|8LID1%v(t, )| 2 S (A48)" 40~ 25 ((144)" 28 [|voll p1nprzso—sr+ial + 101l Lramza-15+a) . (2)

In the exceptional case § = 0, the method to use the asymptotic profile of the characteristic roots
does not bring any decay rate in ¢ of the solution to the corresponding linear Cauchy problem. The
study of the diffusion phenomenon in the abstract setting for the equation uy + Bu + uy = 0 leads
to the following result (see Proposition 2.1 in [9]).

Proposition 3. The solution v = v(t,z) of the linear Cauchy problem for external damped
model or for the model with friction

vy + (—A)v 4+ v =0, v(0,z) = vo(x), vi(0,2) =v1(x),
and its derivatives satisfy the following (L' N L?) — L? estimates:
n _n
lo(t, Mlzz S (1 +8)" 4o fvoll zinze + (L4 8) " 4o [lv1|l inm -,
_n_1 _n 1
lo(t, M ge S A +1)" 40 "2 |voll 1o + (L +1) 740 2|l p2nze2,
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< _n_, _n_,
Jvet, )2 S (A +8) "4 voll prpge + (L4 1)" 40 flor][pinLe,

n_k _n_k
[0t M e S (L+8)7 37720 oo 1y + (1 48) 73020 [or]| 1y e
for all k >0, and the L? — L? estimates
lo(t, )Lz < llvollzz + (1 + D)forll 2,

loe(t Mlzz < L+ ) wollzze + llonll e,

1 1
[1DI70(t, )| 2 S (L +8) 2 lvollme + (1+8) 72 vl 2.

3. Proof of our main results. In this section we present the proofs of Theorems 1 and 2. Before
going into details we would like to mention that, unlike the case of nonlinearity }|D|“u|l7 , the case

with |u|P in the right-hand side will be proceeded with some necessary changes, mainly due to the
t

estimates of the nonlinear term in the integral | K;(t — 7,2)|u(7,z)|P dr. It is a quite different

situation, when |u|P is replaced by |u|P. In that coase, the fractional Gagliardo — Nirenberg inequality
allows us to derive the admissible range of p for the global (in time) existence of solutions.

3.1. Proof of Theorem 1. The proof follows the Banach fixed point method for the solution
mapping that will be shown to be Lipschitz for small data which are arbitrarily chosen. We introduce
now the data space A := (L' N H*) x (L' N H*~7). The statements from Proposition 2 suggest us
to use the auxiliary space X (t) = C([0,t], H*) N C*([0,], H*~7) with the norm

n—2o0 n
lullx @) = Sl[lg)]((HT) (T, )2 + (1 +7) 40 fJug(7, )| 2+
T7€(0,t

n+2(s—o) n—20+2s
R I (G| PR (R R TGP}

We define the mapping N between the data and the solution in the following way:
¢
N:ue X(t) = Nu=Ky*xug+ Ky *xu + /Kl(t — T, T) *(y) [ (7, 7)[PdT € X (). (3)
0

By standard arguments the uniqueness, local and global in time existence of solutions to the Cauchy
problem will be implied from the following pair of inequalities:

INullx ) < Cll(uo,ur)lla + Cllull . )

|Nu— Nollxqy < Cllu = ol (lull gy + lols)- (5)

From the estimates in Proposition 2 it is obvious that
t
j _n+2(oj+k—o)
107 Nu(t, )| e S [l (w0, ua)lla + /(1 +t-7) 15 e )P 1 i os2stos)

0

with k, 7 such that k + j = s and j = 0, 1. We estimate the norm H]ut(T, -)|pHleH,@,_U+2j(U_5> by
the following result (see Lemma 3 in Matsumura [4] for the general nonlinearity f = f(u,uy)).
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Lemma 1 (cf. Lemma 3 in [4] for general case of f(v)). Suppose that f = f(v) has the form
n/2] +1
2
nondecreasing nonnegative function h(-) with h(0) = 0 that is a Lipschitz function at a neighborhood

of v = 0, such that for every function v € H® the following estimates are valid:

f = [v|P, £vloP~Lp > s with an integer s > [n/2] + 1 + } Then there exists a

£ @) ms S JolByeh(lollas) forall p>1,
1F@)za S IolB2/ ol n (o] ) forall p>2, 1<q<2, pg>2.

