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A NOTE ON PROPERTY (gaR) AND PERTURBATIONS *
PO BJIACTUBICTbD (gaR) TA 3BYPEHHS

We introduce a new property (gaR) extending the property (R) considered by Aiena. We study the property (gaR) in
connection with Weyl type theorems and establish sufficient and necessary conditions under which the property (gaR)
holds. In addition, we also study the stability of the property (gaR) under perturbations by finite-dimensional operators,
by nilpotent operators, by quasinilpotent operators, and by algebraic operators commuting with 7". The classes of operators
are considered as illustrating examples.

Beezneno HoBy BiacTuBicTs (gaR), mo y3aransHioe Biractusicts (R), siky posmiigae Aliena. Buacrusicts (gaR) BuBYa-
€TBCsI y 3B7S13Ky 3 TeOpeMamu THiy Beitst. BeranoBineHo HeoOXinHI Ta 10CTaTHI yMOBH ISt TOTO, 1100 BracTuBicTh (gaRR)
BHKOHyBanacst. KpiM Toro, BUBYA€ThCA CTaOUIBHICTD BIACTUBOCTI (gaR) mpu 36ypeHHSX CKiHUEHHOBUMIPHUMH, HilbIIO-
TEHTHHMH, KBa3IHUIBIIOTEHTHUMH Ta alreOpalyHUMH ollepaTopamy, o KomyTytoTs 3 T'. 1li Ki1acu oneparopiB po3nIsHYTO
SIK UTIOCTPATHBHI MTPUKIIA TH.

1. Introduction. Let X be an infinite-dimensional complex Banach space and L(X) be the algebra of
all bounded linear operators on X. For 7" € L(X), we denote the null space, the range, the spectrum,
the approximate point spectrum, the surjective spectrum, the isolated points of the spectrum and
the isolated points of the approximate point spectrum of 7" by N(T'), R(T), o(T), o4(T), os(T),
isoo(T) and isoo,(T'), respectively.

If R(T) is closed and a(T") = dimN(T') < oo (resp. B(T) = dimX/R(T) < o0), then T
is called an upper (resp. a lower) semi-Fredholm operator. In the sequel @4 (X) (resp. ¢_(X))
is written for the set of all upper (resp. lower) semi-Fredholm operators. The class of all semi-
Fredholm operators is defined by @4 (X) = &, (X) U ®_(X), in this case the index of T is given
by i(T) = a(T) — B(T'). Denote ®(X) = ®,(X) N P_(X) the set of all Fredholm operators.
Define W, (X) = {T € ®,(X):i(T) < 0} the set of all upper semi-Weyl operators, while
W_(X)={T € &_(X): i(T) > 0} the set of all lower semi-Weyl operators. The set of all Weyl
operators is defined by W(X) = W (X)NW_(X) = {T € ®(X):i(T) = 0}. The classes of
operators defined above generate the following spectrum: the Weyl spectrum of T is defined by
ow(T)={Ae€ C: T -\ ¢ W(X)}, while the upper semi-Weyl spectrum and the lower semi-Weyl
spectrum of 7' are defined by 0y (T) = {\ € C: T — A\ ¢ W, (X)} and 04,(T) = {X € C:
T — M\ ¢ W_(X)}, respectively.

Let p = p(T') be the ascent of T, i.e., the smallest nonnegative integer p such that N(77) =
= N(TP*Y). If such integer does not exist we put p(7') = co. Analogously, let ¢ = q(T) be the
descent of T, i.e., the smallest nonnegative integer ¢ such that R(T%) = R(T?"1), and if such integer
does not exist we put ¢(7") = oo [15] (Proposition 38.3). Moreover, 0 < p(AI—=T) = q(AM—-T) < o0
precisely when A is a pole of the resolvent of T', see Proposition 50.2 of Heuser [15]. The class of all
upper semi-Browder operators is defined by By (X) = {T € ®(X): p(T) < oo} and the class of all
Browder operators is defined by B(X) = {T € ®(X): p(T) = ¢(T) < oo}. The Browder spectrum
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of T is defined by o(T) = {\ € C: \[ = T ¢ B(X)} and the upper semi-Browder spectrum is
defined by 0,,(T) = {A € C: \I = T ¢ B (X)}, respectively. Let 7§, (T) = {\ € isoo,(T):
0<a(T =) <oo} and poo(T) = o(T)\on(T).

