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CONTACT CR-WARPED PRODUCT OF SUBMANIFOLDS
OF THE GENERALIZED SASAKIAN SPACE FORMS
ADMITTING THE NEARLY TRANS-SASAKIAN STRUCTURE

KOHTAKTHHI CR-BUKPHUBJIEHUI JOBYTOK HNIJJMHOTI'OBU/IIB
Y3ATAJIBHEHUX ITPOCTOPOBUX ®OPM CACAKI,
IO JOIMYCKAIOTh MAWMKE TPAHCCTPYKTYPY CACAKI

In the present paper, we apply Hopf’s lemma to the contact CR-warped product of submanifolds of the generalized Sasakian
space forms admitting nearly trans-Sasakian structure and establish a characterization inequality for the existence of these
types of warped products. This inequality generalizes the inequalities obtained in [M. Atceken, Bull. Iran. Math. Soc. —
2013. - 39, Ne 3. — P. 415-429; M. Atceken, Collect. Math. — 2011. — 62, Ne 1. — P. 17-26, and Sibel Sular, Cihan Ozgiir,
Turkish J. Math. — 2012. — 36. — P. 485-497]. Moreover, we also compute another inequality for the squared norm of the
second fundamental form in terms of warping functions. This inequality is a generalization of the inequalities acquired in
[I. Mihai, Geom. Dedicata. — 2004. — 109. — P. 165 -173 and K. Arslan, R. Ezentas, I. Mihai, C. Murathan, J. Korean Math.
Soc. —2005. — 42, Ne 5. — P. 1101 -1110]. The inequalities proved in the paper either generalize or improve all inequalities
available in the literature and related to the squared norm of the second fundamental form for contact CR-warped product
of submanifolds of any almost contact metric manifold.

VY po6orti nemy Xomnda 3acTocoBaHo 10 KOHTaKTHOrO CR-BHKPHBICHOTO NOOYTKY IiAMHOTOBHIIB y3arajJbHEHHX HPOCTO-
poBux ¢opm Cacaki, 110 JOMYCKalOTh Maibke TpaHcCTpykTypy Cacaki, Ta BCTaHOBJICHO XapaKTepu3allidiHy HEpIBHICTBb
IIOZI0 ICHYBaHHS BHKPHBJICHHX NOOYTKIB Takoro THily. Ll HepiBHICTH y3arajbHIOE HEpPIBHOCTI, IO OyJIM BCTAaHOBJIEHI B
[M. Atceken, Bull. Iran. Math. Soc. — 2013. — 39, Ne 3. — P. 415-429; M. Atceken, Collect. Math. — 2011. — 62, Ne 1. —
P. 17-26 Ta Sibel Sular, Cihan Ozgiir, Turkish J. Math. — 2012. — 36. — P. 485 —497]. Kpim TOro, OTpHMAHO iHITy HepiBHICTb
U KBajipaTta HOpMH Apyroi GyHAaMeHTANbHOI (OPMHU B TepMiHaX BHKPHBIAIOYNX (PyHKLIH. L[ HEepiBHICTH y3araibHIOE
HepiBHOCTI, o Oyau BcranosieHi B [I. Mihai, Geom. Dedicata. — 2004. — 109. — P. 165-173 ta K. Arslan, R. Ezentas,
I. Mihai, C. Murathan, J. Korean Math. Soc. — 2005. — 42, Ne 5. — P. 1101 -1110]. HepiBHocCTi, 10 JOBeneHi B poOOTi,
y3arajbHIOIOTh a00 MOJIMUIYIOTH yci HEPIBHOCTI, AOCTYNHI B JITepaTypi, IO BiIHOCATHCS IO KBajapaTa HOPMH APYroi
¢ynnamenrtanbHoi opmu 11t KOHTaKTHOro CR-BHKpHBIICHOTO JTOOYTKY IiMHOTOBHIIB Oyab-sIKOTO Mai)ke KOHTAKTHOTO
METPHYHOTO MHOTOBH]LY.