The proof of this statement was presented in details by von Wahl in [12].

To estimate different norms which are included in the norm of the solution space X (¢) we firstly
derive the estimates for the norms containing ;.

Differentiating the expression (3) with respect to ¢ we obtain

t

ONw = vy + / (K1 (t = 7,3) *(a) [ug(r, 3)[P) dr,
0

where by v we denote the solution of linear Cauchy problem with the same initial data ug, u;.
Using the estimates (2) with j = 1, @ = s for v; and for second expression in the above formula
we get

t
n _n+2s
[O(Nu)(t, )| s S (1+t>45II(UO,U1)||A+/(1+15—T) B (el llpe + el |l zzs ) dr.

0
(6)
. n/2] +1 . .
With s > [n/2] + 1+ | we apply Lemma 1 with ¢ = 1,p > 2 to have the following
useful estimates for the norms of |u|P:
([lel?|| o S Nl Bl 72+)
and
- 2
el S Noel1B /e 77 e o) ()

By the Sobolev embedding theorem for L°°(R™) under the given condition for s and from the
monotonicity of h, the right-hand side of the (7) is dominated by ||us|/};.h(||ut||s) with some
suitable multiplicative constant. Adding these last estimates together we get

el llzs + el s S Nuellfpah(lluel as).-

Substituting the last estimate into the expression in the right-hand side of (6) we obtain

t

n _n+2s
[0e(Nu)(t,) || 7o S (1+t)‘46|!(UU,U1)HA+/(1+t—7) 25 [Jue |3y h([lue | 1<) dr.
0
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Putting

n
M(t) = sup (1+7)45 |[ug(7, )] are
0<r<t

and using the monotonicity of h we may conclude

[0(Nu)(t, ) s S
t
_ n+2s (Q)
S(A+t)” 45||(u0,u1)HA—|—h / P14+t—7)" 4 (1+7)P\45)dr.
0
Now recalling that for max{«a; 5} > 1 the inequality

t
/1—|—t—7' (14+7)Pdr < (1 +t)” min(eh)
0

2
holds, we see that for p > 1 + =
n

10:(Nu) (8, )| 7o S (1 +1)735 (g, wn) 4 + (1 + O~ (M) R(M (1)) ®)

is valid.
By using the estimates for the corresponding linear Cauchy problem together with the second
inequality in Lemma 1 for ¢ = 2, we also have

10Nt )| 12 S (14 1) 38 (g, ur) |4 + (1 + )55 (M(£))Ph(M (). ©)
The estimates (8) and (9) imply the nonhomogeneous norm estimate
10:(Nw) (£, ) re S (1 )78 (g, un) 4+ [(1+ )" "B + (1+£)738] (M (£)Ph(M (1),

The last inequality implies that for the local (in time) solution of Nu = wu with small data ug, u;
suitable chosen in A the inequality

M(t) < et [(1+ 6B + 1] (M(£)Ph(M(1))

is valid. By a well-known argument, the last estimate implies that M (¢) is bounded for small data
ug, uq suitable chosen, i.c.,

Jue(t, ) o S (L4 0)7 30 (10)

The last estimate is still weak and is not the one we need to prove. However, we will use it as an
intermediate step in the following estimate.

Next, we will strengthen estimate (10) by differentiating directly both sides in the equation (11).
For the local (in time) solution of u = Nu the estimate

ottt ) S 00+ [ 10605 (510~ 7,29 sy S ) |
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. . . . . _ n+2a+20i—20
is satisfied. The first term in the right-hand side has a growth (1 +1¢) 48 l(uo, u1)||4 from

the estimates for the corresponding linear cauchy problem. The second term containing an integral,
we estimate as follows:

! n+2a+20j—20
/Hajaa Ki(t = 7,2) %) fu)(1,2)) || 2d7 S / t=7)T I [l || faeag-ns
0

for j + |a| < s. The term containing A (||ut|| ;k—o+2(o—5)) is bounded thanks to the estimate (10)
and by the monotonicity of A(-). Therefore it can be dropped out.
We finally arrive at

; _n42k+420j-20 _nt2k420j-20
[0fult,)|| e S (1+1) 8 [ (uos ur)lla + (1 +1¢) B el iosios)

® for the last Matsumura technique to be applied. This estimate implies the

provided that p > n
first inequality (4).
Now we will present the main steps how to prove the second estimate of (5), that is

|Nu = Nollxq < Cllu = vllxq (lullfeg, + 0l ).

