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THE NEHARI MANIFOLD APPROACH FOR A p(z)-LAPLACIAN PROBLEM
WITH NONLINEAR BOUNDARY CONDITIONS

HIAXIT HA OCHOBI MHOTI'OBUAY HEXAPI 10 ITPOBJIEMUA
p(z)-JAILJIACIAHA 3 HEJIIHIMHUMU TPAHUYHUMHU YMOBAMU

We consider a class of p(z)-Laplacian equations that involve nonnegative weight functions with nonlinear boundary
conditions. Our technical approach is based on the Nehari manifold, which is similar to the fibering method of Drabek and
Pohozaev, together with the recent idea from Brown and Wu.

PosrmstayTo ommu kimac p(x)-piBHsHp Jlammaca, mo BKiodae HeBim'emHi BaroBi (yHKUil 3 HEMiHIMHAMH TPAaHHIHEMHA
ymoBamu. Hamr minxin 6a3yerbest Ha MHOroBuai Hexapi, 1o € momiOHUM 10 MeTony BojiokoH [IpaGeka ta [Toxokaepa 3
BUKOPUCTAaHHIM HOBHX ieii bpayHna ta By.

1. Introduction. The purpose of this paper is to study the existence and multiplicity of positive
solutions for the following nonlinear boundary-value problem involving the p(z)-Laplacian:

— Ay +m(@)[uPO 2 = Af(2)[u] 1@ 2,z e,
(1.1)

|vu’p(w)*2 % —

g(@)[u @2, €00,
where Q@ C R¥ is a bounded domain, N > 2, p(z), ¢(z), r(z) € C(Q) such that 1 < g(z) <

<p(z) <r(z) <p'(z) (p*@;) = m

= essinf,cqp(z) < p(z) < pt = esssup,cqp(z) < oo, 1 <q” <q¢" <p” <ph <r= <rf,

A > 0 € R the weight m(x) is a positive bounded function and f € C(f2), g € C(09) are
nonnegative weight functions with compact support in 2.

if N > p(z), p*(z) = 0 if N < p(x)), l<p =

In this paper, we have generalized the articles of Afrouzi and Rasouli [1] and Wu [19-21], to the
p(z)-Laplacian by using the Nehari manifold under the certain conditions.

2. The space WP(®)(Q). To discuss problem (1.1) we need some results on the space
W1P()(Q) which we call variable exponent Sobolev space.

Let 2 be a bounded domain of R”, we have

L2(Q) = {pe L¥(Q): p > 1},

Let’s define by U(€2) the set of all measurable real functions defined on €2. For any p € L°(9),
LPOQ) ={uel(Q): / u(z)[P®) de < oo 3,
Q

we introduce a norm on LP(*)(Q), that so-called Luxemburg norm [11, 14],

p(z)

u(@) dr <13,

T
o

|u\p(x) =inf¢§>0: /
Q
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then (LP®)(Q), | - |p(x)) becomes a Banach space, we call it as variable exponent Lebesgue space,
and

Lr () = {u cUQ): / e(@)|u(z)P® dz < oo} ,
Q

where c is a measurable real-valued function and ¢(x) > 0 for x € Q.
We define

()

p(z)
U (p(a) C(x))inf{5>0: /c(m) S d:v<1}.
Q

5
Let us define the space
W@ (Q) = {u € LPP(Q): |[Vu| € LP@(Q)}.

In the Banach space W1P(*)(Q) we introduce the norm which is equivalent to the standard one:

p(x)
ul|P = / (VP + m(z)|u(z)|P™) da vu € WP (Q).
Q
Let pj(x) = w if N > p(x).