1. Introduction. Gray and Hervella classified the almost Hermitian manifolds [2], in this classifi-
cation there exists a class W, of almost Hermitian manifolds, which is closely related to a locally
conformal Kaehler manifold. An almost contact metric structure on a manifold M is called a trans-
Sasakian structure if the product manifold M x R belongs to class Wy [17]. The class Cs @ Cs
coincides with the class of trans-Sasakian structure of the type («, 3). This trans-Sasakian structure
is cosymplectic or Sasakian or Kenmotsu if « = 0,3 = 0, or 8 = 0 or o = 0. Later on, D. Chinea
and C. Gonzalez [11] generalized these structures actually they divided almost contact structure into
twelve different classes. An almost contact metric manifold is nearly trans-Sasakian manifold if it
is associated to the class C; @ Cs @ Cg. Recently, C. Gherghe [7] introduced a nearly trans-Sasakian
structure of the type (a, ) which is the generalization of the trans-Sasakian manifold of the type
(cr, B). Moreover, if 5 =0 or a = 0 or @ = 8 = 0, then nearly trans-Sasakian structure of the type
(a, B) becomes nearly Sasakian [9] or nearly Kenmotsu [18] or nearly cosymplectic [8], respectively.

On the other hand the notion of CR-warped product submanifolds as a natural generalization of
CR-products was introduced by B. Y. Chen (see [3, 5]). Basically, Chen obtained some basic results
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for CR-warped product submanifolds of Kaehler manifolds and established a sharp relationship be-
tween the warping function f and squared norm of the second fundamental form. Later, I. Hesigawa
and I. Mihai proved a similar inequality for contact CR-warped product submanifolds of Sasakian
manifolds [14]. Moreover, 1. Mihai in [15] improved same inequality for contact CR-warped product
submanifolds of Sasakian space form. Furthermore, in [19] K. Arslan et al. established a sharp esti-
mation for contact CR-warped product submanifolds in the setting of Kenmotsu space forms. Many
geometers obtained similar estimation for different setting of almost contact metric manifolds (see
references).

In the other direction, M. Ateceken [20, 21], Sibel Sular and Cihan Ozgiir [26] proved the
characterizing inequalities for existence the contact CR-warped product submanifolds of cosymplectic
space forms, Kenmotsu space forms and generalized Sasakian space forms admitting a trans-Sasakian
structure.

In the present study, we consider contact CR-warped product submanifolds of nearly trans-
Sasakian generalized Sasakian space forms and obtain a characterizing inequality for the squared
norm of the second fundamental form. Finally, we also establish a sharp inequality for squared norm
of the second fundamental form in terms of warping function. Our inequalities generalize or improve
all the inequalities for contact CR-warped products in any contact metric manifold.

2. Preliminaries. A (2n + 1)-dimensional C°°-manifold M is said to have an almost contact
structure if there exist on M a tensor field ¢ of type (1, 1) a vector field ¢ and a 1-form 7 satisfying
[10]

¢ =—T+n®E ¢¢=0, nogp=0, n¢) =1

There always exists a Riemannian metric ¢ on an almost contact metric manifold M satisfying the
conditions

n(X) =9(X,¢), g(¢X,0Y) =g(X,Y)—n(X)nY)

for all X,Y € TM.
An almost contact structure (¢, &,n) is said to be normal if the almost complex structure J on
the product manifold M x R given by

7 (x.15) = (ox = 0.

where f is a C*°-function on M x R, has no torsion, that is .J is integrable and the condition for
normality in terms of ¢, & and 7 is [¢, ¢] + 2dn ® £ on M, where [¢, ¢] is the Nijenhuis tensor of
¢. Finally, the fundamental 2-form ® is defined by ®(X,Y) = g(X, ¢Y).

An almost contact metric manifold is said to be trans-Sasakian manifold if [7]

(Vx@)Y = a(g(X,Y)E —n(Y)X) + B(g(¢X, V)€ —n(Y)pX) (2.1)

for all X,Y € TM.
An almost contact metric manifold is said to be nearly trans-Sasakian manifold if

(Vx9)Y + (Vy o)X = a(29(X,Y) = n(Y)X —n(X)Y) - B(n(Y)pX +n(X)eY  (22)
forall X,Y € TM.
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Given an almost contact metric manifold M, it is said to be a generalized Sasakian space form
[23] if there exist three functions f;, f> and f3 on M such that

