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A CLASS OF DOUBLE CROSSED BIPRODUCTS*
PO OJIUH KJIAC MOABIMHUX NEPEXPECHUX BIJIOBYTKIB

Let H be a bialgebra, let A be an algebra and a left H-comodule coalgebra, let B be an algebra and a right H-comodule
coalgebra. Alsolet f: H® H — AQH, R: HR A — A® H,and T: B® H — H ® B be linear maps.
We present necessary and sufficient conditions for the one-sided Brzezinski’s crossed product algebra A#};HT#B and
the two-sided smash coproduct coalgebra A x H x B to form a bialgebra, which generalizes the main results from [On
Ranford biproduct / Communs Algebra. — 2015. — 43, Ne 9. — P. 3946 —3966]. It is clear that both Majid’s double biproduct
[Double-bosonization of braided groups and the construction of Uy(g) // Math. Proc. Cambridge Phil. Soc. — 1999. — 125,
Ne 1. - P. 151-192] and the Wang —Jiao — Zhao’s crossed product [Hopf algebra structures on crossed products / Communs
Algebra. — 1998. — 26. — P. 1293 -1303] are obtained as special cases.

Hexait H — Gianre6pa, A — anre6pa Ta BogHo4ac JiBa H -koMogynbHa koanredpa, a B — anre6pa ta BogHo4ac npasa H -
KoMomyiibHa Koanreopa. Kpim toro, vexaih f: HRQ H — AQH, R: HRA— AQH 1aT: BQH — H®X B —
TiHiNHI BimoOpakeHHsA. HaBemeHo HEOOXimHI Ta MOCTaTHI YMOBH Ui TOTO, OO OJXHOCTOPOHHS anredpa bxesiHChKOTO
A#QHT#B 3 MepexpecHUM JA00yTKOM Ta JABOCTOpOHHs Koanrebpa A X H X B 3i cxpenieHuM KoJoOyTKOM YTBOPIOBAIN
OlanreOpy, M0 y3araibHIOE OCHOBHI pe3ynbTaTh, oTpuMaHi B [On Ranford biproduct / Communs Algebra. — 2015. — 43,
Ne 9. — P. 3946 —3966]. OueBuaHo, 1110 K MoABikHUI 6im00yTOK Mamkina [Double-bosonization of braided groups and the
construction of Uy (g) // Math. Proc. Cambridge Phil. Soc. — 1999. — 125, Ne 1. — P. 151 - 192], tak i nepexpecHuit 100yTOK
Banra— JIxxao — XKao [Hopf algebra structures on crossed products / Communs Algebra. — 1998. — 26. — P. 1293 -1303]
MOYKHa OTPUMATH K YaCTHHHI BUIAIKH.

1. Introduction and preliminaries. Let H be a Hopf algebra over a field K. S. Majid [10, 11]
made the following conclusion: A is a bialgebra in Yetter— Drinfeld category gyD if and only if
A x H is a Radford biproduct [14]. The Radford biproduct plays an important role in the lifting
method for the classification of finite dimensional pointed Hopf algebras [2]. Let A be a bialgebra
in ZYD and B a bialgebra in YDH. In [9], S. Majid gave the sufficient conditions for a two-sided
smash product algebra A#H#B and a two-sided smash coproduct coalgebra A x H x B to be
a bialgebra, named the double biproduct and denoted by A{H<B. Some related results about the
double biproduct were recently given in the literature [6, 7, 9, 13].

Let A be an associative and unitary algebra and H a vector space endowed with a distinguished
element 1. Let f: HOH — A®H and R: HR A — A® H be two linear maps. Let A#éH be
an associative and unitary algebra, with underlying vector space A ® H. Following [4], T. Brzezinski
gave the necessary and sufficient conditions for the crossed product A#QH to be an algebra, called
Brzezinski’s crossed product. Brzezinski’s crossed product is an extensive definition that includes
the crossed product A#,H in [3] and the twisted tensor product A#rH in [5]. In [6], the authors
replaced the left smash product by the crossed product A#,H in the double biproduct AOH OB
and obtained a generalized version of AQH<B. And in [7], the authors gave a further extension of
AQHB via Brzezinski’s crossed product. When the twisted tensor product takes the place of the
right smash product in A H < B, we want to know under what conditions the resulting structure will
inherit a bialgebra structure. In this paper, we will derive the necessary and sufficient conditions for

*This work was partially supported by China Postdoctoral Science Foundation (No. 2017M611291), Foundati-
on for Young Key Teacher by Henan Province (No. 2015GGJS-088), Natural Science Foundation of Henan Province
(No. 17A110007), and National Natural Science Foundation of China (No. 11801150).

