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NEW FRACTIONAL INTEGRAL INEQUALITIES FOR DIFFERENTIABLE
CONVEX FUNCTIONS AND THEIR APPLICATIONS

HOBI JIPOBOBO-IHTEI'PAJIBHI HEPIBHOCTI JJIsI JM®EPEHIIHOBHUX
ONMYKJIUX ®YHKUINA TA IX 3ACTOCYBAHHSI
We establish some new fractional integral inequalities for differentiable convex functions and give several applications for

the Beta-function.

BcraHoBiIeHO AesKi HOBI Ip0oOOBO-iHTErpajbHi HEPIBHOCTI il nudepeHiifioBHUX onyknux (GYHKLiH i HaBeAGHO KilbKa
3acTocyBaHb s GeTa-(yHKIIl.

1. Introduction. Throughout in this paper, let a < b in R.
The inequality

which holds for all convex functions f: [a,b] — R, is known in the literature as Hermite - Hadamard
inequality [7].

For some results which generalize, improve, and extend the inequality (1.1), see [1-6] and
[8-17].

In [14], Tseng et al. established the following Hermite — Hadamard-type inequality which refines
the inequality (1.1).

Theorem A. Suppose that f: [a,b] — R is a convex function on |a,b]. Then we have the

() =2 () (7)) =

b
<o [ @<

inequality

—a

<1[f<a+b>+(a)+f(b)]Sf(a)Jrf(b), (1.2)

-2 2 2 2
The third inequality in (1.2) is known in the literature as Bullen inequality.
In [4], Dragomir and Agarwal established the following results connected with the second in-
equality in the inequality (1.1).
Theorem B. Let f: [a,b] — R be a differentiable function on (a,b) with a < b. If |f'| is
convex on |a,b], then we have

b
a b b_a / /
f();f()_bia/f(a;)dx < — (@[ +[Fw])

which is the trapezoid inequality provided |f’| is convex on [a,b).
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In [11], Kirmaci and Ozdemir established the following results connected with the first inequality

in the inequality (1.1).
Theorem C. Under the assumptions of Theorem B, we have

b
a b b*CL / !
bia/f@ﬁm—f<:;> <— (F@[+]r®l)

which is the midpoint inequality provided |f'| is convex on [a, b].
In [12], Pearce and Pecari¢ established the following Hermite — Hadamard-type inequalities for

differentiable functions:
Theorem D. If f: I° C R — R is a differentiable mapping on 1°, a,b € I° with a < b,
I € Lila,b], ¢ > 1 and |f'|? is convex on [a,b], then the following inequalities hold:

b
f@+f®) 1 b—a [ (@l + |7 (B)"]
_b_a/f(:n)dxg . [ ] |

2 2

blaa/bf(a:)da:f<a;b) < b;a [If’(a)!qglf’(b)lq]”q‘

In what follows we recall the following definition [13].
Definition 1.1. Let f € Li[a,b]. The Riemann— Liouville integrals J%, f and J f of order
a > 0 with a > 0 are defined by

T

70 f(z) = F(la) / (@ -0 ) dt, > a,

a

and
b
e f () = F(la) / (t—2)* f(t)dt, @ <b,

x
respectively. Here I'(cv) is the Gamma-function and J, f(z) = J)_ f(z) = f(=).
In [13], Sarikaya et al. established the following Hermite — Hadamard-type inequalities for frac-
tional integrals:
Theorem E. Let f: [a,b] — R be positive with 0 < a < b and f € Lila,b]. If fis a convex
function on [a,b], then
fa) + f(b)

1452 < g s+ 0 s < 1

for a > 0.
Theorem F. Under the assumptions of Theorem B, we have

‘ﬂ@;ﬂ@_iﬁlﬁpﬁﬂw+ﬁf@]<

2 -1

< gy o (7@ +1ro)

for a > 0.
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In [9], Hwang et al. established the following fractional integral inequalities:
Theorem G. Under the assumptions of Theorem B, we have the following Hermite — Hadamard-
type inequality for fractional integrals:

Fla+1) , , N ath
M[Ja+f(b)+<]b_f(a)]f< : >‘§

b—a 1 / /
< s (a1 5 ) (7@ + @)

for a > 0.
Theorem H. Under the assumptions of Theorem B, we have the following inequality for frac-

3a+b a+ 3b
() ()

tional integrals with

2
sk bz + g gl - g |12 (52| <
< (3+ ot - sy )0 a7 @1+ ) (13)

for a > 0.
Theorem 1. Under the assumptions of Theorem B, we have the following Bullen-type inequality
for fractional integrals:

’m T2 £(0) + I8 f(a)] —
- [32; 1f<a—21—b> LA —4zf+ 1f(a);rf(b)H <

1 /2041 30+l 41
_a+1<2ai—1 - 4a+Jf >(b—a)(!f’(a)\+!f’(b)|) (1.4)

for a > 0.
Theorem J. Under the assumptions of Theorem B, we have the following Simpson-type inequality
for fractional integrals:

S U 1) + 5 )] -

5 —1 . (a+b 6 —5%+1 f(a) + f(b)
() e s

1 20 1 5a+1 1 B _ 1
< [Hl(%il - Gai >+<12.6a>}<b—a>(\f’<a)\+\f’<b>!) (1.5)
for a > 0.

Remark 1.1. (1) The assumptions f: [a,b] — R is positive with 0 < a < b in Theorem E can
be weakened as f: [a,b] — R with a < b.

(2) In Theorem D, let ¢ = 1. Then Theorem D reduces to Theorems B and C.

(3) In Theorems F and G, let o = 1. Then Theorems F and G reduce to Theorem B and C,
respectively.
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(4) In Theorem H, let @ = 1. Then the inequality (1.3) is connected with the second inequality
in the inequality (1.2).

(5) In Theorem I, let & = 1. Then the inequality (1.4) is a Bullen-type inequality.

(6) In Theorem J, let a = 1. Then the inequality (1.5) is a Simpson-type inequality.

In this paper, we establish some new Hermite — Hadamard-type inequalities for fractional integrals
which generalize Theorems D and G—J. Some applications for the Beta-function are given.

2. Main results.
Theorem 2.1. Under the assumptions of Theorem D, then we have the following Hermite —
Hadamard-type inequality for fractional integrals:

F(Oé+1) o o a-+b
s o+ @) - (50| <
b—a L [ @I+ 1 @)
= 2@y+cn<a“1*‘2a—1>[ 2 } 2.1
for a > 0.
Proof. In [9], let
(b—2)*=(x—a)*—(b—a)*, =€ { ,a;b ,

2(b—a)
— s a0+ @] - £ (1) =
Fla+1) | o o atb
=3 ap [Jo F(b) + T (a)] — f( 5 > (2.2)

Using simple computation, we have the following identities:

b—=x r—a
X = b—aa+mb7 T € [a,b], (23)

Z:‘Z |f/(a)|* da+

[(b—a)® = (b—2)" + (z — a)°]

S) \"-’E’_
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b—x, q,
T ) =

b
+/[<b—m>a—<w—a>a+<b—a>ﬂ

a+b
2

(b - )" — (b—2)° + (z — )] 2

— |f'(@)|" da=+

a

a+b
2
r—a

+ [ 10=ar - -+ -0 T2 | ) e =

a

~ F()° / (b= a)® — (b— )" + (x — a)*] da := M, (2.4)
[0 ==+ @ a7 f = |F O dot
ab

+/[(b—m)a—(x—a)u(b—a)ﬂi:a\f’(b)\qu:

1) / (b= a)* — (b—2)* + (z — a)*] dw == Mo, 2.5)
, o
/ (o ()| do = 2 / (b — a)* — (b—2)* + (z — a)°] da. 2.6)

Now, using power mean inequality, the identities (2.3)—(2.6) and the convexity of | f/|?, we obtain

the inequality

b

/hl(:c)f’(x) dx

a

b
< /|h1<:c>| |/ (2)] de <
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g=1

a-+b

a a

(z) |q dx]

