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TRI-ADDITIVE MAPS AND LOCAL GENERALIZED (c, 3)-DERIVATIONS

TPUAJUTUBHI BIJOBPAKEHHSA
TA JIOKAJIBHI Y3ATAJIBHEHI (o, 3)-ITIOXITHI

Let R be a prime ring with nontrivial idempotents. We characterize a tri-additive map f: R®> — R such that f(x,y,2) =0
for all x,y,z € R with zy = yz = 0. As an application, we show that, in a prime ring with nontrivial idempotents, any
local generalized (v, 3)-derivation (or a generalized Jordan triple («,3)-derivation) is a generalized (a, 3)-derivation.

Hexaii R — mpocre Kinblie 3 HETPUBIAIBHUMH ieMIOTeHTaMH. OXapakTepH30BaHO TPHAIUTHBHE BinoOpakeHHS f:
R?® — R rake, mo f(z,y,z) = 0 ms Beix x,y,z € R Takux, mo zy = yz = 0. Sk 3acTOCYBaHHs MOKA3aHO, IO Yy
MPOCTOMY KiJIbI[i 3 HETPHBIaIBbHUMH iIEeMIIOTEHTAMHU JOBLIbHA JIOKaNbHA y3aranbHeHa (c, 3)-moxinHa (abo y3araabHeHa
)KOpIaHoBa MoTpiiiHa (o, 3)-10XiaHa) € y3araabHeHO (cv, 3)-M0XigHOIO.

1. Introduction. Throughout this paper, R denotes a prime ring with center Z(R), right (resp. left)
Martindale quotient ring ), (resp. QJ¢), and symmetric Martindale quotient ring Q)s. Let Q) (resp.
Q1) denote the maximal right (resp. left) ring of quotients of R. We refer the reader to the book [1]
for details.

In [5], Chebotar, Ke and Lee characterized some maps preserving zero products: assume that
the ring R possesses nontrivial idempotents. If ¢: R — R is a bijective additive map such that
d(x)p(y) = 0 whenever zy = 0, then ¢(zy)p(z) = ¢(x)p(yz) for any x,y,z € R. Moreover,
if 1 € R, then ¢(xy) = \p(x)¢(y) for any x,y € R, where A = ¢(1)~! € C [5] (Theorem 3).
In [2], Bresar also discussed additive maps preserving zero products. In [6], Chuang and Lee
considered a general case, namely, a bi-additive map ¢: R x R — R such that ¢(x,y) = 0 whenever
2y = 0 (see Theorem 2.1). In this paper, we will generalize this result to a tri-additive map f:
R3® — R such that f(z,y,z) = 0 whenever 2y = yz = 0.

Let M be a R-bimodule. An additive mapping g: R — M is called a generalized derivation
with associated derivation d: R — M if g(zy) = g(x)y + xd(y) for all z,y € R. In [11], Lee gave
a characterization of generalized derivations: every generalized derivation g on a dense right ideal
of R can be extended to @, and can be written in the form g(z) = ax + d(z) for some a € Q
and some derivation d on Q.. Let o, 3: R — R be automorphisms of R. An additive map 9 :
R — M is called a skew derivation, or an («, §)-derivation, if d(xy) = 0(z)a(y) + B(x)d(y) for
any =,y € R. An additive map g: R — M is called a generalized («, 3)-derivation if there is an
associated (a, §)-derivation d: R — M such that g(zy) = g(z)a(y) + B(z)d(y) for any z,y € R.
See [4] and [12] for a discussion of some of its properties.

An additive map d: R — R is called a local derivation if for every x € R there exists a
derivation d, : R — R such that d(x) = d(x). Kadison [8] and Larson and Sourour [9] asked under
what conditions a local derivation is a derivation. In [2], BreSar proved that a local derivation is a
derivation if R has nontrivial idempotents.
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Recently, Wang generalized BreSar’s result to the case of generalized derivations. An additive
map g: R — R is called a local generalized derivation if for every = € R, there exists a generalized
derivation g, : R — R such that g(z) = g,(x). Wang proved that a local generalized derivation is
actually a generalized derivation if R has nontrivial idempotents [14]. In Section 3, we will prove an
analogous result for generalized (o, 3)-derivations. Precisely, we will prove that a local generalized
(o, B)-derivation on a prime ring with nontrivial idempotents is a generalized (c, 3)-derivation. We
will also prove that a generalized Jordan triple («, 3)-derivation on a prime ring with nontrivial
idempotents is a generalized («, 3)-derivation, which is a special case of [13] (Theorem 3).