For T' € L(X), an operator 7" is called B-Fredholm if there exists n € N such that R(T™) is
closed and the induced operator

T s R(T") 3 — T € R(T™)

is Fredholm, ie., R(Tj,) = R(I") is closed, a(T},) = dim N(Tj,) < oo and B(Tj,)) =
= dim R(T")/R(T}n)) < oc. Similarly, a B-Fredholm operator T is called B-Weyl if i(T},)) = 0.
The B-Weyl spectrum oy (1) is defined by

opw(T)={A€C: T —X isnot B-Weyl}.
We say that generalized Weyl’s theorem holds for 7' if
o(T)\opw(T) = E(T),

where E(T) = {X €isoo(T): 0 < a(T — N)}.

For T' € L(X), an operator T is called an upper semi- B-Weyl operator if there exists n € N
such that R(T™) is closed and the induced operator Tj,;: R(T") > x — Tz € R(T™) is upper
semi-Fredholm (i.e., R(T},)) = R(T™*") is closed, dim N(T},)) = dim N(T) N R(T™) < o) and
i(Tin)) < 0 [10]. We define

TsprT (T) ={Xx € C:T — X is not upper semi-B-Weyl}.
We say that generalized a-Weyl’s theorem holds for 7" if
Ua(T)\UsBF; (T) = Eu(T),

where Eq(T) = {\ €iso0,(T): 0 < a(T — N\)}.

If p(T) < oo and R(TP(T)+1) is closed, then T is called left Drazin invertible. If p(T) =
= ¢(T) < oo, then T is called Drazin invertible. The Drazin spectrum op(7') and left Drazin
spectrum o7,p(7") of an operator 7" are defined by

op(T)={A€C: T — Al is not Drazin invertible}
and
orp(T) = {X € C: T — Al is not left Drazin invertible}.
Let
I(T) = {X €isoo(T): T — X is Drazin invertible}
denote the set of all poles of 7" and
poo(T) = {A € I(T): (T — \) < o0}
be the set of all poles of 1" of finite rank,
II,(T) = {\ €isooa(T): T — X is left Drazin invertible }

denotes the set of all left poles of 7" and
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pio(T) = {X € (T : (T — \) < o0}

denotes the set of all left poles of T of finite rank. According to [15], the space R((T—\I)P(T—AD+1)
is closed for each A € II(T"). Hence we have II(T") C I1,(T") and poo(T') C p§y(T"). We say that
generalized a-Browder’s theorem holds for 7' if

Ua(T)\UsBF; (T) =1L, (T).

According to [9] we say that generalized Browder’s theorem holds for 7" if
o(T)\opw (T') = I(T).

Recall [12] that property (gaw) is said to hold for 7" if o(T)\opw (T') = E4(T). Recall [5] that
property (R) holds for T" if pfj,(T") = moo(T"), where moo(T") = {A € isoo(T): 0 < a(T'—\) < o0}.
According to [18], an operator T is said to satisfy property (aR) if poo(T) = 7o (T')-

The single valued extension property plays an important role in local spectral theory, see the
recent monograph of Laursen and Neumamn [16] and Aiena [1]. In this article we shall consider the
following local version of this property.

Let T € L(X). The operator T is said to have the single valued extension property at \g €
€ C (abbrev. SVEP at )\y), the only analytic function f: D — X which satisfies the equation
(M —=T)f(\) =0 for all A € D is the function f = 0. An operator T is said to have SVEP if T’
has SVEP at every point \ € C.

It is known that both Browder’s (equivalently, generalized Browder’s) theorem and a-Browder’s
(equivalently, generalized a-Browder’s) theorem hold for 7" if T" or T* has SVEP. Precisely, we
have that a-Browder’s (equivalently, generalized a-Browder’s) theorem holds for 7' if and only if T
has SVEP at every A\ ¢ 0y, (T), and dually, a-Browder’s (equivalently, generalized a-Browder’s)
theorem holds for 7 if and only if 7* has SVEP at every \ ¢ oy,,(T), see [3, 8].

From the identity theorem for analytic function it easily follows that T' € L(X), as well as its
dual T, has SVEP at every point of the boundary of the spectrum o(7") = o(7™), so both 7" and
T* have SVEP at every isolated point of the spectrum.