© T.S. MA, H. Y. LL, L. H. DONG, 2018
ISSN 1027-3190.  Yxp. mam. srcypn., 2018, m. 70, Ne 11 1533



1534 T.S. MA, H. Y. LI, L. H. DONG

the one-sided Brzezinski’s crossed product algebra A#{%HT#B and the two-sided smash coproduct
coalgebra A x H x B to be a bialgebra, which we call the Brzezinski’s double biproduct. The main
results in [6, 7] will be included, of course, the celebrated Radford biproduct [14], Majid’s double
biproduct [9], Agore and Militaru’s unified product [1] and Wang —Jiao—Zhao’s crossed product [16]
are all examples of the Brzezinski’s double biproduct.

Throughout the paper, we follow the definitions and terminologies in [12, 15] and all algebraic
systems are over a field K. Let C' be a coalgebra. Then we use the simple Sweedler’s notation
for the comultiplication, A(c) = ¢; ® ca, ¢ € C. We denote the category of left H-comodules by
HM, for (M, p) € M and write p(z) = Ty @) € H® M for all x € M. We denote the
category of right H-comodules by M for (M,)) € M, write ¢(z) = T ®x) € M ® H,
for all z € M. We denote the left-left Yetter — Drinfeld category by gyD and the right-right Yetter—
Drinfeld category by yDg. Given a K -space M, we write i¢dy; for the identity map on M.

Next we recall [4, 9, 12, 14] some basic definitions and results which will be used later.

Brzezinski’s crossed product. Let A be an algebra, H a vector space and 1 € H. The vector
space A ® H is an algebra with unit 14 ® 1 and a product such that

(a®1g)(d ®@2') =ad @'

if and only if there exist linear maps f: H ® H — A® H (write f(z ® 2/) = 2/ ® z; for all
x, 7 € H) and R: H® A — A® H (write R(x ® a) = ag @ zg forall z € H and a € A) that
satisfy the following conditions:

A1) apR1lgp=a® 1y, Iy Rz =14 R x;

(42) (ad')r ® xR = aga, @ TRy;

3) 2/ @1pp =1l @2y =14 @ ;

(Ag) 2T rrrI® ', = xfm’fg ® xy;

As) aprz,! @ m’Rf =zlap® a:}R
forall a,a’ € A, z,2',2"” € H, where g = f and r = R.

The product pagy in A ® H explicitly reads

(a®x)(d ®@z') = adprp’ ® s

forall a,a’ € A and x,2' € H. In this case, we call the algebra Brzezinski’s crossed product [4] and
denote it by A#%H.

— Let A be a bialgebra and H a coalgebra with 15 € H. A Brzezinski’s crossed product,
A#QH , equipped with the usual tensor product coalgebra structure is a bialgebra if and only if the
following conditions hold:

(B1) AH(lH) =1y ® 1y and EH(lH) =1;

(B2) f is a coalgebra map;

(B3) R is a coalgebra map.