For f(u) = |u:[P writing
t
|INu — N’UHX(t) = /Kl(t —T,T) *(2) (f(u(T, a:)) — f(v(T, :c))) dr
0 X(t)
by means of the estimate for the corresponding linear Cauchy problem we estimate several norms of
the difference f(u(s,x)) — f(v(s,z)). The estimate of the L' N L?-norm can be obtained by noting

that
f () = ()] S fur — o] (JuelP ™+ Jor P71

(this fact can be proved, for example, by applying Lagrange’s mean value theorem). Hence, by
Holder’s inequality, we see that

£ () = £ S luar) = (e (NP + o))
17 (u(m) = )2 S lue(r) = ez (e 122 + o), )

The LP- and L?P-norms of the difference u; —v; are estimated by the fractional Gagliardo — Nirenberg
inequality and they are dominated by [[u—v|| x (). More precisely, to estimate the norm [[w(7, -)|| ks,
k = 1,m, with w = u; — vy, ug, vy we apply the fractional Gagliardo—Nirenberg inequality in the
form , @2) , 2
—Cr Ss—0o 72 1 s—0O 2
lw(r, Mre S JIDP~w(r, )|~ ol )l

where for ¢ = p, 2p > 2 we need

naolad) = (- 1) e ).

s—o q
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1220 P. T. DUONG

This leads to the additional condition for p that requires p <

[ 5 (n T which is always valid
n—2(s—o

if we suppose s > g +o.

The more difficult estimates are those that should be established with the Sobolev norms in the
definition of X (t). For example, we will explain how to estimate ||[u[P — [v;[P|| ;. for v > 0. By
the estimates (2), in order to bound the norm |ju — v||x(;), we pay attention to two special values
v =a+2(j—1)0 with (j,«) = (0,s) or (j,«) = (1, s — o). These values correspond to v = s — 24
and v = s — 0. Here we apply the following estimate for the nonhomogeneous scales (known as the
Kato — Ponce inequality, see [3]). We formulate this well-known inequality below for reference.

Denote by J*(f) = (1—A)*/2(f) = FH((1+4x2¢|?)*2F(£)(€)), and H*P := { f € LP(R"
J5(f) € LP(R™} for s > 0 — special fractional Sobolev spaces on R”.

Proposition 4 (Kato—Ponce inequality). For all functions f € HP2N L9 and g € H%%2 N L7
it holds

HJS(fg)HLT(R”) S [”f”LPl(]R”)HJSgHqu(]R”) + HJSfHLMR”)HQHL‘ZZ(R")]a

1 1 1 1
where s >0and — = —+ — = —+ — for 1 <r<oo, 1 <p1, g2 <00, 1 <pa, q1 <o00.
T g1 P2 Q2 o )
The next estimates for the nonlinear part are carried out with the application of Lemma 1 instead
1
of the composition lemma. We write g(w) = |w|?, G(w) = ~¢'(w) = w|w[P~2. By the fundamental
p

theorem of calculus it follows
1
9(ue(s)) — g(ve(s)) = p/(’dt(S) — ve(s))G(Our + (1 — O)vy) db.
0
Therefore,
llad? = o 5 [ [ ues) = wu(5))GOus + (1= 8)0r) |, d
0

Applying the Kato—Ponce inequality for the H”-norm of the product fg, where f := G(Ou; + (1 —
—0)vy), g := u(s) — ve(s) in the right-hand side of the above estimate with r = po = ¢1 = 2, = p,
P1 = g2 = 0o we obtain

1

il = 0 5 [ ) = et O+ (0= )
0

o) = vl [ GO+ (1= 0)00)|

The norm || (u(s) —vi(s)) H 1 18 estimated by the Gagliardo —Nirenberg inequality and is dominated
from above by the norms that appear in the definition of the solution space X (¢). The terms HG(GUt+

+ (1= 0)vy)|| oo and | (ue(s) — ve(s))| oo Ar€ estimated from above by the Sobolev embedding.
The more interesting is the last term HG (Ouy + (1 — 0)vy H e
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In the case of a general nonlinearity f(u;) that has power growth f(w) ~ |w|P (see the Remark 1
below), we apply the Lemma 1 once again, since G(w) has the power growth as |w[P~! too. This
brings

|G (Our + (1= 0)vy) || 1y S ||Oue + (1= O)ve|5, (||0ut + (1= 0)wllm) <
< (el + el st (el s+ el ) -