According to [3] (Theorem 1.2), if " € L(X) and suppose that \g/ — T € ®(X). Then the
following statements are equivalent:

(i) T has SVEP at \g;

(i) p(T — AoI) < oo;

(iii) o4 (T') doesn’t cluster at Ag.

Dually, if Ao/ — T € ®,(X), then the following statements are equivalent:

(iv) T* has SVEP at \g;

V) 4(T = Xol) < o0;

(vi) o5(T") doesn’t cluster at Ag.

A bounded operator 7' is said to be polaroid if every isolated point of o(T") is a pole of the
resolvent of 7. T is said to be hereditarily polaroid if every part of 7' is polaroid. T is said to
be a-polaroid if every isolated point of o,(7’) is a pole of the resolvent of 7. And T is said to be
a-isoloid if every isolated point of o, (7’) is an eigenvalue of T
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Let T € L(X) and d € N. Then 7T has a uniform descent for n > d if R(T) + N(T") =
= R(T) + N(T9) for n > d. If in addition, R(T) + N(T9) is closed, then 7T is said to have a
topological uniform descent for n > d, see [14].

If A € II,(T") or T — A is a semi- B-Fredholm operator, then 7" — X is an operator of topological
uniform descent.

In Section 2, we introduce and study the new property (gaR) in connection with Weyl type
theorems. We prove that an operator 7' possessing property (gaR) possesses property (aR), but the
converse is not true in general as shown by Example 2.2. We prove also that if 7 has SVEP at every
A ¢ 0uw(T), then property (gaR), property (gaw), generalized Weyl’s theorem and generalized a-
Weyl’s theorem are equivalent. In Section 3, in Theorem 3.3 we prove that if 7' € L(X) and M is a
nilpotent operator commuting with 7', then 7" possesses property (gaR) if and only if T+ M possesses
property (gaR). And we provide a condition under which the new property (gaR) is preserved under
commuting finite-dimensional operator, we prove in Theorem 3.2 that if iso 0, (T) = ¢ and K is a
finite-dimensional operator commuting with 7', then 7'+ K satisfies property (gaR). In the last part,
as a conclusion, we give a diagram summarizing the different relations between Weyl type theorems,
extending a similar diagram given [9].

2. Property (gaR).

Definition 2.1. An operator T is said to satisfy property (gaR) if TI(T) = E.(T).

Lemma 2.1 [4, 9]. Suppose that T € L(X). Then we have:

(1) T satisfies generalized Weyl's theorem if and only if generalized Browder’s theorem holds for
Tand II(T) = E(T).

(i) T satisfies generalized a-Weyl’s theorem if and only if generalized a-Browder’s theorem holds
Jor Tand 11,(T) = E,(T).

Lemma 2.2 [14]. Suppose that T is a bounded linear operator and that A\ belongs to the
boundary of the spectrum of T'. If T' — X has topological uniform descent, then \ is a pole of T.

Theorem 2.1. Let T satisfy property (gaR). Then E,(T) =11,(T) = E(T) = II(T).

Proof. Observe that II(T') C E(T) C E,(T) holds for every operator 7. As T satisfies prop-
erty (gaR), Eo(T) = II(T), and hence II(T) = E(T) = E,(T). As II(T) C I1,(T) C E.(T)
holds for every operator T' and E,(T) = II(T), then II(T) = I1,(T) = E.(T), ie., E,(T) =
=11,(T) = E(T) =1I(T).

The following example shows neither of the two equalities E,(T) = I1,(T'), E(T) = II(T) can
imply II(T") = E,(T).