Double biproduct. We recall, from [9], the construction of the so-called double biproduct.
Let H be a bialgebra, A a bialgebra in YD, and B a bialgebra in YDI. Adopt the following
notation for the structure maps: the counits are € 4 and ¢ g, the comultiplications are A 4(a) = a;®as
and Ap(b) = by ® b, and the actions and coactions are

HA— A zx2Q@a— x>a,
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A CLASS OF DOUBLE CROSSED BIPRODUCTS 1535

A—H®A, aw ac_y)®aq),
B®H —B, bz—bax,

B— B®H, bl—>b[0}®b[1]

forall z € H, a € A, b € B. Let AQH{ B denote the vector space A ® H ® B, which becomes an
algebra (called the two-sided smash product, A#H# B) with unit 14 ® 1 ® 15 and multiplication

(azx@b)(d @2 @b) =alz1>d)®@z2| @ (baah)b,

and a coalgebra (called the two-sided smash coproduct, A x H x B) with counit e(a ® z ® b) =
=ca(a)en(z)ep(b) and comultiplication

At AGHOB —s (AGHOB) @ (AOHOB),
A(a Rr & b) =a1 ® ag(—1)T1 (%9 bl[O] & a(0) & $2b1[1] ® ba.

Moreover, assume that the following condition holds:

(DB) bm > a (o) ®b[o] day =a® b,a€e A, be B.
It follows that AQH B is a bialgebra, called the double biproduct.

Remark 1.1. When A = K (or B = K), the double biproduct is exactly the right (or left)
variant of Radford biproduct.

2. Main results and its consequence. In this section, we give an extended version of the
structure of the Majid’s double biproduct.

First, we list the right version of twisted tensor product.

Proposition 2.1. Let B and H be two algebras, T': B® H — H ® B a linear map. Then
Hr#B (= H ® B as a linear space) with the multiplication

(z@b)(2' @) =zl @ brl,

where x,2' € H,b,b/ € B, and unit 1 ® 1g becomes an algebra if and only if the following
conditions hold.:

(RT)) by RQ1gr =R 1y, IprQxr =1 R,

(RT2) z7 @ (B )1 = 7t @ bebly,

(RT3) (z2')r @ by = xpx) @ bry,
where x,x' € H, bt/ € B, and t = T. We call this algebra right twisted tensor product algebra
and denote it by Hr#B.

Proof. Straightforward.

Lemma 2.1. Let H be a vector space and 1y € H and A, B be two algebras. Let f:
HH —ARH, R: HRA — AQH and T: BQ H — H ® B be linear maps. If conditions
(RT1), (RT2), (A1)—(43) and

(BT,) x/foRF & x”pr Rbr = xfx/TfF ® 2" p @ bry;

(BT2) aprzr! @ 2'pry @ br = v/ap @ 2'7pr ® by
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are satisfied for all a € A, b € B, z,2',2" € Hand F = f, r = R, t = T, then A#ﬂHT#B
(= A® H® B as a vector space) is an associative algebra with unit 1 4 ® 15 ®1p and multiplication
given by

(a®@z®@b)(d @2 @V) =ad grp! @ 2'r; @byt

where a,a’ € A, x,x' € H and b,b' € B. In this case, we call A#EHT#B the one-sided Brzezinski
crossed product.

Proof. We check associativity as follows. For a,d’,a” € A, z,2',2" € H, b,b/,b" € B and
F=f R=r—=F=R,

(a R ® b) ((a/ ® 2 ® b’)(a” ® 2 ® b//)) _

) ()

't f F " By
=a(a'a"grr' R’ )rxy” @2 Tpip @ bbb

(42)

ron 1 f F " 1y B0
= aa'ya" RRT R 7#T,pr DX TF @ bibpb” =

(BT)

1o / F " 1 11 (BT2)
= aa,«mﬂﬁmf ® 2" @ bygbpb” =

BL) n_ 1 F " 7 71 (RT2)
= advx d" gl iR @ & e © bybph” =

RT:
(RT2) aa/rl’rfaHRxleRF @ 2"p @ (bbb =

=((a®@z@b)(d @2’ @V))(d" @ 2" @b").

It’s obvious that 14 ® 17 ® 1p is a unit by conditions (41), (43) and (RT}).

Remark 2.1. (1) If there is an element e € Hom(B, K) such that eg(1p) = 1 and T is
trivial, i.e., 7" is the flip map, then the conditions (44) and (4s) can be obtained by setting b = 1p
and applying id4 ® idy ®ep to the condition (BT;) and (BT>), respectively.