The factor A (||u¢|| g~ + ||v¢||+) can be dropped out of the integral by the monotonicity of h and
by the boundedness of |lut|| g~ and ||v¢||g+ (we see that v < s — ¢ in all cases of our interests).
The second estimate (5) follows from the above arguments. The condition for p now becomes
p—1 > s—o that is true since o > 1. We should note that we need also the condition that s —o € N
for the validity of Lemma 1 applied to G.

However in the case f(u;) = |uyP the estimate can be obtained directly by means of the
Corollary 2. According this composition result we may derive

HG Ous + (1 — )vy HHWN HG Ous + (1 — 0)vy HHb s

S (16t + G lL,)-

The last inequality leads to the second estimate (5).

By (4) and (5) the existence of local (in time) solution follows immediately for large data and the
existence of global (in time) solutions will be guaranteed for sufficiently small data.

Theorem 1 is proved.

Remark 1. We have proved in [8] another global existence result with the same nonlinearity
|u¢|P but only for the special case § = %. In that paper, in order to estimate the integral term
including |u¢|P in the Sobolev scales we had applied the following composition lemma (see [7]).

Proposition 5. Let p > 1 and v € H®™, where s > % and s € (0,p). Then the following

estimate holds:
0[P zrem < Cllo| e 0]

The following corollary follows from Proposition 5 immediately.
Corollary 1. Under the assumptions of Proposition 5 it holds

-1
[ |vf? < Clvllgsm vl -

e

2l +1
It seems that the conditions s > [Z} + 1+ [[n/;—i-] and s integer are too strong in the

statement of Theorem 1. However we present the proof using Lemma 1 since this approach is simple

and it does not require more detailed information about the function h(-) except the monotonicity and

the Lipschitz property near 0. Additionally, the condition p > s comes simply from the assumption

that f(v) = |v|P € C®. Moreover, this approach also allows us to consider a broader class of the

nonlinearities f(u;). Actually, we can apply this method to obtain the following general result.
Theorem 3. Consider the Cauchy problem for the structurally damped model

u + (A)7u+ p(=A) ur = fw),  u(0,2) =uo(z),  w(0,2) = wui(z),
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2| +1
witho > 1, 4 >0, € <g,a> and s > [n/2] + 1+ [w—] such that s, o are integer. The
Sfunction f(v) satisfies the following conditions:
flv) € C%,
[f()] S [vf?,

IF @) <P~ for 1< a<min{s;p},
f@ )| <1 if p<a<s.

The data (ug,u1) are supposed to belong to the function space (L* N H*) x (L' N H*~%) with
n > 20. Then for all

b n’ (n+20—2s);

there exists a uniquely determined global (in time) small data solution in C([0,00), H*)NC([0, 00),
HS*O')'

. .\ . 2s n
We see that in the above theorem, the condition for p is reduced to p > 1+ — when s > — + o

n
and we do not need the inequality p > s in order to guarantee the global existence with small data
result in Theorem 3.

The proof of Theorem 3 coincides to that of Theorem 1 with the exploitation of the following

result (Lemma 3 in [4]) which generalizes Lemma 1.
2l +1
Lemma 2. Suppose that f = f(v) € C*®, where s > [Z] +1+ {WQH_
assumption in the statement of Theorem 3. Then there exists a nondecreasing nonnegative locally
Lipschitz at v = 0 function h(-), h(0) = 0, which is a Lipschitz function at a neighborhood of v = 0,
such that for every function v € H?® the following estimates are valid:

} , satisfies all

1F @) las S IlolBsh(lollas) forall p>1,
1F @) ne S Joll52/ ol 22 n (vl p) forall p>2, 1<q<2, pg>2.

3.2. Proof of Theorem 2. The proof of Theorem 2 can be served as an illustration to show how
to use the composition lemma effectively to estimate the term containing |u:|P in Sobolev scales. In
order to prove Theorem 2 we need some additional decay estimates for the mixed derivatives of
which are easily obtained from the representation of solution and can be proved by the same method
as for proving Lemma 2 (see [9] for details).