Example 2.1. Let R:12(N) — [?(N) be the unilateral right shift operator defined by

1
R(z1,29,...) = (0,21,29,...) for all x = (x1,22,...) € I*(N) and Q(z1,22,...) = (33:1,352,

:ng,...) for all x = (x1,22,...) € [*(N). Define T = R@® Q. Then o(T) = o(T*) = D,

1
0a(T) = 0D U {3} and 0y, (T) = 0D, where D denotes the closed unit disc and 9D denotes
the unit circle, and hence II(T) = E(T) = ¢. We show that 7" does not satisfy property (gaR).
1
Since T" has SVEP at the points of 9D and T has SVEP at 3 Hence 7" has SVEP and a-Browder’s

1
theorem holds for T', i.e., 0y (1) = oup(T) = OD. 1t follows that p,(T) = 04 (T)\ow(T) = {3}
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1
Observe that the operator T satisfies the equality I1,(7") = E,(T). Indeed, 3 is an isolated point

1
of 0,(T), and hence E,(T) = {} = II,(T"). While T does not satisfy property (gaR) since

3
BT = {3} # 1D)

As noted in Example 2.1 the condition II,(7") = E,(T) is strictly weaker than property (gaR).
However, we have the following theorem.

Theorem 2.2. T satisfies property (gaR) if and only if the following two conditions hold:

(i) Eo(T) Cisoo(T),

(i) I (T) = Eo(T).

Proof. 1f T satisfies property (gaR), then E,(T) = II(T) C isoo(T") and by Theorem 2.1 we
have I1,(7") = E,(T). Conversely, suppose that both (i) and (ii) hold. As II(T") C E,(T) holds for
every operator 7. To show the opposite inclusion, let A € E,(T). Then A € E,(T) = I1,(T), and
hence 7' — )\ has topological uniform descent, since E,(7") C isoo(T'), then X is a pole of T, thus
A € II(T). Therefore II(T') = E,(T).

Theorem 2.3. Let T satisfy property (gaR). Then property (aR) holds for T.

Proof. Since poo(T) C 7§y(T") holds for every operator 7. To show the opposite inclusion,
let A € 7§y(T"). Then A\ € E4(T) and a(T — X) < oo. Since T satisfies property (gaR), then
E,(T)=1I(T). And hence A € TI(T) and (T — \) < o0, i.e., A € poo(T).

The following example shows that property (aR) is weaker than property (gaR).

Example 2.2. Let R: [2(N) — [?(N) be the unilateral right shift operator defined by R(z1,

1 1
x9,...) = (0,21, 22,...) for all z = (x1,29,...) € I*(N) and Q(z1,72,...) = <2x1,2x2,...>

1
for all z = (x1,29,...) € [*(N). Define T := R ® Q. Then o(T) = D, 0,(T) = 0D U {2} It

1
follows that II(T") = ¢, E.(T) = {2}, then T does not satisfy property (gaR). But T satisfies

property (aR) since poo(T) = 7§y(T) = ¢.

In the following theorem we give a condition for the equivalence of property (gaR) and prop-
erty (gaw).

Theorem 2.4. T satisfies property (gaw) if and only if generalized Browder s theorem holds for
T and T has property (gaR).

Proof. If generalized Browder’s theorem holds for 7' and 7 has property (gaR), then
o(T)\epw(T) =1I(T') and II(T') = E,(T'), and hence o(T)\opw (T) = Ea(T).

Conversely, it is easy to prove that property (gaw) implies generalized Browder’s theorem by
[12] (Corollary 2.7, Theorem 3.5), then o(T)\opw (T') = II(T'). Since T satisfies property (gaw),
then o(T)\opw (T') = Eo(T), hence II(T") = E,(T), i.e., T has property (gaR).

The following example shows that property (gaR) is weaker than property (gaw).

Example 2.3. Let R:[*(N) — [?(N) be the unilateral right shift operator defined by R(z1,
ra,...) = (0,21,79,...) for all x = (z1,22,...) € I2(N) and L: [>(N) — [?(N) be the unilateral
left shift operator defined by L(z1,w2,...) = (9, 23,...) for all z = (z1,22,...) € [*(N). Define
T := R® L. Then o(T) = 04(T) = D. It follows that II(T) = E,(T) = ¢, then T satisfies
property (gaR). While T' doesn’t satisfy property (gaw), since 0 € o(T)\opw (T) # ¢ = Eq(T).

The following example shows property (gaR) for an operator is not transmitted to the dual 7.
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Example 2.4. Let L: [2(N) — [?(N) be the unilateral left shift operator defined by
L(x1,x9,...) = (v2,23,...) forall x = (x1,2,...) € *(N)

and
Q(x1,x9,...) = (0,29, 23,...) forall z = (x1,z0,...) € I*(N).