(2) If H is an algebra, and there is an element €4 € Hom(A, K) such that e4(14) = 1,
and f, F are trivial, then the condition (R73) can be obtained by setting x = 1y and applying
€4 ®idy ®idp to the condition (BT}).

(3) Taking either A = K or B = K, we obtain the right twisted tensor product and Brzezinski
crossed product, respectively.

Theorem 2.1. Let H be a bialgebra, A an algebra and a left H-comodule coalgebra such that
ea(1a) = 1, B an algebra and a right H-comodule coalgebra such that eg(1g) = 1. Let f:
HH —A®H, R: HRA— AR H, T: B® H— H ® B be linear maps such that

(BP) a(fl)x/Tl & le[O]b/[()] X a(O)Rfole[l}F ® x{Tbe/[l]tF ® brop =

= (a(1y@h)1 ® biyrbly ® agyr(@bipy)r! @ (hbh))er ® ba

holds for all a € A, x,2' € H, b,/ € B and F = f, t = T. Then the one-sided Brzezirski crossed
product A#éHT#B equipped with the two-sided smash coproduct A x H X B becomes a bialgebra
if and only if the following conditions hold (a,a’ € A, x,2’ € H, b,b/ € B, F = f and r = R):

(C1) €a, ep are algebra maps, EA(xf)eH(:c’f) =cepg(z)eg(2);

(C2) calar)en(zr) =eala)en(x), ep(br)en(vr) = ep(b)en(x);

(C3) Aa(la) =1a®@14, Ap(lp) =1p®@1p;
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(Ca) 14—y ®@1a) =1g @14, 1pjo) ® 1pp =18 ® 1u;

(Cs) (bb)10) @ 14 ® (bb)11) ® (BY)2 = byj)b'10) ® bipyy! ® U111y @ barb's;

(Ce) a1 ® ag(—1)x ® as(gy = arag(—1)! @ x5 @ ag);

(C7) (aa)1 @ (ad’)o(—1) @ (aa)a0) = a1a'1raz—1)r! ® d'5_1); @ az(0)d5(0);

(Cg) zfy @aly 2’y @alyg) @/ s = 11! @ /1y @ 22 @ 2'op;

(Co) ap1 ® apa(—1)TR1 @ ARa(0) ® Trz = A1RTIR! @ Ag(_1); ® az(0)r @ Tor-

In this case, we call the bialgebra Brzezinski double biproduct, and denote it by AQ{%HTQB.

Proof. Sufficiency. It is easy to prove that € 4« g« p 1s an algebra map. Here we check only that
AAxxp is an algebra map. We have

Asxuxp((a®@z®b)(d @2’ @b)) =

= (adprr! ) ® (aaﬁfo)z(—1)$érf1 ® (brb')1jg) ® (aalRfL"Rf)z(o) @ & o (brd )1y ®
C F
@(brd)s ‘& (adpzr’)1(adgzr!)a 1) ® 2 pip @ (brd) 1) @ (adgzr’)a0)®
c
®ZL',Tf2(bTb,)1[1] & (bTb/)Q (:7)

(%))

7 F
= ar(dprr! ) gag ! (@rzr )y 1yf @ 2ppe @ (b)) © as(o)(arz R )2(0)®

A
@7 o (brd)111) @ (brb')2 <
(4s) f
= al(aﬁ$Rf)1R(a/Rff7Rf)2(—1) ,ﬂQ(—l)RrF ® l’lelf‘F ® (bTb/)l[O] ® az(0) (aﬁﬂﬁth(o)@

A
Q7o (brd)111) @ (brb')2 @

(42) i
= al((ag%fo)l(aleRf)Z(fl)f)TQQ(fl)rF © @y @ (br)110) @ (o) (@R )2(0)@

C
@ 5 (br8 )1 ® (brb)s 2

(&) F f
= al(aj'%lfoléale(_l)R fo2(—1)F )TGZ(fI)TF ® x/TflfF ® (bTb/)1[0]®

(44)
®a2(0)aﬁe2(o)$Rf2(o) ® a7 o (b )11 @ (brb)2 =

(44) F ;
= (@’ 1per’y ) FG’IRQ(—l)RFf)Taz(*l)TF ® @iy pip ® (070)10)®
! ! Lo (b brb (42)
®a2(0)ARo () TR’ 2(0) ® T p2(b1d )11y @ (brb')2 =