Proposition 6. The solutions of the linear Cauchy problem for classical damped waves satisfy
the following (L' N L?) — L? estimates for mixed derivatives:

n_q_ _n_q_
ot M e S O+ DTT T ool s + (146787 o]l
for all k>0, and the L?> — L? estimates

oe(t, e S X+ 875 Hwoll garr + (1 + )7 fJoa]| -
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Proof of Theorem 2. We introduce the data space A := (L?> N H*) x (L' N H*™') and the
solution space X (t) = C([0,¢], H*) N C*([0,t], H*~1) with the norm

n n
lullx@ = sup <(1 + 1) 4 u(r, e + 1+ 1) 4 ()| g2+
0<7r<t

n, stl s—1 nis s
FA+7) 47 2 [IDP (7, )z + (1 4+ 1) 47 2([| D u(r, ')HL2>-
As in the proof of Theorem 1 we define a mapping N in the following way:
N:ue X(t) — Nue X(t) with
¢
Nu = Go(t, x) *z) uo + G1(t, T) *(z) u1 + /Gl(t =T, T) *(g) |ue(T, ) [Pdr. (11)
0
By standard arguments the uniqueness, local and global in time existence will be concluded from the
following pair of inequalities:

INull ey < Cll(ao, ur)lla+ Cllull (12)

1
INu = Nvllx) < Cllu = vllxq (el + l0lq)- (13)

We begin by estimating the L? norm of Nu itself. To do that we apply the (L' N L?) — L? estimates

. t . . t
on the interval [0, 2] and L? — L? estimates on the interval [2, t| to conclude

t/2

[Nult, )| 2 S (O +6)7 1 (uo, w4+ / (Lt — 7)o, )P oo+
0

+[(Q+t- T)H\ut(r, ')]pHLQdT

N+
-

We get immediately from the definitions of L, norms that

e (T, WPl e S e, s + e (T, )11 2,

To estimate the norm ||u(7, )|/ x», k = 1,2, we apply the fractional Gagliardo —Nirenberg inequal-
ity in the form

lw(r, ) S H|D|S 1 Heog 1(2:2 )”1 —00,5—1(q,2

with w(7,-) = w(7,-), where for ¢ > 2 we need

n 1 1
00.5-1(¢,2) = ~— <2 - ) €[0,1)
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. . . . . t
that is, 2 < ¢ if ﬁ < 1. Since 6y s—1(p,2) < 6p,s—1(2p,2) we obtain on the interval <0, 2)
s —
the estimate
t/2 t/2

-z _n —p( 2+ n
Jat= ot Ploeedr S 040l [040) (it
0 0

We see that

n s+1 (1 1 n+2(s—1)
Y R Sl 1 f R
p<4+”2(s—1)<2 p>)< or Pt

t
On the interval (2, t), meanwhile, we proceed as follows:

t t
n, _stl 1 1
[t =Dl Pl 5 0 Dl [+ ry A= G5 g

t t
2 2

n+ s+ 1 1 1 < n 9
—_— [e— 77’1/ —_——— — _——
PNaTos—1"\ 2 2 4

The inequality

holds for A )
ns
4(s —1 2(s—1
Noting that 1 + M > 1+ m for s > 1+ g we arrive at the first condition
ns
4(s —1
p>1+ M for the exponent p. By this approach we have proved the estimate (12) for Nu
ns
itself.

Differentiating (11) with respect to ¢ we obtain

t
8tNu = ’Ut(t, l‘) + /815 (Gl(t -7, SU) *(z) ‘Ut(T, )‘p) dT7
0

where we introduce v := Go(t, ) *() uo + G1(t, ) *(y) u1 as the solution of the corresponding
linear Cauchy problem with the initial data ug, u;.
Using the above techniques for getting the estimate for Nu we arrive at

n
(1 + T) 4+1 HatNu(7-> .)HLQ < CH(UOa ul)HA + CH”H?{@) forall 7€ [Oa t]
under the same assumption for p.
Now let us turn to estimate ||0;|D|* ™! Nu(t, -) HLQ. We use the following:

t
@t|D|S_1Nu = \D|3_1vt(t,$) + /(MDF_I (Gl(t —T,1) *(2) lug (T, -)|p)d7'.
0
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Taking account of the estimate in Proposition 6 with & = s—1 and using the (L'NL?)— L? estimates

t t
on the interval (0, 2) and L? — L? estimates on the interval (2, t) we have

a1 n+2(s+1)
|0 DI (N[ S A +8)7 4 [[(uo,un) || a+

t
7 _n+2(s+1)
+ /(1 +t=7)" T ([l ) PllLraze 4 Mue(r, P ) dr+
0

(14t = 7) 7 (e (r, WPl g2 + e (7, )Pl e dr

_l_
w\n\ﬂ

The integrals with H [ug (T, )P H riqz2 OF H lug (7, )P H 12 Will be handled as before if we apply the con-