Theorem 2.1 [11]. The space (LP©®)(Q

\ (e ) is a separable, uniformly convex Banach space,

);
p,(l ) + (1) = 1. For any u € LP®)(Q) and v € LV @)(Q),

and has conjugate L¥'%)(Q), where

we have

1 1
/uvdﬂf < (p + (p,)> [tlp@) |Vl (@) < 2l [Vl @)-

Theorem 2.2 [11]. Let p(u) = / u(z)[P@) da Vu € LPE)(Q), then
Q
) [ulyo) < 1 (= 1 > 1) fand only if p(w) <1 (= 15 1),

(i) |ulp) > 1 implies ]u\z(_z) <plu) < \u|p(x

e . . +

(i) [ulpm) < 1 implies \u|z(x) < p(u) < |u\p(x)

Theorem 2.3 [11]. Let p(x) and q(x) be measurable functions such that p(x) € L () and
1 < p(z)q(x) < oo for ae. v € Q. Let u € LI*)(Q). Then

. . + x -
Ul p(z)gz) < 1 implies |u|£(w)q($) < ‘|U|P( ) o < |u|£(w)q(x)7

(@)
Ja(z) S ”“‘p

|u]p(x)q(x) > 1 implies \u|g(_x <\ ]

p(z)q(z)’
In particular, if p(x) = p is constant, then

[ P
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94 S. H. RASOULLI, K. FALLAH

Theorem 2.4 [11]. If u,u, € L™ (Q), n=1,2,..., then
(1) limy 00 ‘un u|p(x =0,
(i) limy, o0 p(un —u) =0,
(iii) wup, — w in measure in Q) and lim,_,~ p(u,) = p(u)
are equivalent.
Theorem 2.5 [11]. Ifp~ > 1 and p* < oo, then the spaces LP®)(Q), Lp(z)) (Q), and W»()(Q)

are separable and reflexive Banach spaces. o

Theorem 2.6 [11]. (i) Let p € C(Q) and O) possesses the cone property. If ¢ € C(Q) and
1 < q(x) < p*(z) for any = € Q, then W'P@)(Q) s LI)(Q).

(i) Let p € C(Q) and 0N possesses the cone property. If ¢ € C(Q) and 1 < q(z) < pj(z) for
any x € Q, then WP (Q) s L1®)(9Q).

(i) If p,q € C(Q) and p(zx) < q(z) < p*(z) for any = € (), then WHPE)(Q) — LI=)(Q)
and

[l < ellull Vu € Wy P (@),

where ¢ > 0 is constant.
Theorem 2.7. Let p € C(Q) and 09 possesses the cone property. Suppose that g € LP@®)(99),
(x

g(z) >0 for x € Q,6 € C(Q) and f~ > 1, By < Bolz) < B, where By(x) = 5(3})_ f
re C(Q) and

1< r(z) < %pg(x) Ve e Q, @.1)
or

1< B(z) < Vh(z)

NB(x) —r(z)(N = p(z))’

then WP (Q) — L;Eg(aﬁ) is compact. Moreover, there is a constant c5 > 0 such that the
inequality

[ otatul @ ds < (el + ul) @.2)
oN
holds.
Proof. 'We must remark that our proof of the embedding W'P(*)(Q) < LTE‘Tg (092) is similar
to Fan [12]. Let u € WP (Q) and set h(z) = /B(B()x)lr(a:) = fo(x)r(z). Then (2.1) implies
) —

h(z) < p}(z). Hence, by Theorem 2.6 we have the embedding W'P®) (Q) s LM®)(9Q). So
for u € WHP(*)(Q), we have |u|"®) € L%®)(HQ). By Theorem 2.1,

/ 9(@)[ul") dS < erlglgio) |l @] 5, < oo
o0

This implies that W»@ (Q) ¢ L")

o) (09). Now let {un} C Whr@)(Q) and

up — 0 (weakly) in  WHP@)((Q).

Then we have
u, — 0 (strongly) in L"®)(9Q).
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So, it follows that ‘|un|’”( — 0. Thus,

Bo(z)
/g(x)\uﬁ(’”) dS < e1lglpo[Junl"] 5, 0y = 0,
o2

C z r(z)
which implies |tn|(r(x) (x)) — O- Hence, WP(®)(Q) < Ly (09).

