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EXACT RATES IN THE DAVIS-GUT LAW OF ITERATED LOGARITHM
FOR THE FIRST MOMENT CONVERGENCE OF INDEPENDENT
IDENTICALLY DISTRIBUTED RANDOM VARIABLES *

TOYHI IBUAKOCTI B 3AKOHI ITIOBTOPHOI'O JIOTAPU®MA
JAEBICA -T'YTA JJIA 3bI)KHOCTI IIEPIHIOI'O MOMEHTY HE3AJIEXKHUX
OJHAKOBO PO3IOAIVIEHUX BUIIAIKOBUX BEJIMYNH

Let {X,Xn,n > 1} be a sequence of independent identically distributed random variables and let S,, = > 7 | X,
M, = maxi<k<n |Sk|. For r > 0, let a,(g) be a function of & such that a,(¢)loglogn — 7 as n — oo and € \, /7.
If EX2I{|X]| >t} = o((loglogt)™') as t — oo, then, by using the strong approximation, we show that

. 1 > (logn)" 1 20e” 2TV
lim E{Mnf e+ an(e))or/2nloglo n} =
S — log(e2 — 1) ; n3/2 ( (e)) g log N Dy
holds if and only if EX = 0, EX? = ¢2, and EX2(log | X|)" " (loglog | X|)~% < oo.
Hexait {X, X,,,n > 1} — MHOXHMHa He3aJEKHHX OIHAKOBO PO3IOALICHUX BHIAJKOBHX BEIHYHH Ta S, = Z;”:l X,

M,, = maxi<p<n |Sk|. Kpim Toro, must 7 > 0 Hexait an(¢) — QyHKUis € Taka, mo an(g) loglogn — 7 mpu n — oo Ta
e \( /7. V Bunmanky EX?I{|X| > t} = o((loglogt)™") mpu ¢t — 00 3a IONOMOTOIO CHIBHOI AMPOKCHMAILii IOBEIEHO,
IO CITIBBIIHOILIIEHHS

. 1 e (logn)r—l {
1 n n W =
- *lOg(EQ — ’I") Z n3/2 EJ M, (5 +a (E))O’ 2n og 0g’n}+

eNVT

20e" 2TV

2rr

n=1

BHKOHYIOTCS TOJi 1 Titbku Toxi, kot EX = 0, EX? = o2 ta EX?(log | X|)" ! (loglog | X|) 7 < oo
1.1. Introduction and main result. Throughout the paper, we suppose that {X, X,,,n > 1} is
a sequence of independent identically distributed (i.i.d.) random variables and let S,, = > ;" | X,
M, = maxj<k<p |Sk|, for n > 1. Let {W(t);t > 0} be a standard Wiener process, and N
be the standard normal random variable. We denote by C' a positive constant which may vary
from line to line, and define |z| = sup{m:m < x,m € Z"}. Let logz = In(z V e) and
o(z) :=loglogz = In(In(z V e°)). The notation a,, ~ b,, means that a,, /b, — 1 as n — oo.

It is well known that Hsu and Robbins [8] and Erdds [4, 5] first introduced the concept of complete
convergence. So far many authors have considered various extensions. Li, Wang and Rao [11], Gut
and Spataru [7] showed the precise rates in the law of the iterated logarithm (LIL) that

lim &2 i ! P <|Sn| > E\/ngo(n)) =o°
n=1

e\0 nlogn

holds if and only if EX = 0 and EX? = o2. Jiang and Zhang [10] extended it for moment
convergence. They proved, for a, = O(1/¢(n)) and b > —1, that
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27b71E’N’2b+3
lim £2(0+1) = /2 _g
5{%8 Z nlogn {|S | —ole+an) nga(n)}Jr (b+1)(2b+3)

holds if and only if EX = 0 and EX? = o2
On the other hand, Davis [3] and Gut [6] showed that

iip(w > /@ + eng(n)) {<oo, it =>0

=o00, If —2<e<0,

holds if and only if EX = 0 and EX? = 1. Gut and Spataru [7] obtained the precise rates in the LIL
that for a, = O(v/n(p(n))~7) with v > 1/2,

lim /&2 — 202 Z %IP’ (\Sn\ > ev/np(n) + an> =0V2
n=3

e\ov2

holds as long as EX = 0, EX? = 02 and EX?(¢(| X)) < oo for some § > 0. They also pointed
out that

o
1
lim Ve? — 402 Z lp (]Sn! > E\/nSD(n)) —
eN20 = n
holds if and only if EX = 0, EX? = 02 and EX?log | X|(p(| X))t < c0.