< Vhl(x)dx]q Vhl(@f’
= |:/bh1(x)dx] ) ][(b—a>“—(b—x)“
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1/q

+ (z — a)* | f'(2)|" dz +

1/q

b
[0 - -+ 6-a|F @ | <

q—1

q

< Vhl(x)dw]

:27[(b—a)o‘—(b—x)o‘+(:v—a)°‘]d:n{

(b _ a)a+1

(M + M2)1/q =

/' (@)]? + f’(b)!"] Va

2

a+1

<a 14 2a11> [|f’(a)|q -2|- |f’(b)1 1/q'

2.7)

The inequality (2.1) follows from the identity (2.2) and the inequality (2.7).

Theorem 2.1 is proved.

Remark 2.1. In Theorem 2.1, let ¢ = 1. Then Theorem 2.1 reduces to Theorem G.
Theorem 2.2. Under the assumptions of Theorem D, then we have the following inequality for

3a+b a+ 3b
1)+ ()

fractional integrals with 5

s e+ g pan - g [ 130+ ()

3a+1 o 2a+1 1 1

<

1 (@) + /()]
<[ = — b— 2.8
—<4+ 2 4%(a + 1) a—|—1>< a’)[ 2 @8
for a > 0.
Proof. In [9], let
( b
R e e ]
3 b 3b
ha(a) = § (b— )" — (z — )" ve |2 a3,
4 4
[ b
b—z)*=(r—a)*+(b—a)¥, z€ aJZLS ,b]
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413
Then the following identities hold:
20 i L /bhg(x)f’(x) dxr =
3a+b a+3b
2@a@ajﬁxmal+wxwlwummf< . )Zf( ! >=
3a+b a+ 3b
ﬁﬂaﬁﬁJ@+ﬁWwf<4 >;( 4):
= ;&ajaii [J2, f(b) + T (a)] — % [f <3a: b) +f <a Z‘%)] . 2.9)

Using simple computation, we get the identities

3a+b
4

[ 0= - -0+ e -0 =5 | 0)| da

b

+—/[w—xw—4x—@a+w—aw1

a+3b

h—
—|f'(@)|"dx =

'

3a+b

= [ -0 - 0= 0+ @0 | @) dot

b

+ / (b=a)" = (b= )" + (2 = 0)*) 5— |f'(a)|" da =

S}

(2.10)
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T A RN S L O

b—a
= | (®)]* 7[((; —a)* = (b—2)*+ (z — a)*]dx := No, (2.11)
/ (b—2)" (@ — )] =2 | (@) det

+f[<x — ) = (b= )" . | (o) do =

/ (b= )" — (2~ )] 7 | (@) dart

+/ (b= 2)" (2= a)] 5= |/ (0)]"dx =

= f’(a){qg:/ib (b —2)* — (z — a)¥] dzx := N3, (2.12)
3:/? [(b—2)* — (z — a)?] ?:Z /()| da+
+a23b[<x — )" = (b—2)) S |f'()|"do =
_ /+ [(b—2)° — (z — a)°] gb”:Z /(b)) da+

(b—2)" (e —a)") =2 || do =

_l’_
\ME 'S

IS
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=@ / [(b—2)* = (x — a)*] du := Ni, (2.13)
b 3@;1)
/\hg(x)\dx: / (b= a)* — (b= 2)" + (z — a)°] dat
+ / [(b—2)* = (x —a)¥]dx|. (2.14)

Now, using power mean inequality, the identities (2.3), (2.10)—(2.14) and the convexity of |f’|,
we have the inequality

</|h2 ||f ’dx<

/h2 x) dx
n 1/q
{/ |ha(x dx] {/b |ha ()| | f/ ()| dx] _

3a+b

aTH)
+ / [(b—2)* = (x —a) ‘f ‘qu—{—
3a‘;H7

+ [ la-a - -0 |7 @) dot

1/q

b
s [ -0 -0 G- @ | <

{/M )| da
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3a+b
4

=2 / [(b—a)*—(b—2)*+ (z —a)*]dx+

a

f(@)]” + If’(b)\q} v

\w‘i
o

+ [(b—2)* — (x —a)]dz [ 5
ATt S S o1 [ @I+ 11 (B)|7] 7
(2+ 19 (a+ 1) _o<+1)<b_a)+ [ 2 ] - e

The inequality (2.8) follows from the identity (2.9) and the inequality (2.15).