2. Tri-additive maps preserving zero products. Let E be the additive subgroup generated by
all idempotents of R, and E denote the subring generated by E. Recall that in [5] Chebotar, Ke and
Lee proved that if ¢: R — R is a bijective additive map such that ¢(z)¢(y) = 0 whenever zy = 0,
then ¢(zy)d(z) = ¢(x)p(yz) for any z,y,z € R. In [6], Chuang and Lee considered bi-additive
maps preserving zero products. We write their theorem in the following form.

Theorem 2.1 ([6], Theorem 2.3). Let R be a prime ring with nontrivial idempotents. Assume ¢ :
R X R — R is a bi-additive map preserving zero products. Then there exists a nonzero ideal I such
that ¢(za,y) = ¢(x,ay) for any x,y € R and a € 1.

Note that because R has nontrivial idempotents, [E, E] # 0, and by examining the proof of
Theorem 2.1, we see that the nonzero ideal I can be chosen to be R[E, E|R. Moreover, R|E, E]R C
C F by Herstein’s arguments in [7, p. 4].

Now we consider a more general case. Let f: R> — R be a tri-additive map, that is, a map
f(x,y, z) that is is additive in each argument. In view of Theorem 2.1 and the proof in [6], we can
prove the following theorem.

Theorem 2.2. Let R be a prime ring with nontrivial idempotents. Let f(x,y, z) be a tri-additive
map with f(x,y,z) = 0 whenever xy = yz = 0. Then

f(ZE(I, yb7 Z) - f(:Evayba Z) = f(ZL'(I, Y, bZ) - f(:l"aayv bz) (21)
forall x,y,z € R and a,b € I, where I is some nonzero ideal of R.

Proof. For z € R and e idempotent, define F(x,y) d:ff(a:,ye, (1 —e)z), then F(z,y) = 0 for

xy = 0. By Theorem 2.1 there exists a nonzero ideal I such that F(za,y) = F(z,ay) forany a € I.
That is,

f(xa7y€7 (1 - 6)2’) = f(wv aye, (1 - 6)2). (22)

Note that by the remark after Theorem 2.1, the choice of I is independent of e and z. In fact, we

can choose I = R[E, E|R. Thus, (2.2) holds for any x,y,z € R, any a € I and any idempotent e.
Analogously,

f(za,y(1 —e),ez) = f(z,ay(l —e),ez). (2.3)

Comparing (2.2) and (2.3), we see that

f(za,ye, z) — f(x,aye, z) = f(za,y,ez) — f(x,ay,ez).
It can be easily checked that

f(za,ye, z) — f(z,aye, z) = f(za,y,ez) — f(x,ay,ez)
for any x,y,2 € R, any a € I, and any € € E. Because I = R[E, E]R C E, we get

f(za,yb, z) — f(z,ayb, z) = f(za,y,bz) — f(x,ay, bz)
forany z,y,z € R, any a,b € I, as asserted.
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3. Generalized (o, (3)-derivations. Let «, 8 be automorphisms of R, and let M be an
R-bimodule. Recall that an additive map g: R — M is a generalized («, §)-derivation if g(xy) =
= g(x)a(y) + B(x)d(y) for some («, §)-derivation d: R — M.

Here we need a property on extensions of (v, 3)-derivations. It is well known that the automor-
phisms of R and («, 3)-derivations of R can be uniquely extended to @,,,. We want to show that an
(a, B)-derivation from a nonzero ideal to @,,,¢ can be also extended to an («, 3)-derivation of Q.
The proof simply follows the standard arguments in [10] (Lemma 2) and [11] (Theorem 2) for the
case of derivations. For brevity, we only sketch it here.

Proposition 3.1. Let R be a prime ring, I be a nonzero ideal of R, and o, 3 be automorphisms
of R. Then every («, 3)-derivation & : R — Qe can be uniquely extended to an (o, B)-derivation 6 :
Qme — Qme. Moreover, every («a, B)-derivation 6 : I — Qy can be uniquely extended to an («, 5)-
derivation § : Qe — Q.

Proof (Sketch of Proof). Let §: R — Qu¢ be an («,f)-derivation. For any ¢ € Q¢

choose a dense left ideal A of R such that A\¢ C R. Define ¢: Qi N — Qe by ¢ (Z uiai> =
= Zuzﬂfl ((0(aiq) — é(a;)a(q))), where u; € Qume and a; € A. Then ¢ is a right multiplier
induced by an element ¢ in the maximal left quotient ring of @Q,,¢, which is just Q,,, itself (see
Proposition 2.1.7 and Theorem 2.1.11 in [1]). In this sense, § can be extended to a map J:

Qe — Qe by defining S(q) d:fﬂ((j). It can be checked that J is an (a, B)-derivation of @,,, and
that this extension is unique. The second part of the proof simply follows the arguments in [11]
(Theorem 2).

Now we can prove the following theorem.