Jiang, Zhang and Pang [9] provided the precise rates in the law of logarithm for moment conver-
gence that for r > 1,

hm 1) an 2= 1/2E{ —sa\/2nlogn} = 20

\/r—1 — log(e + (r—=1)v27

holds if and only if EX = 0, EX? = ¢2 and E(X?"/(log | X|)") < oo.

Inspired by [9], we consider the precise rates in the LIL extended from Davis [3] and Gut [6] for
the first moment of S,, and M,,. We obtain the following results.

Theorem 1.1. For r > 0, let a,(c) be a function of € such that

an(e)p(n) =1, as mn—o0 and €N\ /T (1.1)

Let {X, X,,;n > 1} be a sequence of i.i.d. random variables with

EX =0, EX%2=0% and EX*(og|X|) ' (o(IX])"? < . (1.2)
Suppose that
EX2I{|X| >t} = o((p(t))™h), as t— oo (1.3)
Then we have
. (logn)"! ge—2TVT
li E{[S,| — w(€))o\/2 = 1.4
i s o EIS — EHon@evanel} =T

and
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= (logn)™~ B 20e 2TVT
Elin\}_log e ; S E{Mn—(5+an(6))0\/2ngp(n)}+—W (1.5)

Conversely, for a,(e) satisfying (1.1), if either (1.4) or (1.5) holds for r > 0 and some o > 0, then
(1.2) holds and

1iginf¢(t)EX2I{\X\ >t} =0. (1.6)

Remark 1.1. The condition (1.3) is sharp. A sufficient condition for it is given by EX?p(| X|) <
< 00. Obviously, when r > 1, condition (1.3) is implied by (1.2).

Corollary 1.1.  Under conditions of (1.1) and (1.2), for any € > /r > 0, we have

* (logn)" !
S BB {[50] ~ (e + an(e)oanpln) ) < oe,

n=1
o0 oon) 1
3 (lgng/)QIE (Mo~ (e+ an(e))J\/Qngo(n)}+ <
n=1
and
o~ (logn)™"V/p(n)
Z IP’{]STL] > (e + an(s))U\/Qn@(n)} < 0,
n=1
o (logn)" ™'/ io(n)
Z P {Mn > (e+ an(f—:))axﬂncp(n)} < 00.
n=1

2. Some lemmas.
Lemma 2.1 [1, p. 79, 80]. For any x > 0,

=1- 3 —1)* — 1)z Ty =
P{Ogglywa)zx}_1 k:z_oo( D*P{(2k — 1)z < N < (2k + 1)z}

=4) (-1)"P{N > ( 2k+1x}_2z D*P{|N| > (2k + Dz}
k=0 k=0

In particular,

P{ sup W (t) 2:1:} = 2P{N >z} ~

0<t<1

2
V2mx
Lemma 2.2 (Lemma 1.1.1 of [2]). For any € > 0,

IE”< sup  sup ’W(s+t) ()‘>yf> ge 2+e

0<s<1—h 0<t<h

holds for every v > 0 and 0 < h < 1.
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Lemma 2.3 (Lemma 2.4 of [9], see also [13, p.78]). For q > 2, let {&;1 < k < n} be a
sequence of independent random variables with B, = 0 and E|£|? < oo. Then, for any y > 0,

2

Y
max &l >y <2exp{ - } (24q)%y~ 1y E|&|9,
<k<n 2 ) ST EE Z |

where A is a universal constant.
Lemma 2.4. There exists Ny > 0 such that when n > Ny, we have

P (|X| > 45¢Wn)) < 4P (|5n| > EM) for >0

Proof. The proof is similar to that of Lemma 2.3 in [12] in which we only need to replace /logn
by \/io(n).