R(X,Y)Z = fi{g(Y, 2)X — g(X, 2)Y'} + fo{g(X, 9Z)9Y — g(Y, $Z)p X +

+29(X, ¢Y)oZ} + fs{n(X)n(Z2)Y —n(Y)n(Z2)X + g(X, Z)n(Y)E — g(Y, Z)n(X)E}  (2.3)

- _ _ 3

for any vector fields X,Y,Z on M, where R denotes the curvature tensor of M. If f; = CZ ,
-1 . -3 1 _

fo=fs= CT, then M is Sasakian space form [10]; if f; = ¢ 1 fo=fa= cl_ , then M is

a Kenmotsu space form [18]; if f1 = fo = f3 = 2, then M is a cosymplectic space form [23].

Let M be a submanifold of an almost contact metric manifold M with induced metric g, and if
V and V= are the induced connection on the tangent bundle 7'M and the normal bundle T-M of
M, respectively, then the Gauss and Weingarten formulae are given by

VxY =VxY +h(X,Y), (2.4)
VxN = —AxX + V%N, (2.5)

for each X,Y € TM and N € TM, where h and Ay are the second fundamental form and the
shape operator, respectively, for the immersion of M in M, they are related as

where ¢ denotes the Riemannian metric on M as well as on M.
The mean curvature vector H of M is given by

1n
H=— hiyiv
n; (e, €;)

where n is the dimension of M and {ej,es,...,e,} is a local orthonormal frame of vector fields on
M. The squared norm of the second fundamental form is defined as

n

1117 =" glhlei ej), hlei ). 2.7

3,j=1

A submanifold M of M is said to be a totally geodesic submanifold if h(X,Y) = 0, for each
X,Y € TM, and totally umbilical submanifold if h(X,Y) = g(X,Y)H.
For any X € T'M, we write

¢X = PX + FX, (2.8)

where PX is the tangential component and F'X is the normal component of ¢.X.
Similarly, for N € T~ M, we can write

N =N + fN, 2.9)

where tN and fN are the tangential and normal components of ¢V, respectively.
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The covariant differentiation of the tensors ¢, P, F, t and f are defined as respectively

(Vx9)Y = VxoY — ¢VxY, (2.10)
(VxP)Y = VxPY — PVyY, (2.11)
(VxF)Y = VxFY — FVyY, (2.12)
(Vxt)N = VxtN — tV£N, (2.13)
(Vxf)N =VxfN — fV%N. (2.14)

Furthermore, for any X,Y € T'M, the tangential and normal parts of (V y¢)Y are denoted by PxY
and QxY, i.e.,

(Vx¢)Y = PxY + QxY. (2.15)
On using equations (2.4)—(2.12) and (2.15), we may obtain
PxY = (VxP)Y — Apy X — th(X,Y),
OxY = (VxF)Y + h(X,TY) — fh(X,Y).

Similarly, for N € T-M, denoting by Px N and Qx N respectively the tangential and normal parts
of (Vx¢)N, we find

PxN = (Vxt)N + PANX — Asn X,
OxN = (Vxf)N + h(tN,X) + FANX.
On a submanifold M of a nearly trans-Sasakian manifold by (2.1) and (2.15)
PxY +PyX =a29(X, YY) —n(Y)X —n(X)Y) - B(n(Y)PX +n(X)PY), (2.16a)
OxY + Oy X = —B(n(Y)FX + n(X)FY) (2.16b)

forany XY € TM.

An m-dimensional Riemannian submanifold M of an almost contact metric manifold A/, where
¢ is tangent to M, is called contact CR-submanifold if it admits an invariant distribution D whose
orthogonal complementary distribution D is anti invariant, that is

TM =D& D+ @ (¢),

where ¢D C D, ¢D+ C T+ M and (£) denotes 1-dimensional distribution which is spanned by &.
If 1 is the invariant subspace of the normal bundle 7-M, then in the case of contact CR-
submanifold, the normal bundle 7-M can be decomposed as follows:

T+M = pn® ¢D*.

A contact CR-submanifold M is called the contact CR-product submanifold if the distributions
D and D' are parallel on M. In this case M is foliated by the leaves of these distributions. In
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general, if N7 and N, are Riemannian manifolds with Riemannian metrics ¢g; and go respectively,
then the product manifold (N7 x Na, g) is a Riemannian manifold with Riemannian metric g defined
as

9(X,Y) = gi1(dm X,dmY) + g2(dm X, dmaY),

where m; and 7o are the projection maps of M onto Ny and N, respectively, and dmy, dmo are
their differentials.