A(s —
dition p > 1 + (87 To estimate the integrals with H |ug (T, )P H frs—1 We apply the composition

ns
result for p > s. In this way we may proceed further as follows

t/2
- n_ s+l
/ (At =) e, )P e dr <
0
t/2
_ﬂ_il p—1
s/<1+t—7> T g ) s e (22 <
0
t/2
_n_stl p—1
< / (Ut — )5 ug(r ) o Mue(r, Bk dr <
0
t/2
n_stl p—1
< / o S [YC [y P [ P e
0

with s —1 > 59 > 5" Using again the estimates from Proposition 3 we get

t/2
_n_ s+l

Jast=n e, gy

0
t/2

_n_stl o _n_y _n_y _n_stlyp-1
<1401 HuHX(t)/(l—l-T) e T e ) e

0

It is obvious that for p > 2 and s > 1 the integral in (14) is uniformly bounded. The same argument

t
is applied on the interval (2, t) to conclude that
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n., +
(L 7)1 2 [Juer, )Pl aes S Mwo, wa)la + llully  forall € (0,1).

An analogous reasoning leads to the other estimates which are required by the definition of X (t)-
norm.

The second inequality (13) is obtained by an analogous approach that was carried out in the proof
of Theorem 1. Namely, the L' N L?-norm of f(u(s,x)) — f(v(s,x)) for f(u) = |u|? is estimated
by using

[F() = F©)] S fue — vl (el + o)

and by Holder’s inequality, which leads to
17 @) = FEEN | S luer) = ol (eI + (oI5,
17 @) = F@D| 2 S Nue(r) = ez (a2, + lom)IE, )-

After that the LP- and L% -norms of the difference u; — v; are estimated by the fractional Gagliardo —
Nirenberg inequality and they are dominated by [|u — v|| x )

Now we will use another version of Kato—Ponce inequality which is stated in terms of homoge-
neous Sobolev spaces.

Proposition 7 (Kato—Ponce inequality for the homogeneous Sobolev spaces, see [3]). For all
functions [ € HP2 0 LT and g€ H®% 1 LP' jt holds

[1DI*(f9)]

prny S Fllzes @) lIDIgll Lo @y + 1DI fllprereny gl poz )|

1 1 1
where s >0and — = —+ — = —+ — for 1 <r<oo, 1 <p1, g2 <00, 1 <pa, q1 <o00.
» T p1 g P2 Q2
By writing

[fuel? = Jvel?]| gy S / [[(ue(s) = vi()G(Oue + (1 = O)wr) | ., dO
0

and by applying the Kato— Ponce inequality for the H?-norm for the product fg with f := G (Qus +

+(1—0)v;) and g := u(s) —v¢(s) in the right-hand side of the above estimate with suitable constants
P1, g1, P1, g2 > 0 we are able to bound the norm HG (Qu + (1 — for G = u|u[P~? with
some constant ¢; > 0 to be chosen later.

The norm in H7% for G (9ut +(1- 9)1},5) can be estimated if we apply the general composition
result which is stated for a broader class of functions. We introduce the class Lip x in the following
(see [7]).