3. Proof of Theorem 1.1 and Corollary 1.1. Theorem 1.1 is based on the following propositions.

Proposition 3.1. For r > 0, let a,(g) be a function of € satisfying (1.1), we have

1 . (logn)™1 B e 2TV
i ); T E{IN| - (¢ + an(0)V2e() } | = o G
and
) 1 > (logn)"! { B } _26_27\/;
E{n;;_log(sz_r); w B, WO~ en@)Vael) == 62)

Proof. By Lemma 2.1 and condition (1.1), uniformly with respect to all z > 0, we have

IP’{ sup |W(s)| >z 4+ (¢ + an(e)) 2@(”)} ~

0<s<1
~ P {IN| 2 @+ (e + anle))v/20(n) | =
= 4P {N > 2+ (e + an(e)v/20(m) | ~
4 1 2
~ Nor (x et 2@@)) exp {—2 <x + (e + an(e)) 2g0(n)) } ~

o+ e/20)  anle) VER) (1+2v20)) | ~

4

1
Var (a+ ey/20(m) ) eXp{‘z (

~

4

1 2
"V (o -+ ev/2000)) P {_2 (1-+2v/220m) }exp{_ng},

as n — oo and € \, /7.
Therefore, we obtain

B{ sup (W)l - (4 on(@)VER | ~2E{IN| - (e + an(e)VEAD| ~
+

0<s<1 +
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(e 9]

~ 46—287'0/ o < 1 (n)) exp {—; (a: +e 2g0(n)>2} dx,

T T+ e/ 20

as € \( /7 and n — oo. Next we only need to prove (3.1).
Since the limit in (3.1) does not depend on any finite terms of the infinite series, it follows that

) 1 2. (logn)"* _
@ E{IN| - (e + au()V2e(0) | =

00 e o]

B S [ T
S —log(e2—r) &~ n ) Vo <x+£\/2go(n)>

X exp{—; (:U+5\/W>2}dx =

. Qe 2T logy yi
= lim —log(e? —r) 8
N7 J ) Vam (o +2y/200))

N~—
~——
N
—
QU
8
I

1
X exp {—2 (ac +ev/20(y

= lim 26 %7 / (logy)™™" dy / ! exp {—2} dz =
e\ —log(e? — ) y 227
e ev/20(y)
. Qe 2T / t rt? dt]o 1 2 d
= lim ——————— [ —exp{ —5 Xp L —— =
e\ —log(e? — 1) e2 P 2 221 P :
V2e t
Qe 2T 1 22 / t rt?
=1l ——d — — o dt =
E\I‘I\jﬂ[ —log(e? —r) / /2 P { 9 [ ) 2P { 2e2 }
V2e V2e
. 2e 2T / 22 1 rz? aw
= lim ex —r—|exps— ¢ —e z=
S/ — log(e? —r) or P 2 fr P 2e2
V2e
I 22T 7 1 22 + rz? d
im —expl —— + —= =
= V2nr S/ — log(e? —r) PR 2 2 :
V2
1 e 2T T 1 22 r
_ 1 Ze5d _ = (1 _ 7) —
V2 e —log(e2 — 1) / A ( 2\ e >
g2—r
_2T\f . 1 j 1 .
_— —e %ds =
~ V2 s\\f —log(e? — 1) s
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6—27\/?
N \2mr .

Proposition 3.1 is proved.
Next, without loss of generality, we assume that o = 1 throughout the proof of the direct part of
our main results. Foreachn and 1 < j <mn, 1/2 <p <2, let

X5 = XX < vaflem)Py, X =X, ~EX);, By=Y Varx),

nj»

(1) _ _ e
s = Zan = max 1S, A= Jmax [Sy = S| (3.3)

and
X X. T p X X 2
;L/j J {\/ﬁ/«C (n)) < ’ j‘ < ne (n)}v 7(1j) X” EX;"L/]’

X, = X;I{|X;| > /ne(n)}, X( ) — =X, —EX]".
Also we define 5’7(1]), Sv(u)’ MT(LQ), My, ®) similarly.
Proposition 3.2. Let 1/2 < p' < p < 2. For any ¢ > 0 and x > 0 there exists a sequence of
positive numbers p,, such that

@E{|N\—x—W}+—pn<E ‘f:xﬁbj —ay/Ba § <
j=1

+
1
< BnE N - o N\ n 34
< VBn {' T G }++p G4
and
RS S 1 _
¢B?E{033131|W<s>\ : (W»p,h b SE{MPY —oV/By} <
<fE{sup W >|—:c+1,} + P, (3.5)
0<s<1 (¢(n))P +
where
Sy {|
Z Oi?ﬂ pn<oo. (3.6)

Proof. We can define a Wiener process

[nt]
Z & + (nt — [nt )€ nt) 415

where {{,;n > 1} is a sequence of independent normal variables with [E{; = 0 and E§J2- = VarX',,;.
The proofs of (3.4) and (3.5) are similar to that of Proposition 2.2 in [9], and we have
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pnscm“v?(so(n))p’@“Erxrqf{xxs Vi }+

+f]P’(maX1 ‘Wn(s) — W (LZSD ‘ = 1) !

o / (g [t = (157

=:pp1+ Dyi1 + Dyo.

