UDC 517.9
A. Tiryaki (Izmir Univ., Turkey)

CACCIOPPOLI-TYPE ESTIMATES FOR A CLASS
OF NONLINEAR DIFFERENTIAL OPERATORS

OHIHKHU THUITY KAYHYIOIIIOJI /11 OJHOI'O KJIACY
HEJIHIMHUX JJA®EPEHIIAJIBHUX PIBHSIHD

We establish Caccioppoli-type estimates for a class of nonlinear differential equations with the aid of a differential identity
that generalizes the well-known multidimensional Picone’s formula. In special cases, these estimates give the Finsler
p-Laplacian, the p-Laplacian and the pseudo-p-Laplacian.

BcranoBneno oniHku TUIy Kaudionmmori Ayl OQHOTO KJacy HENiHIHUX Au(epeHLialbHIX PIBHSAHB 3a JOTIOMOTO0 IU(e-
PEHIIiaTbHOT TOTOXXHOCTI, IO y3arajbHIOE BifjoMy OaratoBuMipHy ¢opmyny Ilikone. B wacTMHHHMX BHMaakax Ii OLIHKH
JaroTh p-namviacian MiHcnepa, p-lamiaciad Ta p-IceBaoamiaciag.

1. Introduction. The Caccioppoli inequality is an important tool for the regularity estimate of elliptic
partial differential equations (see [1, 2] and references therein). In the basic Caccioppoli inequality,
L?-norm of the gradient of a harmonic (or subharmonic) function v is estimated in terms of the
L?-norm of v itself. Such an estimate may not hold for arbitrary functions v, but we can typically
use them for solutions of elliptic equations or systems in which integrals of higher derivatives can
be bounded in terms of integrals of lower derivatives, usually over a slightly larger set. One of the
alternative ways to establish the basic Caccioppoli inequality is to derive it from Picone’s identity

3, 41
V| - <v (“),w> ~ [t ()
v v 2

where u and v are differentiable functions in a domain 2 C R", v(z) #01in Q, || - ||2, V and ()
denote the Euclidean norm, the usual gradient and the inner product in R", respectively.
Let v > 0 be a weak (continuous) solution of

Av=0 in Q

and n € C§°(12) be a nonnegative test function.
If we integrate (1.1) by substituting v = nv, and use Young’s inequality and Cauchy — Schwartz
inequality, respectively, then we can obtain the desired estimate

[ lnvelfias <4 [ [on]d.
Q Q

More generally, if p > 1 is fixed and v > 0 is a weak continuous solution (or subsolution) of the
p-harmonic equation

div (|Vol5*Vo) =0 in Q,
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1430 A. TIRYAKI

then the LP-version of the Caccioppoli estimate
Jlnveliziz <97 [ [jo5n]da
Q Q

([5], see also inequality (5.27) in [6] and Corollary A6 in [7]) can be easily obtained from the
p-Laplacian generalization of Picone’s identity

Ivall— (v (55):
JulP~?

,_ P [Jwll” p u
Dy (u,v) = ||Vl + (0 - 1)7”%)”2 TP

Vng_QVv> = &p(u,v),

where

<Vu, vaHg_vi> >0

by setting v = nv and making use of Young’s and Holder inequality [8, 9].
Recently, Jaros [10] extended the Caccioppoli inequality to a class of differential operators of the
form

Appv = div (H (V)P 'V H(Vv)), (1.2)

where p > 1, H : R™ — [0,00), n > 2 is a convex function (see, for example, [11]) of the class
C'(R™\{0}) which is positively homogeneous of degree 1 and V and V¢ stand for usual gradient
operators with respect to the variables x and &, respectively.

We refer to the operator Ay, as the Finsler p-Laplacian (or the anisotropic p-Laplacian). A
prototype of H satisfying the above conditions is the /,.-norm

n 1/r
H(&) = lIgllr = (Z ‘fi|r> , r>1,
=1

for which the operator defined by (1.2) has the form

Appv = div ([[Vo||27"Vv), (1.3)
where
ov |72 o ov |2 v
r = _ e ~ a . 1‘4
Viv ( 81‘1 81’17 ’ 8xn 8a:n) ( )

The class of operators of the form (1.3) includes the usual p-Laplacian and the so-called pseudo-
p-Laplace operator as the special cases corresponding to » = 2 and p € (1,00) and r = p > 1,
respectively. Clearly, if p = r = 2, then (1.3) reduces to the standard Laplacian A.