As a generalization of the product manifold and in particular of contact CR-product submanifold,
one can consider the warped product of manifolds which are defined as follows.

Definition 2.1. Let (B, gp) and (C, gc) be two Riemannian manifolds with Riemannian metric
gp and gc, respectively, and f be a positive differentiable function on B. The warped product of B
and C' is the Riemannian manifold (B x C,g), where

=95+ fgc.

For a warped product manifold N7 x ; N2, we denote by D1 and Dy the distributions defined
by the vectors tangent to the leaves and fibers, respectively. In other words, D; is obtained by the
tangent vectors of N; via the horizontal lift and D is obtained by the tangent vectors of Ny via
vertical lift. In case of contact CR-warped product submanifolds D; and D3 are replaced by D and
D+, respectively.

The warped product manifold (B x C, g) is denoted by B x ; C. If X is the tangent vector field
to M = B x; C at (p,q), then

IX112 = ldm X|* + £%(p) || dma X ||*.

R. L. Bishop and B. O’Neill [24] proved the following theorem.
Theorem 2.1. Let M = B x ; C be warped product manifolds. If X,Y € TB and V,W € TC,

then:
(i) VxY € TB,
(i) VxV =VyX = (?) V,

(iii) VyW = V{W — g(V,W)VIn f.
From above theorem, for the warped product M = B x; C' it is easy to conclude that

VxV =VyX = (XInf)V 2.17)

forany X e TBand V € TC.
V f is the gradient of f and is defined as

gV, X)=Xf (2.18)

forall X € TM.
Corollary 2.1. On a warped product manifold M = N1 Xy Na, the following statements hold:
(i) Ny is totally geodesic in M,
(1) Ny is totally umbilical in M.
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In what follows, V| and Nt will denote a anti-invariant and invariant submanifold, respectively,
of an almost contact metric manifold M.

A warped product manifold is said to be trivial if its warping function f is constant. More
generally, a trivial warped product manifold M = N; x N» is a Riemannian product N X sz ,
where NQf is the manifold with the Riemannian metric f2g, which is homothetic to the original
metric go of Nsy. For example, a trivial contact CR-warped product is contact CR-product.

Let M be a m-dimensional Riemannian manifold with Riemannian metric g and let {e1,..., e, }
be an orthogonal basis of 7M. As a consequence of (2.18), we have

m

IVAI? = (ei(£)

i=1

The Laplacian of f is defined by

Af=> {(Veei) f — eieif}. (2.19)

i=1

Now, we state the Hopf’s lemma.

Hopf’s lemma [5]. Let M be a n-dimensional connected compact Riemannian manifold. If 1 is
differentiable function on M such that Ay > 0 everywhere on M (or Ay < 0 everywhere on M),
then ) is a constant function.

3. Contact CR-warped product submanifolds. In this section we consider contact CR-warped
product of the type N7 x ¢ N of the nearly trans-Sasakian manifolds M, where Ny and N are the
invariant and anti-invariant submanifolds respectively of M. Throughout, this section, we consider
& tangent to Nyp.

Now we have some fundamental results in the following lemma for later use.

Lemma 3.1 [1]. Let M = Nt xy N be a contact CR-warped product submanifold of a nearly
trans-Sasakian manifold M such that Ny and N | are invariant and anti-invariant submanifolds of
M, respectively. Then we have:

@) {Inf =5,

(i) g(h(X,Y),62) =0,

(i) g(h(X,Z),6Z) = —{(6X In f) + an(X)} Z||%

(iv) g(h(gv Z)v ¢Z) = —O[HZHQ,

W) 9(h(6X, Z),62) = (X In f — Bn(X)) | 2
forany X € TNy and Z € TN .

Now, we have the following lemma.