Next we only prove (3.6). On one hand, we get

g%mscgn—waogn)’“w( Wy VB { 1] < <£> bs
< CZWéE[X!qI{m < |X]| <
:CiE'X'ql{ﬁ << 0 }i Tfﬁi?fcfg/:;l :
<CZ"1 e wa { i < X< ) <

< CEX*(log |X|)"! (| X]))P 707 <

< CEX?(log | X )" (p(|X])™/? < o0,

if p' — (p—p')(q —2) < —1/2, or equivalently ¢ > 2+ (p' + 1/2)/(p — p').
On the other hand, by Lemma 2.2 and the basic inequality that e=* < 222 for x > 0, it holds
that

o

(logn)"—
2

> (logn)r—! ns n
=Z(“‘n)P(@;\Wn@)—wn(LnJ))Z iW)S

n=1

1

> (log )™l expd " o (log )™M (p(n) ™ _
< C;(l g ) p{ 12(¢(n))2p/} < anl < 00.

Similarly, we obtain

> (logn)"1
Z n3/2 Dz =
n=1

(s -, (2 2 )
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oo o0 2
< C’E:(logn)r_1 /exp {—} dr <
n=1 1

Then we complete the proof of this proposition.
Proposition 3.3. For any A > 0, we have

1

. (logn)"~
Z n3/2 nl < 00, (37)
n=1

where
oo

My = [BOUY = 0/20p(0) +2. An > Vi (p(m)))da
0
A, is defined in (3.3).
Proof. Let B, = nE|X|I{|X| > v/n/(o(n))P}, then [ESF | X/ | < B,, 1 < k < n. Set
H = {n: B < vt/ (8(p(n))?)}, then we get

{An> Vn }CO{XJ-#X{W-}, neH.
j=1

(p(n))P

Paralleling the proof of Proposition 2.3 in [9] and then using Lemma 2.3, we obtain

(orm)™t T o (v oy gt o A o V)
> 32 O/IP’<Mn > A\/2n¢p(n) + ,An>(w(n))p>d§

neH
> o e P (1x1> <£>ﬁ)7 (M0 2 5 Vanan + o) e <
ne 0
Ti (logn I 1 <]X!> ((p‘({g)p)0/<exp{_()\\/@/2+x)2}+

A TS )
+C (ﬂc + 5 2n<,o(n)> ZE]XW ]q>dx =:

J=1

= logn yr-t N4D
=3 Bp (x> i) (ot

n=1
>~ 1
On one hand, since / \/Te_t2/ 2dt < e~ /2 /2 holds for z > 0, it follows that
x T
o0 1 r 1
S0 () VTV
= (p(n))P
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_ - (logn)! vn [ el
. ; P <!X\ > (ap(n))p> 2v/B, / p{—y*/2}dy <
A/ 2n(n) /(4 Er)

SCni:O:l(logn)’"lexp{—)\?égin)}EI{|X]> vn }g

3 ogn r—1-X2/16 N \/5
<03 (logn) ;Ef{m.y))p =

Vvi+1 | r—1-X2/
‘X‘SW}Z(logn) 1-22/16 <

oy Vi
C;EI{(so(J))P -

<C) EI { Vs <|X|s”“)p}j<logj>r—1—”/16g
j=1

(@(j))P (G +1)
< CEX?(log | X|)" /16 (p(| X )% < .