Definition 1. Let p >0, N € Ng and 0 < a <1 such that yn = N + «. Then we define

j N (tg) — FIN) (¢
Lipp =4 f € CN°R): f9(0) =0, j=0,...,N, and sup [/ o) = S )] |
toFt1 to — t1]@

Ut HH’Y a1

Further we put

(N) _ f(N)
£l = §:‘ [F M) t) = 18]

sup
!t!“ J "t [to — ta]®
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It is clear that |t|* € Lippy, t|t|*~2 € Lip(u — 1) for u > 1. The following helpful general
1
composition result for the class Lip i was obtained in [7]. Let us denote o, = nmax {0; - — 1}.
p
Proposition 8 (Theorem 6.3.4 (i) in [7]). Let o < s < j and p > 1.
Then there exists some constant c such that

IG(Hrs, < clGlluipll fleg, 14

p,qa —

holds for all f € F,) ,N L and all G € Lip p.
Proposition 8 together with the Sobolev embedding imply immediately the following consequence
in the supercritical case s > g

Corollary 2. Let s € g,p . Denote either G(u) = |ul|P or G = +u|u[P~! with p > 1. Then

for all uw € H? the following composition estimate holds:
IG () |lars S My

With G = u|u|P~2, by choosing p;, ¢;, i = 1,2, as in the proof of Theorem 1 and by estimating
the homogeneous ||G(0u; + (1 — 0)vy)|| ji» from above by the nonhomogeneous norm |G (Our +
+ (1 = 0)vy)|| , Corollary 2 allows us now to obtain the second estimate (13). It is possible since
p—1>vy=s—o0foro>1, p> s and both of the norms |[u|[12, [|us| f, are included in the
norm of X ().

Theorem 2 is proved.

Remark 2. We have applied two different approaches to deal with the nonlinearity of the form
|u¢|P. The first one, which was used in the proof of Theorem 1, follows the Matsumura technique to
use some monotone function A(t) that doesn’t require the exact expression. Therefore the condition

2
for p could be relaxed very nicely up to p > 1 + i for the general nonlinearity function f(u;)
n

satisfying a certain power growth at infinity. However the regularity s of the solution must be higher
than that which is obtained by the second approach in the proof of Theorem 2. We have applied the

Runst - Sickel composition there to estimate the term |u;|P with the weaker condition on s that is
s> 1+ g On the other hand the condition for the exponent p is more strict by following the second
approach. We see that for the solvability of the Cauchy problem in Theorem 2 the admissible values
4(s —1)

ns

4. Further studies and concluding remarks. The Cauchy problem that has been treated in
Sections 2 and 3 could be generalized to the case of z-dependent coefficient models. We will deal
with an operator B = B(z) that behaves in some sense as b(z,t)(—A)7.

Consider the z-dependent functional matrix b(x,t) = b(x), where b(x) = (bij(2))1<i j<n, bij =
= bj; and b;; € C°. We assume that the (n x n)-matrix b = b(z) satisfies the following growth
condition at infinity:

for p must be larger than max {2; s;1+

bo(1+ [2)7 €2 < b(@)& - € < by (1 + |2])°[¢)

for some positive constants by, b;.
In order to define b(x)(—A)?, we restrict ourselves to the following reduction of the divergence-
like form. Assume that /B is a self-adjoint operator acting on L?(Q) such that the following identity
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for the scalar product is satisfied:
<\/§u, \/§v>2 = <b(m)(—A)“/2u, (—A)U/2v>2, u,v € D(\/E), (15)

where D(\/E ) is the completion of C§® with respect to the norm

wier (b8, (-8)72u) +ul?) "

The existence of such self-adjoint operator is guaranteed by a result on the Friedrichs extension of
the nonnegative operators. Actually, the operator b(z)(—A)? may not be self-adjoint, however by
considering the completion of the space C§° with respect to the above norm, in which all Cauchy
sequences are converging, there exists in a unique way such an operator y/B that can be denoted by
(b(aj)(—A)")l/2 in order to distinguish it from the usual notation (b(:c)(—A)")l/z.

We see that the formula (15) is valid for such functions w, v the fractional Laplacian of which
have some behavior at infinity as |z|~%/2. This means

D(VB) > {ue Hy*(@Q): (1+]a]"/?)(-4)"u] € Ly(2)}.

We define the operator B and its fractional powers as operator functions of /B using the
spectral calculus for operators (known also as the identity resolution of the spectrum). Particularly,
B := (\/§)2, where /B is the above Friedrichs construction based on (b(z)(—A)7) vz

Let 2 be the exterior of a compact set K in R™ with smooth boundary. Now we consider the
following mixed problem in €:

Utt+BU+Ut:O, $EQ, t>0,
u(0, ) = uo(),

(16)
ui (0, ) = u (),

u(t,z) =0,z € 9, t>0.