Now let’s show the inequality (2.2) holds. Since r~ < r(z) < r* and |u|"®@) < |u|"™ + |u|"",
thus
/g(ﬂf)!uv(@ s < /g(w)luT_ dS+/g($)!U\T+ ds,

o0 o0 o0

and 1 fo(x) < 1+ Bol) < (), we get

/g(ﬂf)uV dS < ca|gls() = c2|9lp(a) [l - gy () < callull” - (2.3)

o0N

ul"” |

Bo(z)

Moreover,
/g(a;)ur“* ds < eqllul"" (2.4)
oN

As a result, from (2.3) and (2.4) it follows that

/g(fﬂ)lur(x) ds < es(llull” + [lu]").
o0

Theorem 2.7 is proved.
Theorem 2.8. Let p € C(2) and OS2 possesses the cone property. Suppose that f € L"‘(z)(Q),

fx)>0forzeQ, aecCQ) and a™ > 1, ay < ap(z) < af, where ap(z) = aé;()le. If
1€ C@), plo) < -5 ata) and
1<q(z) < af()a;lp*(:c) Vo eQ (2.5)
N Np(a) @)
Np(e) — a(e) (¥ —p) < ) — g’

then W) (Q) — L‘}((?) (Q) is compact. Moreover, there is a constant c¢; > 0 such that the

following inequality is holds:

/f(g;)|u|q@) do < er(|lull ™ + [lul|”"). (2.6)

Q
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96 S. H. RASOULLI, K. FALLAH

Proof. Let u € WhP()(Q). Set a(z) = agc()leq(x) = ap(x)q(x). Then (2.5) implies
a(z) < p*(x). Hence, by Theorem 2.6 there is the embedding W'»(*)(Q) < L™*)(Q). For
u € W) (Q) we have |u|¢®) € L*(@)(Q). By Theorem 2.1,

[ F@Id do < col a1, (@) 0.

This implies that W'P(®)(Q) LQ((?)(Q). Now let {u,} ¢ W'?(*)(Q) and

up, — 0 in WLPE(Q).

Then we obtain
up, — 0 in  L™?(Q).

So ‘|un|q(m) — 0. Thus,

‘040(1’)

|o¢o(x) — 0,

[ @l ® o < col o 1n]2
Q

which implies | (q(a), f(z)) — 0- Hence, we have the embedding Wr@)(Q) ey L(ch((x))(Q) Now,

by the above 1nequa11ty we show that the inequality (2.6) holds. By ¢~ ap(z) < ¢Tap(z) < p*(x)
and applying the similar steps as we did in proof of Theorem 2.7, we have

/f(:v)IU\q(x) de < er(|lull”” + [[u]*").

Theorem 2.8 is proved.
By Theorems 2.7 and 2.8, we conclude that for u € W1P(®)(Q), there exist positive constants
cs, C9, €10, c11 > 0 such that

" / ()u@ ds < {csruwj il > 1,

collull ™ if - lull <1,

(i) /uf(élc)ltth(””)d:t<{Cm”u'q+ it Jull > 1,
Q = .

cullul|if lul] <1,
hold.

3. Assumptions and statement of main result. The Euler functional associated with (1.1) is
defined by

w) = | 10wt ® o @) de — A | )l d — [ () @
i) = [ (VU m(a)up@) do = A [ @)l de — [ gl as.

Q Q o0

Then

pl+/ ]Vu‘l?(:c) + m(a:)]u‘P(x)) dor — q)\_/f(x)‘me(:c) dr — ri_ /g(l.)’u‘r(x) s >
“ Q o0
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1

>
= ot

- )\ - + ]. — +
[l —qu?(IIUHq Hlull™) = =es(lull™ + [lul™).