Theorem 3.1. Let R be a prime ring with nontrivial idempotents. If g: R — R is an additive
map such that B(x)g(y)a(z) = 0 for any x,y,z € R with vy = yz = 0, then g is a generalized
(«, B)-derivation.

Proof. Because R possesses nontrivial idempotents, by Theorem 2.2 we know that

Blza)g(yb)a(z) — B(x)g(ayb)a(z) = B(za)g(y)a(bz) — B(z)g(ay)a(bz) G.1)

for any x,y,2z € R and a,b € I, where [ is a nonzero ideal of R. Because R is prime and «, [ are
automorphisms and rearranging the terms, the equation (3.1) can be reduced to

B(a)(g(yb) — g(y)a(b)) = g(ayd) — g(ay)a(b). (3.2)

Now, define Fy,(y) = g(yb) — g(y)a(b); then (3.2) becomes 1 (Fy(ay)) = af~(Fy(y)). That is,
B~LF} is a left I-module map and hence a left R-module map. Therefore, 3! F}, is a right multiplier
induced by an element in @), (see [1], Proposition 2.2.1). This implies

g(yb) — g(y)a(b) = B(y)d(b), (3.3)

forany y € R and any b € I, where d: I — () is an additive map. For y € R and b, c € I, by (3.3)

g(ybe) — g(y)a(be) = B(y)d(be). (3.4)

Expanding otherwise and simplifying, the equation (3.4) reduces to
9(ybe) — (g(y)a(b) + By)d(b))a(c) = B(yb)d(c). (3.5)
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Combining (3.4) and (3.5), we obtain d(bc) = d(b)a(c) + B(b)d(c), so d: I — Qg is an («, 3)-
derivation. Up to now we have

9(za) = g(z)a(a) + f(z)d(a) (3.6)

for any = € R and any a € I, where d: I — @y is an («, #)-derivation. By Proposition 3.1, d can
be uniquely extended to an («, 5)-derivation of @)y, which we still denote by d. For any z,y € R
and any a € I, by (3.6)

9(z(ya)) = g(x)a(ya) + B(x)d(ya) =
= g(x)a(y)e(a) + B(z)d(y)a(a) + B(x)B(y)d(a). (3.7
On the other hand,

9((zy)a) = g(zy)ala) + B(zy)d(a). (3.8)

Comparing (3.7), (3.8) and using the primeness, we get g(xy) = g(z)a(y) + S(x)d(y) for any
x,y € R. This means that g is a generalized («, 3)-derivation of R.

By analogy with the local derivations and local generalized derivations mentioned in Section 1,
we introduce the following notion.

Definition 3.1. A4n additive map g: R — R is called a local generalized (c, 3)-derivation if
for every x € R, there exists a generalized («, [3)-derivation g, which depends on x, such that
9(@) = gu(2).

The following theorem shows that a local generalized (c, 3)-derivation is a generalized («, 3)-
derivation. This generalizes the derivation case in [2] and the generalized derivation case in [14].

Theorem 3.2. Let R be a prime ring with nontrivial idempotents, and let o, B be automorphisms
of R. Then a local generalized (v, B)-derivation is a generalized («, 3)-derivation.

Proof. Let g be a local generalized (c, ()-derivation of R. For every y € R, there is a
generalized («, 3)-derivation g, with associated (c, 5)-derivation d, such that g(y) = g,(y). Hence
for any z,y, z € R with zy = yz = 0, we have

B(x)g(y)a(z) = B(w)gy(y)a(z) = B(z)gy(yz) — B(zy)dy(2) = 0.

By Theorem 3.1, ¢ is actually a generalized («, 3)-derivation.
Recall that an additive map §: R — R is called a Jordan triple («, 3)-derivation, if

d(zyx) = 0(z)aly)o(z) + B(x)d(y)a(x) + B(x)B(y)d(x) (3.9)

for any z,y € R. An additive map ¢g: R — R is called a generalized Jordan triple («, 3)-derivation
if there exists a Jordan triple («, 5)-derivation ¢ of R such that

g(zyz) = g(x)a(y)a(z) + B(2)d(y)a(r) + B(z)B(y)d(x) (3.10)

for any z,y € R.

In [13], Liu and Shiue proved that a generalized Jordan triple (v, 3)-derivation on a 2-torsion free
semiprime ring must be a generalized («, 3)-derivation [13] (Theorem 3). Now we want to prove
an analogous theorem for the special case of prime rings with nontrivial idempotents, but where the
associated map ¢ in (3.10) is any map.

In order to prove the theorem, we need a result in functional identities.
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Lemma 3.1. Let R be a prime ring and o,3: R — R be automorphisms of R. If F,G:
R — R are two additive maps such that F(x)a(y) = B(x)G(y) for any x,y € R, then there exists
an element q € Qs such that F(x) = 5(x)q and G(y) = qa(y).