The decay estimates, which have a close relation to solutions to the exterior damped model with
constant coefficients, will be proved by using a generalization of Gagliardo — Nirenberg’s and Hardy’s
inequalities with arbitrary derivative orders. In order to obtain the decay estimates stated in the
Conjecture 1, which will be formulated later, we need some information for the solution to the
parabolic mixed problem

nw+Bv=0, €, t>0,
v(0,2) = vo(w),

v(z,t) =0, €0, t>0.

First of all, using the equivalence of the Nash inequality and the L> — L' decay of the semigroup
{e~'B}, we will show that the following inequality holds for the operator B:

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 9



SOME RESULTS ON THE GLOBAL SOLVABILITY FOR STRUCTURALLY DAMPED MODELS ... 1229

IFI5E2C=D < B, 102 (17)

for all function f € L*(Q) N D(B).
In fact, we have the following application of Holder’s inequality:

1 2 1
1F122 < 11PN

20 — 20 —
w and raising the last inequality to 1 + 7
2(20 - B)

2220 n 2(20— n
FI252Co=0m < | p| 2=/

Choosing now p = we arrive at

£ 17 20/t 520 -

In order to estimate the norm || f H e of f by the scalar product (Bf, f) we need the follow-

ing generalization of the classical Hardy Littlewood result on fractional derivatives inequality of
Sobolev type which was obtained by E. Stein and G. Weiss in [11].
Let us introduce the operator 7T} acting on the functions f € LIOC(R”) as follows:

TA:fHTAf:/QTf_(x;’/\dy, 0<\<n.
RTL

Proposition 9 (Theorem B* in [11]). Let 0 < A < n, 1 < p < o0, a < n/p/, B8 < n/q,
a+B>0,1/g=1/p) +[(A+a+p)/n]—1.Ifp < q< oo, then

1/q 1/p
[ty | < | [Os@) ey
Rn

Rn

Now by the definition of the Riesz potential, it is clear that T is related to the fractional Laplacian
with a negative exponent by the following relation:

A—n

T, = C)\(—A) 2
for 0 < A < n with a constant c) > 0.
Proposition 9 can be rewritten in a more convenient form involved the fractional Laplacian with
positive exponent as follows:
lallze  ||lel*(=A) |,

1 1 -2
f0r0<,u< O<a<—w1thp, q, a, i being related by — = f—i-a iy
P q p n
Choosmg
2n n+20—p 15}
e —— [ o= —
=0y p—200 P~ 2005 2
in the last inequality we get, for 5 € (0,n) and o € (0,n), the following inequality:
11 < 1?2V 1]

Ln+ﬂ 20

Recalling the condition for B we arrive at the desired estimate (17).
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It is well known (see [1]) that (17) is equivalent to the following relation:
le™ Bz S IIfll Vf € L) vt >0. (18)

Usually, the inequalities (17) or (18) are not sufficient to imply the decay rate of {e~*#} in other
L' — L scales with arbitrary ¢ > 1. The so-called Markov property including the positivity and the
contraction for the semigroup {e~*#} must be satisfied in order to obtain further energy estimates
for the solution u of the mixed problem (16). The positivity, however, does not hold for general o
even for the constant coefficient case.

For example, if we can prove the Markovian property for {e*Z}, then the above Nash-type
estimates allow us to obtain the following result.

Conjecture 1. Suppose n > 20. Moreover, we assume that the initial data belong to

(uo,u1) € D(VBNLY(Q)) x (L*(Q) N LY(Q)),
where B is defined as above. Then the solution of (16) satisfies the following decay estimates for

t>1:

__n 1

s S ¢ 228 (Jfwol| o + lun o + oo + | (VB +1) " |2,
o n 1

IVBulz, S ¢ 22722 (Jluglls + llwall e + IV Buol 2 + Il 2 ),

Juallze S ¢ 22" (Jlugll s + llur s + 1V Buollz2 + 2.

After getting these estimates we can follow the approach presented in Section 3 to study the
mixed problem

up + Bu+ug = |wP, z€Q, t>0,
u(0,7) = o),

ut(0,z) = w1 (z),

u(z,t) =0, xze€0dQ, t>0.

In the next step of our study, we will try to answer the question proposed above about the Markov
property of the semigroup {e~*Z}. The case of ¢-dependent coefficients brings some interest to our
models and must be treated carefully. These results for the nonlinear problem with z-dependent
coefficient will appear in a forthcoming paper.
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