(42) f

F
=" ay(ag (folfoQ(—l) )Ra/RQ(_l)Rf)TaQ(—l)rF ® ﬂflelpfF ® (bTb/)1[01®

(Co)
®a2(0)a;22(0):ch2(0) ® o (b )11y ® (brb')a =

(Co) F
= al(alRlfolRa;zQ(_URf)TGQ(—I)TF ® (zr! y1y2 ) fr @ (brd) 1@
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(Cs)
®a2(0)a}32(0)x3f2(0) ® x,TfQ(bTb,)l[l] ® (brb')y =

() _
= al(alRl.fURlfRa,R2(_1)Rf)7‘CL2(,1)TF ® x’/TlffF & (bTb/)l[O] & GQ(O)Q%Q(O)IERQF@

A
g5 (b1 )111) @ (brb')2 @

(4g) 7 7
= a1 (@ @lpa 1y wrag ) raz 1" @ Wy pp ® (brb i) @ az(0) ooy ©

A
@795 (01 )111) @ (brb')2 @

(4) ; ;
2 a1(dpr oy rerig! gas1yr” @ Ty e ® (brb)1jg) @ a(o)@lpagey TR ®

C
®.’L'/TQF(bTbI)1[1} (= (bTbI)Q (:6)

(<) 7
= alalmr(GIRQ(_D:URI)JIRGQ(A)TRF ® :EﬁflfF @ (brb")1jo) ® a2(0)a/32(0)1‘R2F®

(44)
Ry (brb )11 © (brb')2 =

(A4) F F F
= alalera2(71)rf(aﬁz(q)le)f ® a1 p @ (brb')10) @ az(o)ale(o)xRQF®

QT g 5 (010 )111) @ (brb')2 =

(Go) F 2
= al(allR‘T1Rf)7“a2(71)rfa/2(_1)ff ® 1‘/T1F ® (bTb/)l[O] X a2(0)a/2(0)R372RF®

A
R (b )11 ® (brd')2 =

(42) F F 2
= alalerlefFQZ(—l)r'r’falg(_l)ff ® TP p ® (bTb,)l[O] ® a2(0)a;(o)R$2RF®

A
®xér2p(bTb/)1[1] & (bTbl)Q (:4)

(44) F F 2
= alalerCLQ(—l)rfleffa/z(_l)f ® T ® (bTb/)l[O] ® GQ(O)GIQ(O)RJ:2RF®
(4s)

Ry (b7 )11y ® (brb)2 =

(4s) F F 3
= a1a2(_1)fa’1Rx1fRfa/2(_1)f ® 1'/’1"1}7‘ ® (bTb/)l[O} ® ag(o)aé(O)R$2RF®
(44)
@795 (01 )111) @ (brb')2 =
(44) f F
= a1a2(71)fa'13a/2(71)frxlerF ® @y @ (brd)110) ® as(0) () a2k @

y
@7y 5 (01 ) 111) @ (brd')2 @

(42) f
= alaz(_l)f(a’la’Q(fl)f)RxlfRF ® xiflfF & (bTb/)l[O] X ag(o)a;(o)éme@
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C.
@y (b )11y @ (brd)y 2

(Cs) f F F
= a1a2(—1)f(allal2(71)f)Rx1fRF ® @y 7p ® brijo)byjg) @ a2(0)a/2(0)Rx2RFbT1[1]F®

/ / ; (Co)
®xT2Fb1[1]tﬁ ® bTth2 =

(Co) F 3
= arag_1yl al grigr" ® (a_1y271)F @ bripobyg © az(o)alg(o)gﬂfzéFbm[uF@
(BP)
®x/T2Fb/1[1]tﬁ (%9 bTthIQ =
(B_P) ! F ! / / / _F
=" aayyy’ ajpzigRT ® (ag_1yT1)7F ® bijoyrbyg) @ as(0)dg) p(T2bip)) R ®

Ce
(248 1)) © barbhy <

(Co) a
= ard}plag_ 1)t ® (ay_1yz) TP @ bijgirbig ® a2(0)a'2(0)g($2bl[1])RF®

®(25011))ep @ baby = Auxnxpla®@x @b)Aaxuxp(d @2’ @V).