On the other hand, applying Markov’s inequality, we have

= (log )"~ (p(n) ¥EX? /°° N x
<cy 13 EIx D jde <
_Cn:1 NG - x > | X7 [9dz <

A/ 2n¢(n)/2 =

i (logn)" (g (n))Qp(ncp(n))(l_q)/2nE|X|qI{|X] < Vn }S

72 EOIZ
- C;E’X " {m <= w%p}i; g
< cgmm{m <ixis 2 M/ziﬁ(gjz);pfwm <

< CEX?(log| X )" (| X)) 2~ 1720272 < oo,
if 2p — (¢ —2)(p+1/2) <0, or equivalently ¢ > 2 + 4p/(2p + 1). Then we get

Z n3/%(logn) " l,; < oco.
neH

If n ¢ H, that is to say
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i 1
EXir {’X > (cp(n))p} > Bl

(3.8)

By Lemma 2.3, we obtain

logn)"™~ (logn)"~ Vi
Z ( 32 I < Z Tz / (Mr(bl) > A/ 2np(n) +£L’> dr <

n¢H 0

logn)" 1 T A/ 2np(n) + x)?
e (o )
0

n¢H

A IS
+C (w + 5 2ngo(n)> ZIEX%)‘]> dr =:
j=1

1 r—1
= Z M(Gnl + Gn2)
n3/2
n¢H

While from (3.8), we have

(logn)"— (logn)"— )\zmp(n)
Z S G <C Z S V Bn exp iB, <

eyt bt
<cn¢§;1 (o) M4\/ﬁ(so(n))2E|X|I{lX! > <

- Ci}E'X ! {«o\(g)p <= wﬁ)p}g T <

<eS e { i < < ol ) e <

< CEX?(log |X|)" 1/ 4(o(|X ) < o0

and
1 1

logn)"~ (logn)"~ - .
Z ( n3/2 G2 <C Z 1/2 ( ))(1 Q)/2E|X|QI{|X’ < f } <

n¢H n¢H ((p(n))p
> (1-q)/2 . Vi—1 Vi -
; 1ogn1 TZE'X’ I{ CUED <sa<j>>p} -

_ o Vi—1 Vi L (pn)0-r
_O;M' I{W—U)P <= oy }anﬂaogn) =
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S G Vi) ()00
<oy i { iy <X < i | et

< CEX*(log |X|)" ! (p(| X)) "0 20H/2712 < o,

Jj=1

Proposition 3.3 is proved.
Proposition 3.4. For any A > 0, we have

0 1 r—1
y %HHQ < o0, (3.9)
n=1 n /
where 11,5 = / P(M,, > \/2np(n) +x, A, > /n/(e(n))P)dx, A, is defined in (3.3).
0
Proof. 1t holds that

P <Mn > M\ 2np(n) +x, A, > vn p) <
A x vn
P(MD>2\/2 ZUA,

+P (MT(LQ) > % 2np(n) + g) +P (Mé ) > A 2np(n) + ;) .

From (1.3), we have

2 :ZVarXf;)gnEXZI{|X|> Vi }:o<”>.

k=1

Then applying Lemma 2.3, we obtain

> (10g ’I’Z)T_l 7 (2) A T
0

n=1

. (logn)"—1 7 -
< czl(lig/)z / (2+ M/200()) " nEIX U] X] < V() o+

(logn) ! (A/2np(n) + )2
+CZ 37 / Xp{ 5 dx <

7282

nq/zlon
<cy S ZE\XW{W—l -1 < 1X] <vie()}+

n=1

3682

1

> - n=9/2 (logn
< O BIXPI/G — 1ol — 1) < [X] <Vie0) }Z e <
j=1
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oo 1—q/2 N
< O NI VG120 - < X1 < Vi) e <

< CEX*(log | X )" (p(|X])™/? < o0,

where we have used the fact that

Nnp(n _\2p (2)
exp _4@((2)) = (log ) ~X"n/05)
365,

with n/BfLQ) — 400 as n — +o0.
Since EM,Y < 2nE| X |I{|X| > /np(n)}, it follows that

>, (logn)" 1 T 3) < A x B

n=1

=]

o0

(logn)" 3y A

n=1 +

o0 1

(logn)"—
<CY B nEIX|I{X] > vnp(m)} =
n=1

oy e e ZE|X|I{\/JSD )< 1X <G+ De( + 1)} =
n=1

J 1

= O EBIX|I{Vie() < IX] < V[ + e WH}X:MWT
= n=1

< CY EBIX|H{Vip() < 1X] <G+ De(i+ D}Vi(logs) " <
j=1

< CEX?(log| X )" (| X])71/? < cc.