Since ¢t < p~ < pt < r~ < h*, this shows Jy is not bounded below on whole W1*(*)(().
However, it is useful to consider the functional on the Nehari manifold N, which is given by

N = {u e WHPE(@)\{0}: (T3(u),u) = 0},
where (-, -) denotes the duality between W1P(#)(Q) and (W) (Q))~!. Clearly, the critical points
of J correspond to points on the Nehari manifold. In particular, v € N) if and only if
Kaw) = (T3, = [ (Val@-4m(a) @) do-x [ fa)fuft) da— [ gl ds =o.
Q Q 9]
(3.1)

Then for v € N, we have

(K (), ) = / p(a) (VulP® + m() [uP@) de—
Q

—A /q(w)f(w)!uw(x) dx — /T(w)g(x)\UI’"(x) s <

Q o0

Q o0
We can write
N = {u € N(Q): (K (u),u) > 0},
v = {u e N(Q): (Kj\(u),u) <0},
N = {u e N(Q): (K} (u),u) = 0}.

Lemma 3.1. There exists Ay > 0 such that for 0 < X < A we have NY(Q) = @.
Proof. Let NY(Q) # @ for all A € R\{0} and u € N?(2) such that |ju|| > 1. Then using
(2.4), (3.1) and definition of N7 (), we obtain

0 = (K} (), u) = / p() (IVulP@ + () uP@)) do—
Q

—A / 9(@) (@) [ul7®) da: — / r(@)g(@)ul @ dS >

Q o0

>y [ (VaP® 4 mia) ) do-
Q

—q" (/ ’vu‘p(x) dr — /g(x”u’r(x) dS) _ T+/g(:n)]u\r(x) s >
Q

o0 o0
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98 S. H. RASOULLI, K. FALLAH

> (p~ — ¢") / (IVuP® + m@)ufP@) de + (¢+ — ) / o(2)[ul @ ds.
Q o0

Hence,

_ - +

0> —qg)ull” +esla =)l
and then
— gt \ o
p q rtep

[ull > 12 <r+ — q+> : (3.2)

Similarly,

0= (K}(u),u) <

<p* /(IVW(“’") +m()|ufP) dz — Aq~ /f(w)IUIq(“) dx —r~ /g(w)\UI’"(m) s <
Q Q o0N

<pt / (V@ + m(a) [uP@) d — Ag~ / £() ] 4@ dar—
9] Q

T / (IVulP®  m(a)|[uP@®) do — A / F(@)|u] ™) da
Q Q

Therefore,
- - _ _ +
0<(p" —r)llull” +Acwo(r™ —g7)llull?
and
_ N
r - P —q
lull < ci3 </\ — q+) . (3.3)
rT—p
h™ — p+ p- — q—i- f;:zi
If A is sufficiently small [e.g., A = , then from (3.2) and (3.3) we
rT—q~ rt —qt

get |lu|| < 1 which contradicts with our assumption. Hence, we conclude N7 (2) = @.
Lemma 3.1 is proved.
For 0 < A < A1, we can write N3(Q) = N} (Q2) UN, (22) and

ay = inf Jy(w), ay= inf Jy(u)
uENY (Q) ueN, ()

Theorem 3.1. Suppose that ug is a local maximum or minimum for J on Ny(Q). If uy ¢
¢ NY(), then uy is a critical point of J .

Proof- The proof of Theorem 3.1 can be obtained directly from the following lemmas.

Lemma 3.2. The energy functional J is coercive and bounded below on N().

