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MAPPING PROPERTIES FOR CONVOLUTION
INVOLVING HYPERGEOMETRIC SERIES

BJIACTHUBOCTI BIJOBPA’KEHHA AJIA 3TOPTKU,
IO BKJIIOYA€ I'NIIEPTEOMETPHUYHI PAIHU

We introduce sufficient conditions of (Gaussian) hypergeometric functions to be in a subclass of analytic functions. In
addition, we investigate several mapping properties for convolution and integral convolution involving hypergeometric
functions.

BBeneHo nocratHi yMOBH TOTO, IO (TayccoBi) rimepreoMeTpuyHi GYHKII] € migkIacoM aHamiTnaHuX QyHkuiit. Kpim Toro,
PO3DIISTHYTO JEsIKi BIACTHBOCTI BiJOOPaKEHHS JUIs 3TOPTKU Ta IHTETPaJIbHOI 3TOPTKH, IO BKIJIIOYAIOTH TillepreoMeTpHYHI

dyHKIl.

1. Introduction. Let A(p) denote the class of functions of the form

f(2) :zp+2ap+nzp+", peN={1,2,...}, (1.1)

n=1

which are analytic and p-valent in the open unit disc U = {z: z € C and |z| < 1}. We note that
A(1) = A. Also, for g(z) € A(p) given by

oo
g(z) = 2P + ng+nzp+",

n=1

the Hadamard product (or convolution) of two power series f(z) and g(z) is given by (see [4])

(f*xg)(z) =2"+ Z ap+n9p+nzp+n = (g9 f)(2)

n=1

and the integral convolution is defined by (see [4])

(@) =2+ 3 BB g (),

n=1

We recall some definitions which will be used in our paper.

Definition 1.1. For two functions f(z) and g(z), analytic in U, we say that the function f(z) is
subordinate to g(z) in U, and written f(z) < g(z), if there exists a Schwarz function w(z), analytic
in U with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)), z € U. Furthermore, if the function
g(2) is univalent in U, then we have the following equivalence (see [7]):

f(z) <g(2) & f(0)=9g(0) and  f(U) C g(U).
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Definition 1.2 [10]. For 0 < a < p, f(z) € A(p) is said to be in the class of p-valent starlike
of order «, denoted by S;(«), if

2f'(2) }
Re >a, z€0, (1.2)
{ f(z)
and in the class of p-valent convex of order «, denoted by K, (), if
2f"(2) }
Re<1+ >a, ze€U. (1.3)
{ f'(2)

From (1.2) and (1.3) we can see that

2f'(z .
f(z) € Kpla) <= p() € Sy(a).
We denote by S* = S7(0) and K = K1(0), where S* and K are the classes of starlike and convex
functions, respectively (see Robertson [11]).
We also define for o > 0, the classes

5" (o) = { () € At [ —p\ <o, seU}
and
K(p,o)= {f(z) € A(p): ‘1+ z;,,;ij) —p‘ <o, z€ [U}.

It is a known fact that a sufficient condition for f(z) € A(p) to be in the class S;(«a) is that
ZOO H(n — a) |ap| < p — a. A simple extension of this result is (see [8])
n=p

e}

Y. (n—p+o)la| <o = f(z) €S (p,0).
n=p+1

2f'(2)
p

Since f(z) € K (p,0) < € §* (p,0), we have a corresponding result for K (p, o),

[e.e]
n
Y, —(n—pto)|a| <o= f(z) €K(p0).
n=p+1
Definition 1.3 [1]. For —-1 < A< B <1, |\ < g and 0 < a < p, we define R*(A, B, p, )
which consists of functions f(z) of the form (1.1) and satisfying the analytic criterion

1+ Az

ot '(2)
14+ Bz

2p—1

<cos)\[(p—a) —i—a] +ipsin\, zeU.
According to the principle of subordination, f(z) € R (A, B, p,a) if and only if there exists function
w(z) satisfying w(0) = 0 and |w(z)| < 1, z € U, such that

f'(2) 1+ Aw(z)

e tog A [(P - O‘>1+Tw(z)

- —i—a] +ipsinA, 2z €U,
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e <J;(_Z1) - p)
/'(2)

Be“‘F — [pBe** + (A — B)(p — «) cos A

or, equivalently,

<1, =ze€Ul.