Theorem 2.2 is proved.

Remark 2.2. (1) In Theorem 2.2, let ¢ = 1. Then Theorem 2.2 reduces to Theorem H.

(2) In Theorems 2.1 and 2.2, let « = 1. Then Theorems 2.1 and 2.2 reduce to Theorem D.

Theorem 2.3. Under the assumptions of Theorem D, then we have the following Bullen-type
inequality for fractional integrals:

MNa+1), N
’2(b—a)°‘ [J&f(b) + T2 fa)] —
3% =1 (a+b\ 4% —3+1f(a) + f(b)
- B () + 2 10|
Lo/22+1 32741 (@) + |/ ()]
_a+1( 20 2.4o >(b_“)[ 9 ] (2.16)
for a > 0.
Proof. Let

3¢ —1
4o

b—2)*—(r—a)*— (b—a), z€ [a,

h3(x) =

b—2)"—(r—a0+ > Lp—a)e, ze [“*b,b].

Then the following identities hold:

1 ,
Q(b_a)a/hs(x)f (z)dr =

b
-« x—a)® ! — ) Y f(x)dz—
= s | [+ 0= @) a

a

3—1 _,(a+b 4% — 3%+ 1 f(a) + f(b)
_[ 4 f( 2 >+ 4o 2
ol'(a)

~ S—af [J24 f(B) + Jp(a)] —
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_[30—1f<a+b>+4a—3a+1f(a)+f(b)

4o 2 4o 2
_ m 2 £ () + T (a)]
3o _q a+b 4a_3a+1f(a)—|—f(b)
[4& f<2>+ 10 2 ]

Using simple computation, we have the following identities:

3a+b
4

/ [(b—x)a— (z—a)* — 30‘4;1(5_@“} Z:z 17" (@)|? dac+

+/b [(x—a)o‘—(b—:v)a— = (b—a)“}b_

i b_z}f/(a)‘qdac:
a-z3b
/ 30 1 b—w
= / [(b—x)a—(x—a)o‘— e (b—a)a}b_z‘f(a)r]dw—i—
/ a « 3¢ —1 al L =0, 4 q
+ [(b—x) —(x—a)* — T (b—a) ] - |/ (a)|" do =

—r@ [ |o-a - @00 - E 0 ar]ar =

€xr —

(b—2)" —(x—a)* — > —(b—a)*| —
| o]

= £ 0)] da+

r—a

R e e N VO

_ /4 [(b—x)a— (z —a)® — 3Oé_l(b—a)“} i:Z 'O da+

3¢ -1

= I

—a

:|f’(b)}"/ [(b—x)a—(ac—a)a—3a4;1(b—a)a] dz = Py,
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\w‘i
=

b—

3a+b
4

[(x —a) =) a)a} =2 @) dat

a+3b

+ / [(b—x)o‘ C(zr—a)+ 3@4; 1(b—a)a} Z%z 1£(0)|" de =

_ /2[(x_a)a—(b—x)a+32;1(5—@)&} Z_Z | (@)|? d+
+ 7[(w—a)o‘—(b—:c)o‘—l—3a4;1(b—a)a] ”bc_au'(a)\qu:

/) = (2.20)
3Z [(m —a)®— (b—a)* + 32; Lo a)a} ‘Z:Z |1/ ()| dz+
++] [(b —2) — (z—a)* + 30; Lo a)a} "Z‘_ Z /()| dx =
Z [(x ) — (b—2)" + 32‘ Lo a)a} | o) et
+j: [(w @) — (b—a)* + 3a4a Lo a)a] 2_ 21 @) dx =
— |f'(b)}qj [(x —a)—(b—z)*+ 3a4; ! (b— a)a} dz := Py, (2.21)
ISSN 1027-3190.
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3a-+b
4

/b|h3(:c)|dx:2 /[(b—x)"‘—(x—a)o‘—3a_1(b—q)a}dgH-

40{

a

a+b

n / [(1‘ —a)t =) a)a} dz|. (222)

3a+b
4

Now, using power mean inequality, the identities (2.3), (2.18)—(2.22) and the convexity of |f’|9,
we obtain the inequality

b

b
[ @) @ds| < [ Iha@)]|7/@)] o <

b T 1/q
< {/hg(x)dx] |:/h3(g;)f/(x)|qu] _

a a

q—1 3a+b

_ th(x)dm] q / [(bx)a(xa)a3a4;1] (b— ) |f'(2)|" dw +

+ j[(az—a)o‘—(b—x)o‘—i— a4; 1(b—a)o‘] | f(z)|" do+

+/4 [(b—x)a_(x—a)u a4;1(b—a)o‘] /()] dat

1/q

+ /b [(x—a)“—(b—x)a—3a_1(b—a)a] /()| de| <

4&
b
< l/h?,(x)dx

3a+b
4

_9 / [(bx)a(xa)a3a4;1(ba)a dr +

g—1
q

(PL+ Py+ Py + Py) =

a
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+3:Zb [(az —a)*—(b—x)*+ 3a4; ! (b— a)a} dx [’f/(a”q ; ’f/(b”q] e —

o at1 / q / q 1/q
(1i1<24f3"3 4;+1>(b_aywlpf<an ;\f(w} . (2.23)

The inequality (2.16) follows from the identity (2.17) and the inequality (2.23).

Theorem 2.3 is proved.

Remark 2.3. In Theorem 2.3, let ¢ = 1. Then Theorem 2.3 reduces to Theorem 1.

Theorem 2.4. Under the assumptions of Theorem D, then we have the following Simpson-type
inequality for fractional integrals:

e U )+ 5 1) -
() S L) 0]
o () (oo
for a > 0.

Proof. In [9], let

60¢

[\

—xa—a:—aa—5a_1 —aa, x a,a+b 5
o (b—2)* — (&~ a) o-ar ac o3

(b—x)o‘—(x—a)o‘—k5a6;1(b—a)°‘, e [“*b,b].

Then, the following identities hold:

_[5a—1f<a+b)+6a—5a+1f(a)+f(b)] _

e I\ 2 6 2
_ m % F(b) + T (a)] -

- [5a6; lf(a—Qi—b> L6 —65: +1f(a) -2F f(b)] _
_ m % F(B) + I (a)] -
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5—1 . (a+b 6 —5%+1 f(a) + f(b)
L)

Using simple computation, we have the following identities:

oy
8]

-
o

[(b o)t (o)t = a)a} L @) dat

R e e Ol A OIS

_ / [(b_x)a_(x—a)a_5“6;1(1,_@)“}Z:i\f'(a)ﬁdﬂ

_ /6 [(b—x)a—(x—a)a—5a6a1(b—a)a}"Z P b)) et
+/6[(b—m)o‘—(x—a)a—5a6;1(b—a)o‘] P2 )| e =
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a+5b
6 a 1h—
+/ (b—m)“—(m—a)“+56a1(b—a>°‘ b_z!f'(@\qdﬁ
S ]
2 o T b—
L A R e A e O P DI
+/ [(m—a)a—(b—a:)a—l—5a6;1(b—a)a]Z_a|f/(a)‘qdf”:

E
o«
/[(ma)a(bx)o‘+5ﬁa (ba)a};;_a]f’(bﬂqdwr
5a-+b
6
a+5b
ror 5¥ — 1 T —a
+/ (b—2)—(z—a)*+ (b—a)® ‘f’(b)‘qd:r—&-
L 6% | b—a
atb
2
atb
P 54 — 1 T —a
+/ (x—a)*—(b—x)"+ (b—a)” ‘f’(b)‘qda:+
i 6~ | b—a
5a+b
6
a+b

o
b|h4(x)]dx: h (b—2)— (2 — ) — Lo~ )| dut
/ a ;

4 7[(:v—a)o‘—(b—:z)a—ks)am1(b—a)°‘]da: .