Proof. Let uw € N\(2) and |Ju|| > 1. Then using (3.1) and Theorem 2.2 we have

W= [ 10w ® 4 () ulP®) da—
() Q/p(x)uw () ) d
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[ @ de — [ L) @
A/q(x) @ do = [ —ow)lal) ds >

o0

1+/ |Vu|p(””)+m )|u|p(”"))da:—/f ) u|9®) da—
1
—— | [ (Vul® + m(@)|uf) de =X [ f(@)[ul™) d:l?) >
= /
> <1+—1_>/ VP 4+ ()P )dw+)\<—>/f Jul1® i >
Q

p
— JF — —
r —p - r —q +
2( — )Ilullp —Clo)\< — )IIuIIq :
rp rq

99

Since p~ > ¢* so, J(u) — oo as ||u|]| — oo. This implies 7 is coercive and bounded below on

NA(92).
Lemma 3.3. If0 < A\ < Ay, then
(i) Ja(u) <0 for all u € Ny (),
(i) Ja(u) >0 for all u € N, ().
Proof. (i) Let u € N (). By definition of 7y (u), we can write

1 1
_/(|VU‘P($) —|—m($)|u|P(:v))d;p - q)-\i-/f(x)|“|Q(x) do — ﬁ/g(xﬂu‘r(ac) ds.

Ia(u) <
p
Q Q 0

Since u € N (Q2), we have

pt /(|Vup(x) + m(z)|ulP®@) dz — g™ /f(m)|u]q(x) de —r~ /g(x)\u\r(x) ds > 0.
Q Q

oN
We get
Jr _ —
[o@lar@ s < ==L [ (vl 1 m(@)|ul) do
o0 Q
Moreover,
11 p(x) p(x) 11 r(z)
In(u) < e (IVulP™ + m(z)|[u[P'™) do + praie g(z)|u|"* dSs.
Q o0
Therefore,
(P~ =g =p7),
Fiw) <~ g <o,

Hence, we have of = infueN; () T\(u) <0
(i) Let u € N, (). By definition of 7,(2) and (3.1), we obtain

Ix(u) > 14_/ (|Vu|l)(m) + m($)|u‘13(a:)) dx — )\_/f(x)|u|q(“") dr — Ti_ /g(l,)|u‘r(ac) ds
! @ ! Q Q
and
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/9<x)\ul7"(x) ds = / (IVulP® 4 m(z)|uP@) dx—A/f(x)mqu d.
o0 Q Q

Therefore

1

Ia(u) = s

/ (IVuyp(ac) + m(:c)|u|P(:c)) dx — q)\_/f(x)|u|q(x) dr—
@ Q

(VP + m(@)|uP®) do = 3 [ f@)fulr® do | >

1
= /
Q Q
> <pl+ — :_)/(]Vu\p(x)+m(:c)]u\p(x)) dr + A (1_ 1_) /f(a:)|u]q(x) dr.
Q

= q

By Theorem 2.2 and the condition p~ > ¢, we obtain

q
— + — —
r —p q —T -
> ( — +010)\< — >) Hqu .
p'r qr

¢ (r~—p")
copt(r= —q7)’
= N (Q)UN; () (see Lemma 3.1), N (Q) NN, (Q) = @, and by the Lemma 3.3, we must have
Theorem 3.2. If 0 < X\ < Xy, then the functional J\ has a minimizer ug in Ny (Q) and
Talug) = ay.
Proof. Since 7, is bounded below on A/, (£2). Then there exist a minimizing sequence {u;} C
C N7 (€2) such that

we get Jx(u) > 0. If we consider the facts N)(2) =

So, if we choose A <

lim Jy(ut) = inf Ja(u) =af <0.
Jim )y (uy) ke A(u) = a3

Since J is coercive, u;; is bounded in W) (Q). Let uf — ug in WHP@)(Q),

uf =g in LA(Q),

and
ul —ug in L;Eg(@)

Now, we prove that u;” — ug in W@ (Q). Otherwise, suppose u,7 - uj in WP(*)(Q). Then

(9P m@)la ) o <t [ (V) o) P
Q Q

Moreover,
/f($)|u8"Q(ac) de = lim inf/f(x”umq(z) dz,
Q@ 0
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/9(3«")|U6‘_|T($) dS = lim inf / g(x)|uf |7 ds.
n—oo
onN 59
By (J(u;}), (u;)) = 0 and Theorem 2.8, we have