For suitable choices of A, B and «, we obtain the following subclass: R°(—8, 3,p,a) =

= R(B,p, a) (see [9]).
Also, we note that:

(i) RM=8,B,p,@) = R B,p,a) =

O
= fE) AR |5 <B 0<B<1 €U},
Zp_zl —[p—2(p — a)e""* cos )]

(i) RM~1,1,p,a) = R (p, @) =

:{ﬂ@eA@;m{w<'ﬁﬁﬁo}>ayM<;oga<gzeU}

2P
Let o F(a, b; ¢; z) be the (Gaussian) hypergeometric function defined by

S (a)n(b)n
Fi(a,b;c;2) = 2",
o Z:% (O (1)n

where ¢ # 0,—1,—2,..., and

1, if n=0,
(Vn = .
Yy +D)(vy+2)...(v+n—-1), if neN.
We note that 5 F (a, b; ¢; 1) converges for Re(c — a — b) > 0 and is related to Gamma function by

I'(e)l'(c—a—10)

Fi(a,b;c;1) = .
2Fia,bie ) = 5o e )
Also, we define the functions
o
n b n
ap(a,b;c;z) = 25 Fi(a, by c;2) = 2P + Z EZ)) ((13 2Pt (1.4)
n=1 n n

and

hpu(a,bse;z) = (1 —p) (25 F1(a,bs ¢ 2)) + M% (% Fi(a,b;¢;2)) =

= 2P 3 n Mzmn
- ! 7; (1 - MP) (c)n(l)n » #20 (1.5)

Corresponding to 2 F1(a, b; ¢; z), we define I}, .: A(p) — A(p) by
(10, (D] (2) = gpla, b;c;2) * f(2) =
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P10 cb1f( )dt* 2P
t (1—2)

O\H

g
and L, : A(p) — A(p) by
[Lpu(NN () = hpu(a, by ¢ 2) + f(2) =
=2+ i (1 + M;) EZ)):éf;: Aprn 2P
For p = 1, the operators I, . and L, were introduced by Hohlov (see [5]) and Kim and Shon (see

[6]), respectively.
Further, we define M?

a,b,c *

:A(p) — A(p) b
(M2, (D](2) = gpla,byc;2) @ f(z) =

G jtbl(l_t)cblﬂ Do
0

(1—2)7

and N, @ A(p) — A(p) by
[(Npu(N)] (2) = hppla, bsc;2) @ f(z) =
a)n(b)n ap+nzp+n
=2+ <1 + ) .
Z (©)n(1)n (p+n)
For p = 1, the operators M, ; . and N, were introduced and studied by Aouf et al. (see [2]).
2. Main results Unless otherwise mentioned, we assume throughout this paper that —1 < A <

<B<1 A<=, 0<a<p, peNand C* = C\{0}. To establish our results, we need the

following lemmas
Lemma 2.1 ([1], Theorem 4). A sufficient condition for f(z) defined by (1.1) to be in the class
RMA, B,p, ) is

Y (L+BI) (p+n) lapsn| < (B—A)(p —a)cos .

Lemma 2.2 ([1], Theorem 1). A function f(z) defined by (1.1) is in the class R (A, B,p,a) if

< B=A)(p—a)cosA

> 1.
|ap+n| = (p+n) n =

)

The estimate is sharp.
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By using Lemmas 2.1 and 2.2, we get the following results.

Theorem 2.1. Let a,b € C* and ¢ > |a| + |b| + 1. Then the sufficient condition for g,(a,b;c; z)
to be in the class RN(A, B, p, ) is that

L(c)l(c — |a] — [b]) |ad|

(B—A)(p—«a)cos A
T(c— [aDT(c — [b]) [“ (c—lal -

o) S e e

Proof. According to Lemma 2.1 and (1.4), we need only to show that

> n b n
Z (1+|B])(p+n) EZ)) ((1; < (B—-A4)(p—a)cosA. (2.2)
n—1 n n
Since
[(d)n] < (Id]),, » (2.3)
then the left-hand side of (2.2) is less than or equal to
- (lal)n(bDn _
; (14 |B]) (p+n) ERON To.

Now

n:l n

n—1 n 1

- T (e)T(c — |a| — [b])
=p(1+BJ) L«(C_ la)T(c—[b]) 1} i

|ab| e+ 1)I'(ec—|a| — |0 = 1) _
I'(c — [a[)I'(c — [b])

+(1+[Bl) —

PO (c — |a] - o) b )
= B 5 e — ) [p+<c—ra|—\br—1>] p+IB]).

But this last expression is bounded above by (B — A)(p — «) cos A if (2.1) holds.
Theorem 2.1 is proved.
Remark 2.1. Putting p = 1 in Theorem 2.1, we obtain the result of Aouf et al. [3] (Theorem 2.1).