Necessity. Since ¢ , OLHOB is an algebra map, we get

(BA]) EA(aa;%a:Rf)sH(xi_pf)sB(bTb’) = EA(a)EA(a/)EH(SC)EH(.CE/)EB(b)EB(b/).

letz=ax=1yg, b=b=1g, 2 =a2=1g,a=ad =1lg4anda=ad =14, b=V =1 in
Eq. (B41), respectively, we obtain (C). Similarly, (C5) holds.

Apply idg Qe ® ep ®idg ®ey ® ep (respectively e4 R ey ® idp ®eyq ® ey R idp) to

(BA2) 141 ® 1a(-1) @ 1p1jg) ® Lago) ® 1p11) ®1p2 =14 @1 ®1p R 14 ® 15 ® 15,
we have (C3). Likewise, we get (Cy).

Since Auxpaxp((a®@z@b)(d @2’ @) = Aaxaxp(a®@z®b)Aaxmxp(d @’ V), we
obtain

(BA3) (adpar! )1 @ (adpap!)y 1)z fy @ (brb)ijg © (adgzr’)a)®
Ry 5 (brb )1y ® (brb)2 = ara) glas—1yw1)r’ ® (ah_y)7h)rs®
®b1jobl o) @ (o) a0y (T2biya))r” @ (@hbi)) e @ barbh.
Letz =2’ =15 and a = @’ = 14 in Eq. (BA43), we have
14 @1y @ (bb')10) ® 1a @ (bb) 1) @ (bb')2 =
=14® 1y @ bygyb'1j0) ® 51[1]f ® bll[lth @ by

Apply ea®eg®idp ®idg ®idy ® idp to the above equation, we get (Cs). The conditions (Cg) —
(Co9) can be derived by the similar method.

Remark22. 1. Letx=2' =1y, =1p, R(z®a) = x1a®zy and T(b®x) = 21 @b<xo
in Eq.(BP), we can obtain the condition (DB). Then Brzezinski double biproduct AQQHTOB

is the double biproduct AQHOB when f(z @ y) = 14 @ 2y, R(zx ® a) = x1 > a ® x2 and
T(b®z)=x; ®b<xy in Theorem 2.1.
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2. Setting A = K and B = K, we obtain the right version of Radford biproduct in [14] and
Brzezinski crossed biproduct in [6], respectively. Furthermore, if the left comodule coaction is trivial,
and f(x,2') = o(x1,2)) ® xe2xh, R(x ® a) = 21 > a3 ® x9 <ay in Brzezinski crossed biproduct,
then we can get Agore and Militaru’s unified product [1].

3. Taking f(z,2’) = o(z1,]) @ xex!, in Brzezinski crossed biproduct, we obtain Wang —Jiao —
Zhao’s crossed product in [16].

4. Setting T'(b®x) = x1®@b<xs in Theorem 2.1, we can get the main result in [7] (Theorem 3.2).
And the condition (BP) here implies the condition (Cy) there.

5. Let A=K, themaps f: H® H — A® H and R: H® A — A ® H be trivial in
Theorem 2.1, we can obtain that the right twisted tensor product Hr#B equipped with the right
smash coproduct H x B becomes a bialgebra if and only if the following conditions hold (x € H,
bt/ € Band T =t):

(D) ep are algebra maps, eg(br)eg(xr) = ep(b)ey(z);

(D2) 1p® 1 =1® 1y, Ap(lp) =1p® 1p;

(D3) (bb')11g) @ (B )11 @ (bY')2 = b1yt 1j0) @ bipyb 11} @ bord'a;

(D4) 211 @ bry[g) @ Tr2bri) ® br2 = 217 @ bi[oj7 ® bipyjT2t © bay.

This exactly is the right version of [8] (Corollary 2.5).
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