Lemma 3.2. Let M = Nt xy Ny be a contact CR-warped product submanifold of a nearly
trans-Sasakian manifold M. Then

9(h(6X, Z), 6h(X, Z)) = |hu(X, Z)|* — g(¢h(X, Z), Ox Z)

forany X € TNy and Z € TN .
Proof. By (2.4) and (2.10)

WoX,Z) = (Vz)X + ¢V 2z X + oh(X, Z) =V z9X.
Thus by using (2.15) and (2.17)
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hMoX,Z)=PzX +QzX +XInfopZ + oh(X,Z) — ¢X In fZ.
Comparing normal parts
hpX,Z) = QzX + Xn foZ + ¢ph,(X, Z)

9(MdX, Z), oh(X, Z)) = g(Qz X, oh(X, Z)) + ||hu(X, Z)||*.

By using (2.16b), we get

g(h(9X, 2), oh(X, Z)) = | hu(X, 2)|* = g(¢h(X, Z), Qx Z).

Next we prove the following characterization theorem.

Theorem 3.1. Let M = Npx ¢ N be a contact CR-warped product submanifold of generalized
Sasakian space form M (f1, fa, f3) admitting the nearly trans-Sasakian structure such that Ny is
connected and compact. Then M is contact CR-product submanifold if either one of the following
inequality holds:

M D > Mhaen )P = fopa+ 377 S0 119l
i) > Z 1hyu(es e)* < fopa,

where h,, denotes the component of h in p, p+ 1 and q are the dimensions of N7 and N .

Proof. For any unit vector fields X tangent to N7 and orthogonal to £ and Z tangent to V| .
Then from (2.3) we have

R(X,¢0X,Z,67) = —2f29(X, X)g(Z, Z). (3.1
On the other hand by Coddazi equation
R(X, 90X, Z,0Z) = 9(Vxh(6X, 2),67Z) = g(MVx$X, Z), 67 )~

—g(h(¢X,Vx2),07) — g(Vixh(X, 2), 02)+

+9(W(Vox X, Z),6Z) + g(h(X,Vx Z), 6 7). (3.2)
By using part (iii) of Lemma 3.1, (2.10), (2.4) and (2.15), we get

9(Vxh(¢X,Z),67Z) = Xg(h(¢X, Z),02) — g(M(6X, Z),Vx$Z) =
= X(XInfg(Z,2)) - g(h($X, 2),(Vx$)Z + ¢V x 2).
On further simplification above equation yields
9(Vxh(¢X,2),0Z) = X*In fg(Z, Z) + 2(X In [)?9(Z, Z) — g(M($X, Z), Qx Z)—
—9(h(6X, Z),6h(X, Z)) = X In fg(h(6 X, Z), 6 2).

Utilizing the part (v) of Lemma 3.1 and Lemma 3.2, we have

ISSN 1027-3190.  Vkp. mam. scypn., 2018, m. 70, Ne 10



1424 MERAJ ALI KHAN

9(Vxh(9X,2),6Z) = X*In fg(Z, Z) + (X In )*9(Z, Z) — ||hu(X, Z2)[*~
—9(oh(X, Z) — (¢ X, Z), Qx 7).

Further, using (2.4), (2.15), (2.16b) and (2.17) in the last term of above equation, we obtain

9(Vxh(¢X, 2),6Z) = X*In fg(Z, Z) + (X In [)*9(Z, Z) = |ha(X, Z)|* + | Qx Z|*.  (3.3)
In the same way, we can calculate

~9(Vixh(X, 2),62) = (6X)*In fg(Z. Z) + (6 X In f)*9(Z, Z)~
~[hu(0X, 2)|1? + [ Qex ZI*. (3.4)
From part (iii) of Lemma 3.1, we get
9(ApzZ,9X) = X1n f,

replacing X by Vx X
g(A¢ZZ, ¢VxX) = VXX In f

By using the Gauss formula in preceding equation, we have
9(ApzZ,6(VxX — WX, X)) = VxXInf. 3.5)

By use of (2.4), (2.10), (2.2) and (2.17), it is straightforward to see that h(X, X) € u, applying this
fact in (3.5), we obtain

9(ApzZ,Vx¢X — (Vx¢)X)=VxXIn f.