Then from Proposition, 3.3, we get the desired result.
Proof of the direct part of Theorem 1.1. From Propositions 3.2—-3.4, we have for large n,

E“&—@+%@)2&Mmh:

g

]P’<Mn (e +an(e))V/2Bpp(n) + z, A, < ﬁp)dm—l—

_l’_

0\8 S

P(M > (e + an(€))V/2Bnp(n) + x, A, > vn )dxg

o0

0 " VA
< [ (MO 2+ ane)VEB G - o ) ot

0
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(e o]

'+L/"P <A1n:> g\/2n¥%70 +x,Ap > \/ﬁ p> dr <
0

B {01 - VB, ((e+ an(e)V/Eol) - >}++ans

< \/71[5{ sup |[W(s)| — (e + an(e))v/2p(n) + (@(121))1’ + (

0<s<1

and

E{ Mo~ (e + au(e) V2Bup(n)} >

o

2/P<Mn> £+ an(e))/2Bpp(n) + x, A, < Vi )dxz

0

oo

(D (3 anl\& n \/ﬁ X VG{ X
zO/P(Mn > e+ an(e) VBBl + Y b A < U o>

(e}

> / P <M}3> > (e + an(€))V/2Bnep(n) +

0

NG
(¢(n))P

+x> dr—

O/ e P e

>E {M}Ll) —/B, ((s + an(€))V/20(n) + miw) }+ — Iy >

> \/ByE {Os<up1 (W (s)] = (¢ + an(e)) v/ 2¢(n) — (go(fl))p B (90(1))]"'} -
<s< e

—DPn _'IInla

where I1,,; and II,2 are defined in Propositions 3.3 and 3.4 respectively with A = ¢/2.
Therefore, for sufficiently large n, we get

0<s<1

\/>E{sup W (s)| — (e + an(e)) 290(n)—((p(i))p,} —pn— Il <
+

<E{M,— (¢ +a,(e) V2Bupn) | <

<WE{ sup [W(s)] — (¢ + an(e)) v/20(n) +

0<s<1 (p(n))?

Similarly, for n large enough, it holds that

VBiE {|N| (et an(e) V() — >

(e(n))”
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<E{ISu] = (e + an(e)) 2ana<n>}+ <

3
(¢(n))P'

While by Propositions 3.2-3.4, for 1/2 < p/ < p < 2 and ¢ > 2+ max{(p' + 1/2)/(p — p'),
4p/(2p + 1)}, we have

< VBE{ IV~ + an(e)/Bol) + b bt T
.

> (logn) 1
Z pn+Hn1+Hn2) < o0

3/2
n=1 n

Next, let a/,(g) = an () = 3/(v/2(0(n))? +1/2), then we get

/

ap,

(e)p(n) =7, as n—o00 and &\ V7.

Since B,,/n — 1 as n — oo, then by Proposition 3.1, we obtain

. (logn)™1
li
5\1"1\1’1[ — log -7) nz::l n3/2
3
x\/BnE{ sup |W(s)| — (e + an(e))v/2¢(n) £ p/} =
0<s<1 (p(n)) +
: 1 - (logn)r_l { ' }
= lim E< sup |[W(s)| — (e +a,(c))v2¢(n =
R D Dt AL e GO N )
2¢—2TVT
V2
It follows that
1 >, (logn)™* 2e2TVT
li EJM, —(e+ay, 2B, = . 3.10
6\1‘r\nf — log(e? ); n3/2 { (£ +an(e)) (p(n)}+ V2mr (3.10)
Similarly, it holds that
. (logn)™* e 2mVT
li E <|Sn| — n 2B, = 3.11
Jim 2 E{ISi = e VEBR} =T G
Finally, since EX2I{|X| >t} = o((¢(t))~!) as t — oo, it follows that
0<n-—B,< 2nEX21{yxy > \/ﬁ} :o<”> .
(p(n))? p(n)
Let
N By, B, e(n— By)
a,(e) =/ —(e+anle)) —e =1/ —anle) — .
(€) =1/ ~( () \/ 5, an(e) NN
Then

a2(6)=an(€)+0(¢(1m), as n—o00, £\,
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and

E {Mn — (4 an(e)) QBngo(n)}+ =E {Mn — (e +an(e)) 2ns0(n)}+ )

E{|Su] — (¢ + an(€)V2Bug(n) } | = E{|Su] - ( + a1(e)) v2no(m) |

Therefore, (1.5) and (1.4) follow from (3.10) and (3.11), respectively.