A2 (5= £ [(vup® + mh®) do+3 (£ - 2 [ sl a,
Q

Q

and then
+ li + >
ay = lim I(uy) >

> <1 - 1> lim / (|Vu:{|p("”) + m(x)\ump(x)) dx+

n—oo

A <1 - 1) i [ @)t 1) d >
T
Q

q n—oo
11 . 11 _ .
+ + +
> (o= 2 ) I e (2 = ) (1 + 1 o).
Since p~ > ¢, for |jug || > 1, we obtain

af = inf Jx(u) > 0.
uEN')\

By Lemma 3.3, for any u € N (2), 7x(u) < 0.

So, this is a contradiction. Hence, u;” — ug in Wy "™ (Q) and

(ug) = lim Jh(uf) = inf  Ji(u).

n—o0 weN; (@)

Thus, ug is a minimizer for J on N, ().

Theorem 3.2 is proved.

Theorem 3.3. If 0 < X\ < Ay, then the functional Jy has a minimizer ug in N, () and
Inl(ug) = ay.

Proof. Since 7, is bounded below on Ny (2) and so on N, (€2), then there exists a minimizing
sequence {u, } € N, () such that

lim Jy\(u,)= inf J\(u) =a, >0.
n—00 ueNy ()

Since J is coercive, u;, is bounded in WP(*)(Q). Thus, u;; — ug in WHP@)(Q) and
u, — up in L4 (Q),
u, —u, In L
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Moreover, if u, € N, (), then there is a constant ¢ > 0 such that tu, € N, (Q) and Jx(u, ) >
> JIx(tyy ). Since

K\(u) = /p(g;)(\vu|17(m) +m(x)‘u|p(z)) dr — )\/q(m)f(x)|u|q(’”) dx/T(x)g($)|u|r(x) ds,
“ Q lg)

then

K (tug ) = / p(x) (|Viug [P@) + m(z)|ug P@)) do—
Q

- / q(x) f () [tug |7®) dz — / r(x)g(x)|tuy |"® dS <

Q o0N

<y / (IVug [P@ + m(@)lug [P®) do—
Q

N / £(@) g |99) d — 177 / o(@)ug '@ ds.
Q o0

Since ¢~ < p™ < r~, and by the assumptions on f and g, it follows K} (tuy ) < 0. Hence, by the
definition of NV, (), tu, € N, (Q).
Now, we prove u;; — ug in WP (Q). Let u; -» uy in Wy 7™ (). By

/ (IVuy P9 + m(@)|ug [P) de < lim inf / (IVuy [P@) + m()|uy, [P)) da,
Q Q

we have

tp+
Rtug) < / (Vs @ 4 () [us 7)Y do—
Q

tq_ —1q(x tr_ —r(x
A [ f@l 1 do = T [ g@)ag P ds <
Q o0

w*
< Im | / (Vs P 4 (@) s P@) d—

n—oo | p
Q

tq7 —1q(x tr7 —r(x
A [ f@l 0 do =T [ gl >ds] <
Q o0

< lim Ji(tu,) < 1i_>m I(u, )= inf  Ty(u).

Thus, v, is a minimizer for 7\ on N, ().
Theorem 3.3 is proved.
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Conclusions. By Theorems 3.2 and 3.3 we conclude that there exist uj € N, (Q) and u, €
€ N (Q) such that Jy(ug) = infueNj(Q) Ixn(u) and Jy(yy) = infue/\f;(ﬂ) Jx(u). Moreover,
since 7y (ui) = Ja(Jui]) and |uf| € NiF(Q), we may assume ug > 0. By Theorem 3.1, uZ are
critical points 7, on W& P (x)(Q) and hence are weak solutions of (1.1). Finally, by the Harnack
inequality due to [22], we obtain that u(:)IE are positive solutions of (1.1).
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