In view of (2.2) the previous equation abridged to

9g(hWM(VxoX,Z),0Z) =VxXnfg(Z,7Z). (3.6)
Correspondingly,
9(W(VexX,Z),0Z) = =Vex¢X In fg(Z, 2). (3.7)
By use of (2.17) and part (iii) of Lemma 3.1, it is simple to see the following:
9(WdX,VxZ),6Z) = (XIn f)’g(Z, Z) (3.8)
and
9(h(X,VyxZ),0Z) = —(6X In f)*g(Z, Z). (3.9)

Substituting (3.3), (3.4), (3.6), (3.7), (3.8) and (3.9) in (3.2), we find
R(X.¢X,Z,¢Z) = X*In [g(Z,Z) + (6X)*In fg(Z,Z) - Vx X In fg(Z, Z)~
~Vox9X9(Z, Z) = |h(X, 2)|* = |h(¢X, Z2)|” + [ Qx Z|* + [ Qux ZII. (3.10)

Let {eg = &, e1,€2,... s €p/2; PE1, Qe .. ey = d)ep/Q,el,eQ, ...,e%} be an orthonormal frame of
T'M such that {eg,e1,...,e,/9, €1, Pe2,...,¢e, s} are tangent to TNy and {el,e? ... e} are
tangent to T'IV .
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By using (3.1) and (2.19) in (3.10) and summing over ¢ = 1,2,...,pand j =1,2,...,q, we get
P g P g
gAln f = fopg = > " [lhu(ei )P+ DD Qe |I*. (3.11)
i=1 j=1 i=1 j=1
From Hopf’s lemma and (3.11), if

p q
S5 aten P > fopa + 30120

=1 j=1 i=1

ZZHh 67,, <f2PQ7

=1 j=1

or

then the warping function f is constant on M, i.e., M is simply a contact CR-product submanifold,
which proves the theorem completely.

Now we have the following corollary, which can be confirmed straightforwardly.

Corollary 3.1. Let M = Nt x N | be a contact CR-warped product submanifolds of a genera-
lized Sasakian space form M (f1, fa, f3) admitting the nearly trans-Sasakian structure such that Ny
is connected and compact. Then M is contact CR-product if and only if

P 4 P4
SO e )P = fapg+Y Y [1Qee|I?,
i=1 j=1 i=1 j=1
where h,, denotes the component of h in u, p+ 1 and q are the dimensions of Nt and N .
Furthermore, if the ambient manifold M is a generalized Sasakian manifolds with trans-Sasakian
structure, then from above findings we have the following corollary.
Corollary 3.2. Let M = Nt x ¢ N, be a contact CR-warped product submanifold of a genera-
lized Sasakian space form M f1, f2, f3) admitting the trans-Sasakian structure such that N is
connected and compact. Then M is contact CR-product submanifold if either one of the inequality

ZZH}L €, € >f2p(I7

=1 j=1

p q
ZZHh“ €4, € < f2pq

i=1 j=1

or

holds, where h,, denotes the component of h in j, p+ 1 and q are the dimensions of N7 and N | .
Remark 3.1. In the above corollary, the first characterizing inequality was also proved by Sibel
Sular and Cihan Ozgiir in [26]. In particualr the above inequalities also generalize the results obtained
in [20, 21].
Corollary 3.3. Let M = Nt x N | be a contact CR-warped product submanifolds of a genera-
lized Sasakian space form M f1, f2, f3) admitting the trans-Sasakian structure such that N is
compact. Then M is contact CR-product if and only if

p q
D llhules €)= fopg,

i=1 j=1

where h,, denotes the component of h in u, p+ 1 and q are the dimensions of Nt and N | .
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Remark 3.2. Similar consequence in Corollary 3.3 was also proved in [26].

4. Another inequality. In the present section, we estimate the squared norm of the second
fundamental form in terms of warping function.

Theorem 4.1. Let M (f1, fo, f3) be a (2n + 1)-dimensional generalized Sasakian space form
admitting the nearly trans-Sasakian structure and M = Nt Xy N be an m-dimensional contact CR-
warped product submanifold, such that Ny is (p+1)-dimensional invariant submanifold tangent to &,
where p is an even number and N be a q-dimensional anti-invariant submanifold of M (f1, fa, f3)-
Then:

(i) The squared norm of the second fundamental form h satisfies

IRl1* > g[VIn £ = Aln f — o = 8] + fapg + | QpD* 1%, (4.1)

where A denotes the Laplace operator on Nr.