Theorem 2.2. Let a,b € C* and c > |a|+|b|+2. Then the sufficient condition for h, ,(a,b; c; 2)
to be in the class R*(A, B,p, «) is that

T(e)T(c — |a] — [b]) i ab] w (lal)y (5D
T(c— [a])T(c — [b)) F*(”’”p) C—lal—P=1 " ple—lal - b - 2)s

<pi (B—Al)(f‘;;’)z)cos)\. (2.4)
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Proof. According to Lemma 2.1 and (1.5), we need only to show that

(405) G

The left-hand side of (2.5), by (2.3), is less than or equal to

o0
> (1+[B])(p+n)

n=1

< (B—A)(p—a)cosA. (2.5)

— n (laDn(b)n
Syarimen (i) Gl -7

and so

T, = +|B|Z " (1+p+ » 1+]B|Z
n=1 n

=1 n 1

P =, (Jol)u(b)a _
Hp WHIBD D5 .,

L(c)T(c — |al — |b])
(e —[a)T(c — |o])

lab| e+ DT (e ~ Ja] = 1] - 1)
+(1+|B|) (1+u+ ) c T(c—a|)T'(c— |b])

p(1+1B) (la]) (161)g T'(c +2)T(c — |al — [b] = 2) _

—p(1+18) | s

’ @2 T(c—|aDT(c—|b)

B P(o)T(c  |a] - [b]) ’ b

= 1B R DT — o) [“ (1 ot p> e Jal —B—1) "
i (D (b)),

-p(1+1|BJ),
i e ] R
the proof now follows by (2.5).
Theorem 2.2 is proved.
Remark 2.2. Putting p = 1 in Theorem 2.2, we obtain the result of Aouf et al. [3] (Theorem 2.2).
Theorem 2.3. Let a,b € C* and ¢ > |a| + |b| . If the inequality
I'(c)T'(c — |a| — |0]) 1

e —Ja)Te— o) = T @+ 1B (2)

is satisfied, then (I} bc(f)](z) maps the class RM(A, B, p, ) into itself.
Proof. We need to show that

Ty = Z (1+|B|)(p+n) Ez;n((fgnaﬁn < (B—-A)(p—a)cosA. 2.7)
1 n\l)n

By (2.3) and Lemma 2.2, we have
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(B = A)(p— ) cos A (Jal)n([b)n _
(p+n) (©n(1)n

o0
Z 1+ |B]) (p+n)

—(1+|B)) (B —A)(p—a)cos/\ZW _
n=1 n n

— (14 1B1) (B~ A)(p - @)eosh [ ST ).

the last expression is bounded above by (B — A)(p — ) cos A if (2.6) holds.
Theorem 2.3 is proved.
Theorem 2.4. Let a,b € C* and ¢ > |a| + |b| + 1. If the inequality

L(c)l(c — |a] — [b]) [
(e — |a[)T'(c — [b])

1+ H b ]<1 _ 2.8
I ED R EE) @5)

holds, then [L, ,,(f)] (z) maps the class R (A, B,p, @) into itself.

Proof. We need to prove that
pn (@)n(b)n
1+ ) Apin
< p ) (©)n(1)n pr

e e}

T3=>Y (1+|B])(p+n)

n=1

<(B—A)(p—a)cosA. 2.9)

By (2.3) and Lemma 2.2, we get

x i\ (B~ A)p — a)cos A ([a)a([P])
<) (+IB) o+ n) (” p> ) ©n(Un

= (L+|B)) (B = A)(p—a)cosA Y (Hp> W -

n=1

) e [T (e o] — [B])
— (1B (B - A)(p - ycosa [T B
plab De+ DT (e —Ja[ — b —1) ] _
o e Tle—la)T(c— b)) 1}

L(e)l'(c — |a] — [b]) Iz |ab|
=(1+|B|)(B—A)(p-— a)cosA 1+ = .
I'(c = [a])I'(c — [0]) p(c—lal—1b] = 1)
It is easy to see that the last expression is bounded above by (B — A)(p — «) cos A if (2.8) holds.
Theorem 2.4 is proved.
Theorem 2.5. Assume that a,b € C*, |a| # 1, |b| # 1 and ¢ > max {0, |a| + |b] — 1}. If the
inequality

1 LT(e—la=pl+1) ., (=L 1 2.10)

(laf = D)6l = 1) T(c—la)T(c=o]) = = (Jao| =D(fp[ =1) = (1 +[B])

is true, then [M" , (f)](z) maps the class R A, B, p, a) into itself.

a,b,c
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Proof. 1t is enough to show that

_y (@) apin
Ty = nz::l (1+|B]) (p+n) ERONE jn) < (B—A)(p—a)cos\. @.11)

By using (2.3) and Lemma 2.2, we get

_ — «) cos 3 M =

Ty < (141B0) (B = A)p — o eos) 3 (5 s
-1

(lal = 1)(Jb] = 1)

Ple—Dl(c—Ja| —[b|+1) (o] =1)(]b] - 1)]
(e — |a[)T'(c — |b]) (=1 '