Proof. 1t is well known that any automorphism of R can be uniquely extended to an automor-
phism of Qg, Qg, or Q,. A direct computation shows that F'(rz)a(y) — 5(r)F(x)a(y) = 0 for
any 7,2,y € R, so because R is prime, we see that F'(rz) = B3(r)F(x). Thatis, 371F is a left
R-module map of R. Therefore, there exists an element s € @, such that 3~ F (x) = xs. Hence,
F(x) = B(x)q, where ¢ = [B(s) € Q. By assumption we have 5(z)qa(y) = B(x)G(y), which
implies that G(y) = ga(y) because R is a prime ring. Moreover, ¢ is an element of )5 because
qR C R.

Theorem 3.3. Let R be a prime ring with nontrivial idempotents, and let o,  be automorphisms
of R. If g: R — R is an additive map and d: R — R is any map such that

g(zyz) = g(z)a(y)a(z) + B(x)d(y)a(z) + B(z)B(y)d(z) (3.11)

for any x,y € R, then g is a generalized (v, B)-derivation with the associated derivation 0, and one
of the following holds:

(1) d =0, is exactly the associated (v, B)-derivation of g;

(2) char R = 2 and there exists an invertible element q € Qs, such that d(z) = §(z) + f(x)q =
— §(x) — qa(x) and A(x) = qa(z)g .

Proof. Forany s € R and x,y, z € R with zy = yz = 0, it follows from (3.11) that

0 = B(x)g(yzsy) = B(z)g(y)a(2)a(s)a(y).

Because «, [ are automorphisms and R is prime, we have 5(z)g(y)a(z) = 0 or a(y) = 0. Take
I ={y € R| B(z)g(y)a(z) = 0} forall z,z € R and Iy = {y € R | a(y) = 0}. Clearly,
I; and I, both are additive subgroups of R, whose union is R. But, a group can not be union of
two of its proper subgroups. Hence, either /1 = R and I = R. But, if I = R gives a = 0,
a contradiction. Hence, 8(x)g(y)a(z) = 0 for all z,y,z € R with 2y = yz = 0. Hence ¢ is a
generalized («, §)-derivation with associated («, 3)-derivation 6 by Theorem 3.1.

Now we claim that d is additive. Substituting y by y 4+ z in (3.11), and because g, o and 3 are
all additive, we get

B(z)(d(y + z) — d(y) — d(2))a(z) = 0. (3.12)

Linearizing on z, it follows that

Bu)(d(y + 2) — d(y) — d(2))a(z) + B(z) (d(y + 2) — d(y) — d(2))a(u) = 0. (3.13)

Substituting u by ux in (3.13) and using (3.12), we see that

B(x)(d(y + =) — d(y) — d(z))a(uz) =0

for all u,z,y, z € R. Again, because « is an automorphism and R is prime, 8(z)(d(y + 2) — d(y) —
—d(z)) =0 or a(x) = 0 for all z,y,z € R. As discuss in the beginning of the theorem, we have
B(z)(d(y + z) — d(y) — d(z)) = 0 for all z,y, 2 € R. This implies that d(y + z) = d(y) + d(z) for
all y,z € R. That is, d is additive.

Now g¢ is a generalized (o, 3)-derivation with associated («, 3)-derivation §. From (3.9) and
(3.11) we get
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Bla)d(y)a(r) + B(x)By)d(x) = B(x)d(y)o(z) + 5(x)5(y)d(x)

for all z,y € R, and hence d(y)a(z)+ B(y)d(x) = 0(y)a(z) + B(y)d(x). Thatis, (d— ) (y)a(x) +
+ B(y)(d — 0)(z) = 0. Because d — ¢ is additive, it follows by Lemma 3.1 that (d — 0)(z) =
= B(z)q = —qa(zx) for some ¢ € Q5, which means that d(x) = é(x) + f(x)q = 0(x) — qa(x). For
any z,y € R, we have

B(zy)g = B(x)B(y)qg = —B(x)qa(y) = qa(z)a(y).

Therefore, 2¢R? = 0, and this implies that 2¢ = 0. If char R # 2, then ¢ = 0 and d = §, as asserted.
In case char R = 2 and g # 0, by S(x)q = —qa(x) = ga(z) we can conclude that ¢ is invertible in
Qs and hence 3(z) = qa(x)q~ L.

The following is a special case of [3] (Theorem 1).

Corollary 3.1. Let R be a prime ring with nontrivial idempotents and «, 3 be automorphisms of
R. If char (R) # 2 and d: R — R is a Jordan triple (c, B)-derivation, then d is an («, 3)-derivation.
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