(1) The equality sign of (4.1) holds identically if and only if we have

(@) Nr is totally geodesic invariant submanifold of M (f1, f2, f3); hence, Nt is a generalized
Sasakian space form admitting the nearly trans-Sasakian structure,

(b) N is a totally umbilical anti-invariant submanifold of M (f1, fa, f3).

Proof. Forany X € TNy — (§) and Z € TN, from Lemma 3.1 we have

9(h(€,2),02) = —a| Z|?

and
g(h(¢X,Z),¢Z) = X In f|| Z|*.

Since £ In f = 3, then combining this with above two equations, we get

P g
> ko (e ) = qll VIn £ — a = 8] (42)
=0 j=1
Once more from (3.11)
P q 4 P q 4
SN lhlen )| = fopg — qAn f+ 3> [[Qe,el |2 (43)
i=1 j=1 i=1 j=1

We use the following notation:

P q )
33 19|12 = |2pD 1.
=17

—

Substituting above notation in (4.3) and combining it with (4.2), we acquire the inequality (4.1).
Let h” be the second fundamental form of N, in M. Then we have

g(W" (2, W), X) = g(VzW,X) = =X In fg(Z, W),
on using (2.18), we get
W'(Z,W)=—g(Z,W)VInf. (4.4)

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 10



CONTACT CR-WARPED PRODUCT OF SUBMANIFOLDS OF THE GENERALIZED SASAKIAN SPACE ... 1427

If the equality sign of (4.1) holds identically, then we achieve
h(D,D)=0, h(D*+ DY)=o0. (4.5)
The first condition of (4.5) implies that Nt is totally geodesic in M. On the other hand, one has

g(M(X,0Y),6Z) = g(Vx¢Y,$Z) = —g(8Y,(Vx$)Z). (4.6)
By use of (2.10) and (2.4) we get the following equation:

9(9Y, (Vz¢)X) = g(¢Y,Vz0X) — g(Y,VzX),

in view of (2.17) the above equation reduced to

9(¢Y, (Vz¢)X) = 0. (4.7)
From (4.6), (4.7) and (2.16a) we have

9(M(X,9Y),0Z) = —g(oY, (Vx9)Z + (Vz¢)X) = 0. (4.8)

From (4.8), it is evident that N is totally geodesic in M(f1, f2, f3) and hence is a generalized
Sasakian space form admitting the nearly trans-Sasakian structure.

The second condition of (4.5) and (4.4) imply that N is totally umbilical in M (f1, fo, f3).

In the last we have the following corollary which can be deduced from inequality (4.1).

Corollary 4.1. Let M = Nt Xy N | be a contact CR-warped product submanifold of a genera-
lized Sasakian space form M(f1, f2, f3) admitting the trans-Sasakian structure, then squared norm
of the second fundamental form satisfies

IAl* > q[VIn f||* = Aln f —a — B8] + fapa,

where A is the Laplace operator on N, and p + 1 and q are the dimensions of Nt and N,
respectively.

Remark 4.1. For the contact CR-warped product submanifolds of generalized Sasakian space
forms M (f1, fo, f3), admitting nearly trans-Sasakian structure if we consider the tensorial equation
as follows:

(Vx@)Y + (Vyd)X = a(29(X,Y) —n(Y)X — n(X)Y) = Bn(Y)oX +n(X)¢Y

and dimension of invariant submanifold Nt as 2p + 1. Then by similar calculations the inequality
(4.1) will be change as follows:

R[> > q|[VIn f||> — Aln f — o — B] + 2 fapq + || Qp D*||%. (4.9)

Now we have the following conclusions:

(i) If the ambient manifold M (f1, f2, f3) is Kenmotsu space form, ie., « = 0,3 = 1, fo =

1
_ o and QpD+ = 0, then the inequality (4.9) reduced to the inequality obtained in Theorem

4.1 of [19].
(i) Moreover, if the ambient manifold M (f1, f2, f3) is Sasakian space form, i.e., a = 0,3 =
1
=1,fo= et and Qp D+ = 0, then the inequality (4.9) will be very much similar to the inequality

(3.1) of Theorem 3.1 in [15].
Remark 4.2. The inequality (4.1) of Theorem 4.1 is also an improved version of the inequality
4.1 proved in [1].
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