=14 |B])(B—A)(p— «a)cos\

Theorem 2.5 is proved.
Theorem 2.6. Assume that a,b € C*, |a| # 1, |b| # 1 and ¢ > max{0,|a| + |[b] — 1}. If the

inequality
PT(c—lal = b) [, w\ (c—lal—b])
T(c — [a])T(c — [b]) [p * <1 ) CEDIE 1>] =
1 B (c—1)
=iyt (1 p> CEDICED

is satisfied, then [Ny, ,,(f)] (2) maps the class R (A, B,p, «) into itself.
Proof. 1t suffices to show that
o

s\ (@)n(b)n apin
2 A+ IB) -+ (1+5) G

The left-hand side of (2.12), is less than or equal to

Z —I—’B‘ ( 5 ) (B_A)(p_a)COS)‘(‘aDn(‘b’)n :1157

< (B—A)(p—a)cosA. (2.12)

n=1 (n+1) (©)n(L)n
where
T5=(1+[B))(B-A)p-a cos)\z<1+>m_
=(1+|B|)(B—A)(p— «a)cosA [(1Z> 2m+gzm] _
= " " n=1 n

n=1
= (1+|B))(B-A)(p—a) (1 - “) i _(61)_(|2 —y cos A

= DT(e—la|—[p[+1) - (la]= (b~ 1)
Te—[aDT(c— o) (1) %
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I'(c)T(c — |a| — |b]) 1l =
T(c— alT(c = o) q

I'(e)T'(c — |a] — |0])
(¢ —[a[)T'(c — |0])

K*J§u$iﬂw@$+“k-

— (14 |B|) (B — A)(p — @) cos A [1 + (1 - “) T —(01)_(|2)| - 1)] .

i
+5 (14+|B|)(B—A)(p—«a)cos A [

=(1+|B])(B—A)(p— «a)cos

By a simplification, we see that the last expression is bounded above by (B — A)(p — «) cos A if
(2.12) holds.

Theorem 2.6 is proved.
Theorem 2.7. Suppose that a,b € C* and c be a real number. If the inequality

p |ab|
F. Lo+ 1,p+Le+1,p+2;1
oD el + LI+ Lp+ Lo+ Lp+21)+
p
F bl,pie,p+1;1) <o (1 213
+o3Fs (lal,[b],p;c,p+ 15 1) 0<+(B—A)(p—a)COS)\> @13)

o c(f)}(z) maps the class R*(A, B, p,a) to S* (p, o).
Proof. 1t is enough to prove that

holds, then [I]

[e.e]

(@)n(b)n

A/mAT)n < 0. )
;(n +0) O, | <O (2.14)
The left-hand side of (2.14), is less than or equal to
- (B — A)(p — @) cos A (|a])n([b])n
T == n + g =
T LTy @D

n=1
n+o\ (lahn(b)n _
=(B-A)p-—a cos)\z <p—|—n) ERO

_ (B=A)(p—a)cos A o ot oy daDa(6Dn () _

n=1

B — A)(p— a)|ab|cos A == (la| + Dn(|b] + Dnlp + 1)y
_( )(p — ) |ab| Z(I\ Jn([b] + Dn(p+ 1)

E C(p + 1) n=0 (C + 1)n(P + 2)71(1)71
(B—A)(p—a)ocos [e= (|a])n(|b])n(p)n -
T > Dt
_ (B—A)(p— «)|abl cos A

Fy(la|+ 1,10+ 1,p+ Lie+1,p+2;1) +
CE) 5 (lal + 1, [b] + 1,p P )
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+(B — A)(p— a)ocos A
p

the last expression is bounded above by ¢ if (2.13) holds.
Theorem 2.7 is proved.
Theorem 2.8. Suppose that a,b € C* and ¢ > |a| + |b| + 1. If the inequality

[3F2 (lal, |0l ,p;e,p+1;1) — 1},

I'(e)I'(c — |a] — [b]) |ad] p
T(c — [a])T(c — [b]) [<c "o —p-1 " "] = "(1 T BE-Ar-a) )\> @.15)
is true, then [Isbc(f)](z) maps the class R A, B,p,a) to K (p,0).
Proof. It suffices to prove that
S n(b)n
nZ:(n +p)(n+o) Egn((l;napm < po. (2.16)

The left-hand side of (2.16), is less than or equal to

Tr=(B—-A)p—«a cos)\z n+o \a] n((‘ll;‘)

(B A)p—a lez (e \br O |a\n|b| ]

n=1 Jn(1)n— =1 Jn(

ab| T'(c+ 1)T'(c —|a| — || = 1) = T(c)I'(c—[a] —|b])
=(B-A)(p— a)cos)\[ +o —o| =
c L'(c—|a])I'(c — [b]) L(c— |a])I'(c —[b])
I'(e)I'(c — |a — b]) [ |ad]
I'(c—la])T'(c = [b]) [(c—la] —[b] = 1)
We note that the last expression is bounded above by po if (2.15) holds.
Theorem 2.8 is proved.

=(B—A)(p—«a)cosA +J:| —o(B—A)(p— «a)cos\.
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