Anisotropic elliptic problems involving this kind of operator have recently been studied in several
papers including [6, 12-22].

Recently, Jaros obtained the following interesting result related to Caccioppoli inequality:
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Theorem 1.1 (Caccioppoli-type inequality) [10]. Let v > 0 be a weak subsolution of
~Apv=g@)|wPf2 in Q.

Then, for any fixed ¢ > p — 1 and w = vV/P | the inequality

q—p+1 qg—p+1

/H(an)pd:U < <q>p/H(wV17)pd:L‘+ W/g(:z:)wpnpdx (1.5)
Q Q Q

holds for all 0 < n € C§°(Q2), where 0 < g € L{° ().

Loc
The purpose of this paper is to extend the Caccioppoli inequality to a class of A-harmonic

operators of the form
Aqv = div (VeA(z, Vo)), (1.6)

where A: Qx R™ — R, is measurable function such that £ — A(x,¢) is continuously differentiable
function, convex and homogeneous of degree p > 1 with A(xz, ) < A;(z)A2(£). A typical example
of functions A satisfying the above hypothesis is

1
A(mé)z};!\i\lfn’, p>1, r>1, &£eR",

or more generally

Alw.§) = SHEP, p>1.

In these two important particular cases, (1.6) reduces to (1.3) and (1.2), respectively.

2. Preliminaries. In this section we give some properties of the A-harmonic operator and
general norms in R"™ which will be used in the sequel. The proofs can be obtained similarly as in
[15] or [16].

Let (,) denote the usual inner product in R and A: Q x R™ — R, be a measurable function
such that £ — A(z, ) is convex and homogeneous of degree p > 1 so that

Az, t€) = [t]P Az, §) 2.1

for all t € R and (z,&) € Q x R™. If we assume that A € C1(2 x R™"\{0}), then from (2.1) it
follows that

<§7 va(Iv t§)> = pA(fL’, 5)

for all (z,&) € Q x R™ [23].
Let As be an arbitrary norm in R". If we define the dual norm Ay of Ay by
(u, §)

As(€)r

Ap(u) = p_% sup for uwe R"
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and if we assume Ay € C''(R™\{0}), then from (2.1) we obtain
VeAo(t€) = sgnt [t[PVeAa(€) forall £€#0 and t#0 (2.2)
and
(€, VeA(§)) = pAa(§) forall §e R,

where the left-hand side is defined to be 0 if £ = 0.
Moreover,

Ap (ngg(g)%) —p v forall £eR™M{0}.
Similarly, if Ag is of class C' for u # 0, then
1 _1
Ao (VAo(u)p) =p » forall we R"\{0}.
From (2.2), we obtain the Holder-type inequality
(u,€) < pr Ag(w) Ap(€)7 forall u,€ € R™.

We will also need the following lemmas.

Lemma 2.1 [23]. Let the function & — A(x,§) be continuously differentiable convex and ho-
mogeneous of degree p > 1, that is, A(x,t&) = |tlPA(x,€) for all t € R and (z,§) € Q x R".
Then

Az, n) + (p — 1) A(z,§) = (VeA(z,£),n) (2.3)

Sor all £&,m € R™. If in addition, § — A(x,§) is a strictly convex function, then the equality in (2.3)
holds if and only if € = n.

Lemma 2.2 (A generalization of Picone’s identity) [23]. Let the function & — A(x,§) be con-
tinuously differentiable convex and homogeneous of degree p > 1. Assume that w and v are differen-
tiable in a given domain @ C R™ with v(z) # 0 in Q and denote

O A(u,v) = Alz, V) + (p— 1)A (x %vu) - <V§A<x, %Vv),Vu>.

Then

Alz, Vu) — ]19 <V§A(x,Vv),V < [ul” >> = D 4(u,v) (2.4)

[vP~?v
and ® 4(u,v) > 0 a.e. in Q. If, in addition, the function §& — A(x,§) is strictly convex in R", then
D 4(u,v) =0 a.e. in Q if and only if uVv = vVu in Q.
1
Remark 2.1. 1In the special case, where A(z,&) = —H({)P, p > 1, Lemmas 2.1 and 2.2 reduce
p

to Lemmas 2.1 and 2.2 in [10], respectively. In [10], this special formula was used to establish
the Caccioppoli-type inequality (1.5) for the subsolution (resp. the supersolution) of the nonlinear
equation involving a Finsler p-Laplace operator A ,,. Similarly in the special case, where A(x,§) =

1
= —||€||¥, where p,r > 1, £ € R™, the identity (2.4) reduces to
p
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p_ |u’p P—TXTIT )
IVull? = (V AVUIETTV 0 ) = @y (u, v),

[o[P~2v
where V"v is defined in (1.4) and

|ul?
Dpr(u,v) = [Vullf + (p - 1)WHWH$ -p

[ulP~?u
|v|P—2v

(Vu, | Vv|E72V"v) >0

which is the special case of (2.4).