Proof of the converse part of Theorem 1.1. First we prove EX = (0. From (1.2), we get, for
all € > /r, that

o> 3 BN e {15, — (e + an(e)ov/amp(n } =

n=1 0
7(n)
o~ (logn)™!
= Z n3/2 P{‘Sn‘ > (e + an(e))o 27”690(’0)—1-:6}0{9:2
n=1 0
7(n)
> (logn)™!
= Z n3/2 P{’Sn’ > (e +an(e))oy/2np(n) + T(n)} dr >
n=1 0

> Ci (lOgnn)TIP){|SH| > 50\/%10@1} >

1
>CY  ~P{|Sa| > n}, (3.12)
n=1

where 7(n) = oey/nlogn, then we have EX = 0.
Now we show EX2(log|X )" (¢(|X]))~"/? < oo. From (3.12) and Lemma 2.4, we take
7(n) = ac+/2np(n) with any a > 0 and ¢’ = € + a > /r, then

r—1

— (logn)
o0 > C’Z -
n=1

P p {|sn| > (&' + an(e))m/zw(n)} >

. Ci (1ogn)r;1\/mp{,5n, > 25’0\/M} =
n=1

=C1+C i (logn)”nl (p(n)IP’{]Sn] > 25/0\/2n<p(n)} >

n=~Np
> Y (logn) ' VemP{|X| = Tv/np(m)} (T >8V2'0) =
n=1
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%me > E(I{ Je(i) < ‘XT' < \/(.7'+1)90(j+1)}> >

255

> CZj(k)g“;gﬂ')_rE (I{ je(s) < 'XT' <V0+ 1)so(j+1>}> >
> CEX?(log [X)" (X )72,

Next we prove EX? < co. Let {X, X,,,n > 1} be the symmetrization of {X, X,,,n > 1}. Set
S’n = Zn . Xi, then, for large n and ¢ > /7, it holds that
1=

E{|8:] — 2(e + an(e))ov2npm) | < 2E{[Sul — (¢ +au(e))ov/2npm) |
By (1.2), we have

o0

1

(logn)"— ~ 20 2TVT
Elir\n[_log . Z S E{|Sn|—2(5+an(5))m/2ng0(n)}+g7.

— 2rr

We define Y = XI{|X| < K} and Y,, = X, I{|X,| < K} for K > 0. Notice that XI{]X] <

< K} — XI{\X| > K} has the same distribution as X, and 2Y = XI{|X| < K} — XI{|X]| >
> K} + X, then by (1.2), we obtain

. > (logn)"~ -
1 2Y;| — 4(e + ay 2 <
i 2 {5 e |

> (logn) 1 ~
< — <
25@3_% _Z:j D E{I1Su] — 2+ au(0))oV2npn) | <

4oe2TVT

o 27r

Since |Y'| < K, following the proof of the direct part, we have

, 1 > (logn)"! -
lim E 2Y;
s\lﬁ —log(e2? — 7’)71221 n3/2 Z

= =1

— 2(e + an(e)) (EY2)2mp(n)} =
+
2VEY2e27VT
B \2rr .
Therefore, E(X2I{|X| < K}) = EY? < 402. Then let K — oo, we get EX? < co. At last,
following the proof of the direct part, we have EX? = 2.

Finally, we show (1.6). Suppose that (1.6) is not true. Without loss of generality, we can assume
that o 2EX2I{|X| > \/n/(p(n))?*} > 70/p(n), for some 75 > 0 and all n > 1. Then

no? — B, > nEXQI{|X] > M{lﬁ))z} > no’ry/p(n).
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Let
* 70
a,(e€) =,/1+ €+ ap(e)) —e.
(¢) (et ane)
Then
li ; =7+ 2
L an@)en) =7+ mvi
and

E{ M, — (e +au())ov2np(m) } | <E{M,— (¢ +3(0)V2Bugn) |

.
E{[S:] - (¢ + an(©)ov2ne(n) | <E{|S:] - (¢ +a}(e)V2Bupm)}

It follows that (1.4) and (1.5) are contradictory to (3.11) and (3.10), respectively.
By the way, the result of Corollary 1.1 is obvious from the proof of Theorem 1.1, and we omit
its proof.
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