(2.28)

(2.29)

(2.30)
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Now, using power mean inequality, the identities (2.3), (2.26)—(2.30) and the convexity of |f’|,
we get the inequality

b

b
/ ha(2) f/(2)dz| < / ha(@)] | /()| dx <

a

b T 1/q
<|[@ldz| | [l @] -
b qgl 5a6+b - X
= /\h4(x)|dx / [(b—:):)o‘—(ac—a)a— ca (b —a)” }f’(x)‘qu—i—

+ [ e—ar—o-ar+ Zto- 00| |r@)

—|—/ (b—2)* = (x—a)*+ 5 (b—a)o‘-‘f’(x)‘qdaﬂ-

b
a _xa_5a_1 —a)® "o\ da
+/ [(w—a) -~ Lo ae| @) | <

q—1

q

b
< / |ha(x)| dz (Q1+ Q2+ Q3+ Q4) =

_9 7[(17—3:)@ —(r—a) — 5a6; Lo- a)a}dac—l—

a-+b

. 1 a)a} i [If’(a)!q + If’(b)l"] v

[(x—a)a—(b—x)a—l— = y _

ot
%\m‘

6

_ [ 1 <2a+1 5ot +1> . <5a— 1)](5_@@“ [\f’(a)|q+ \f'(b)T/q_ 231)

a+1\ 2071 9621 369 2

The inequality (2.24) follows from the identity (2.25) and the inequality (2.31).
Theorem 2.4 is proved.
Remark 2.4. In Theorem 2.4, let ¢ = 1. Then Theorem 2.4 reduces to Theorem J.
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3. Applications for the Beta-functions. Throughout this section, let « > 0, p > 1, ¢ > 1,
a=0,b=1, I'(a) be the Gamma-function and f(z) = 2°~! (x € [0,1]). Then |f’| is convex on
[0, 1].

Let us recall the Beta-function

1
/xpl —z)"ldz  (p,r>0).
0

Remark 3.1. Using Theorems 2.1-2.4, we get

1
Tla+1) o 1 1 o
S la- ey
30 —a) e/ ) 2/ #)* " e’ e = 3B (p,a)

[e=]

and

1
F(a—i—l) a/ 4p—2 «
=3 [amtr e =
2(b—a)0‘ 2 )" v 2(a+p—-1)
0

Using Theorems 2.1 -2.4 and Remark 3.1, we have the following propositions:
Proposition 3.1. In Theorem 2.1, the following inequality holds:

1 20 -1 \ p—1
<|=- :
“\2 2¢(a+1)) 2/

Proposition 3.2. [n Theorem 2.2, the following inequality holds:

‘ @ @ 1

°B _
2Bt s, Ty

« « 3141
~B _

2 (pva)+2(a—{—p—1) 2. 4pr-1

[ 3ol 41 1 2% +1 }p—l

2-4a(a+1)+1_2a(a+1) 21/q

Proposition 3.3. [n Theorem 2.3, the following inequality holds:

« « 3*—1 4*—-3*+1
—_B — <
5 (p,a)+2(a+p_l) <2p_14a+ 5 )'_
1 20 4+1 39t 41\ p—1
Tat+1\ 2@ 2. 4o 21/q

Proposition 3.4. In Theorem 2.4, the following inequality holds:

a a BY—1  6%—5%+1
g - <
'2 ()t 35,0 (20—%&4r 2. 6o )'—

J[ 2041 5ol 5 -1\ p—1
~“la+1 20 B 3.6« + got1 21/q'
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