3. Caccioppoli-type estimates. In this section we establish Caccioppoli-type estimates for
positive sub- and supersolutions of nonlinear equations involving anisotropic elliptic operators A 4
where A(x,&) < Aj(z)A2(8).

Let €2 be a domain in R™ and A: Q x R™ — [0,00) be a special Caratheodory function, i.e.,
Ay € C(92) with A;(z) > 0, Ay is measurable nonnegative function for all £ € R™. Moreover we
assume that A, (¢) is differentiable and satisfies the properties given in Section 2.

Consider the equation

1
—S A = g(x)|v[P~v + f(x), 3.1)
/ —1
where p>1,0<ge L*(Q),0< fe LP(Q) andp’:pT.

As usual we will say that a continuous function v € W1P() is a (weak) solution of Eq. (3.1) in
a domain 2 C R™ if it satisfies

;/<V§A(ac,Vu),V77>dx—/g(x)]v|p27)77dx:Q/f(x)77dx (3.2)

Q Q

for all n € Wol’p(Q).

(Weak) subsolution and supersolution (3.1) are defined analogously using the nonnegative test
functions 7 € WO1 P(Q) by replacing “ =" in (3.2) with “ <” and “ > 7, respectively.

We define the functional J4 as

Ja(u; ) == /A(x,Vu)dm - /g(m)|u|pdx, u € Wol’p(Q)
Q Q

associated with (3.1).
Let v > 0 be a (continuous) weak subsolution of (3.1) in  and u € VVO1 P(€2). Then we can
choose

as a test function in (3.1) and conclude by (2.4), that

Ta(w; Q) < Q/ {A(m, Vu) — ]19 <V5A(x, Vu),V (i;f'pl >>} do + Q/ f(x)igpl da —

:/@A(u,v)dx—}—/f(x) [l (3.3)

pP—1
Q Q
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1434 A. TIRYAKI

Clearly, for positive supersolution v of (3.1) and any u € WO1 P(§2), the reversed inequality

() > /Q B, v)da + /Q f(@)

holds true. If, in particular, v € I/VO1 P(Q) is a positive solution of (3.1), then (3.3) becomes an
equality.

Then we have the following theorem.

Theorem 3.1 (Caccioppoli—typeqinequality). Let v > 0 be weak subsolution of (3.1) in Q). Then

for any fixed ¢ > p — 1 and w = vr, the inequality

q+1

qap
Az, nVw)d
[ Awavujar - 2=

B Aq(z)As(nVw)dx <
—p+1 /
q—p 2

Q
p Pyl—p Dyl—p
q qa’p qa’p
< | — A A Vn)d +/ PnPd +/ d
—<q—p+1> / @) da(wVmde + T [ glowrrde+ T | f(a)nde
Q Q Q
3.4)

holds for all 0 < n € C°(Q).
Proof. Let v be a positive subsolution of (3.1) in Q. Fix a nonnegative function n € C§°(12).

Then v := v%n belongs to WO1 P(Q) and we can use it as a test function in (3.3) to get

JA(v%n;Q) < /A(x, Vv%n)dx +(p-1) /A (:r,v%an) dx—

Q Q
a—p q
—/<V§A(1’,’U P an),V(UPn)>dx+/f(x)ndx. (3.5)
Q Q
By using
V(v%n) = %vgfanv + U%V?]
and

A(z,§) < Ay(z)A2(&)
in the above inequality (3.5), we have

JA('U%U; Q) < /A(w,szn)dx—i—(p— 1)/A1(x)A2(vq;anv)dx—
Q Q

/<V5A(a: v P an) 9% UVU> dz+
p
Q

+/<V5A1($)A2(UqunVU)7UZV77> d$+/f(a:)77d:r. (3.6)

Q Q
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On the other hand by using properties of Ay and Ao, we can easily obtain

<V5A1(a:)A2(v%an),v%Vn> = A () <V§ [AQ(U%??VU)%]p,U%VT]> <

a=pr p—1 q 1
< pAi(x)Ag (v » an) ? Ao (UPVn)P.
By using this inequality in (3.6), we get

JA(U%H;Q) < /A(x,VvZn)dx—

_(1—p)/Al(l‘)Az(vqianU)daj—q/A(aj,q)qppnvv)daﬂ_
Q Q

— -1
+p / Ay (z)As (U%UVU) %AQ(U%VU)%dx + / f(z)ndx.
Q Q
Applying Young’s inequality in the form

1 1 -1
apb” < - 1a+p

pTP™ p

TP, a,b>0, 7>0,

we have

JA(U%TI;Q) < /A(:U,van)dx—
Q

—[1-p+ 1 —p)] /A1(I)A2(vq”pWW)dﬂf—CJ/A(Q%Uq"fﬁw)df'j+
Q

+7'p1*1 /Al(x)Ag(vZVn)d:L‘+/f(x)ndx.
Q Q

Now making use of the definition of J4 we obtain

q/A(x,vq;anv)da: <(p-1)(1+71) /Al(m)Ag(vq;anv)da:—i-
Q Q

+Tp1—1 /Al(ﬂ?)AQ(vZVU)dx/g(w)vqnpdaur/f(x)nd%

Q Q Q

— 1
which after choosing the constant 7 := i as in [10], leads to

p—i—l/A vpn )d pi—_{il /A Ag an)dx<
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< (p) Q/Al(:c)Ag(vZVn)d$+

q—p+1

q—;ﬁ /g(w)vqnpdw + q—;ﬁ / f(z)ndx.
Q Q
Finally, the substitution of w = vr yields (3.4) as claimed.
Theorem 3.1 is proved.
An analogous result as Theorem 3.1 above holds for positive supersolution of (3.1) and a range
of ¢ smaller than p — 1. The proof is similar to that of Theorem 3.1, hence omitted.

Theorem 3.2. Let v > 0 be a weak supersolution of (3.1) in Q). Then, for any fixed ¢ < p — 1,
the inequality

-1 1 = =
@2 VGED [ i) aaeF vo)ie - —L— [ A5 yv0)de <
p—qg—1 p—q—lQ

p—q—1

< <p> Q/ Ay (2) Az (vr V) dz—

p—q—1
Q

—p/g(x)vqnpdx—]*/f(x)ndx (3.7)
Q

holds for all n € C§°(2) with n > 0.

Now we consider the equality case, that is, A(z,{) = Aj(x)A2(§). From Theorems 3.1 and 3.2
we have the following results.

Theorem 3.3 (Caccioppoli-type inequality). Let v > 0 be weak subsolution of (3.1) in §2. Then,

for any fixed g > p—1 and w = v%, the inequality

Q/ Ay (@) As(Vw)da < (q_gﬂf Q/ An(2) Aa(wVn)d+

qppl—p / qppl—p
. 2 wPnPde + ——— z)ndzx
q_p+1Qg() n q_p+1Qf(M

holds for all 0 < n € C°(Q).
Corollary 3.1. Let g =p, g(x) =0, and f(z) =0in Q. If v > 0 is a weak subsolution of (3.1)
in ), then

/Al(x)Ag(an)dx Spp/Al(:):)AQ(vVn)dac
Q Q

Jor any nonnegative n € C§°(12).
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Theorem 3.4. Let r > 0 be a weak supersolution of (3.1) in Q. Then, for any fixed ¢ < p — 1,
the inequality

p—q—1

/ Ay (z) Az (vr Vo) de < <p>p / Ay () Ag (v Vi) da—
Q Q

p 4P p /
g(x)vinPdx f(x)ndx

holds for all n € C§°(Q2) with n > 0.

The particular case of the above theorem when ¢ = 0 is interesting in the sense that the right-hand
side of (3.7) does not contain v. The result specializes as follows.

Corollary 3.2 (Logarithmic Caccioppoli-type inequality). Let v > 0 be weak subsolution of (3.1)
in Q. Then

/ Az Ag(nVlogv)d:c<<p > / Ay (2) A (Vi) dar—

—5%1 M@Wm—pfl/f@mw (3.8)
Q Q

whenever 0 < n € C§°(12).
1
If A(E) = =||€l15, p>1, £ € R", and g(z) = 0 and f(x) = 0 in £, then (3.8) reduces to the
p

well-known logarithmic Caccioppoli inequality for the positive p-superharmonic functions [24].
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