Define T := L & Q. Then o(T) = o(T*) = 04(T) = D and 0,(T*) = 0D U {0}. It follows that
I(T) = E.(T) = ¢, then T satisfies property (gaR). While T* doesn’t satisfy property (gaR),
since 0 € Eq(T%) # ¢ = II(T™).

The following example shows that generalized a-Weyl’s theorem does not entail property (gaR).

Example 2.5. Let T be defined as in Example 2.1. As already observed, 17" does not satisfy
property (gaR), while T" has SVEP and hence generalized a-Browder’s theorem holds for 7. Since
I1,(T) = E,(T), by part (ii) of Lemma 2.1, then generalized a-Weyl’s theorem holds for 7.

The following example shows that property (gaR) does not entail generalized a-Weyl’s theorem.

Example 2.6. Let T be defined as in Example 2.3. We have «(T) = S(T) = 1 and p(T') = oc.
Therefore, 0 ¢ o, (7"), while 0 € 0,(T), so Browder’s theorem (and hence generalized a-Weyl’s
theorem) does not hold for 7. On the other hand, since o(7T") = 04(T") = D, we have II(T) =
= FE,(T) = ¢, and hence property (gaR) holds for 7.

Theorem 2.5. Let T satisfy both generalized a-Browder s theorem and property (gaR). Then T
satisfies generalized a-Weyl's theorem and ¢,(T)\o gy o (T) =1K(T).

Proof. 1f T satisfies generalized a-Browder’s theorem and property (gaR), then E,(T") = I1,(T)
by Theorem 2.1. Therefore generalized a-Weyl’s theorem holds for 7" by (ii) of Lemma 2.1, i.e.,
O'a(T)\O'SBF; (T') = Eo(T). Property (gaR) then implies Ua(T)\O'SBF; (T) =1L(T).

In [11] an operator 7' is said to have property (gb) if Ua(T)\USBF; (T) =IK(T).

The following example shows that property (gaR) does not entail property (gb).

Example 2.7. Let T be defined as in Example 2.3. Then T satisfies property (gaR), while
property (gb) does not hold for 7', since 0 € aa(T)\oSBF; (T") and II(T") = ¢. This example also
shows that without the assumption that 7" satisfies generalized a-Browder’s theorem, the result of
Theorem 2.5 does not hold.

The following example shows that property (gb) does not entail property (gaR).

Example 2.8. Let Q(x1,x9,...) = g;,gg,) for all x = (z1,72,...) € [*(N). Clearly,
@ is quasinilpotent and hence o(Q) = 0,(Q) = O’SBF;(Q) = {0}. We have a(Q) = 1, then
0 € E,(Q), TI(Q) = ¢, it then follows that @ does not satisfy property (gaR). On the other hand,
since 04(Q)\0 g5 (Q) = 11(Q) = 6. @ has property (gb).

The next result shows that the equivalence of property (gaR), property (gaw), generalized Weyl’s
theorem and generalized a-Weyl’s theorem is true whenever we assume that 7" has SVEP at the
points A & gy, (7T).

Theorem 2.6. Let T* have SVEP at every X\ & 0y, (T). Then the following statements are
equivalent:

() E(T) = II(T);

(i) Ea(T) = Ha(T);

(iii) Eo(T) = I(T).

Consequently, property (gaR), property (gaw), generalized Weyls theorem and generalized
a-Weyl's theorem are equivalent for T.
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Proof. 1t is easy to see that o(T') = 04(T'), then we have E(T) = E,(T). The following
we would show II,(7T") = II(T), observe first that II(7) C II,(7") holds for every operator 7.
To show the opposite inclusion, let A € I1,(7"). Then 7' — X has topological uniform descent and
A € iso0y(T) = isoo(T), it follows from Lemma 2.2 that \ is a pole of T, i.e., A € II(T"). From
which the equivalence of (i), (ii) and (iii) easily be obtained. To show the last statement observe that
the SVEP of T at the points A ¢ 0,,,(T") entails that generalized a-Browder’s theorem (and hence
generalized Browder’s theorem) holds for 7', see [3] (Theorem 2.3). By Lemma 2.1 and Theorem 2.4,
then property (gaR), property (gaw), generalized Weyl’s theorem and generalized a-Weyl’s theorem
are equivalent for 7T

Dually, we have the following theorem.

Theorem 2.7. Let T have SVEP at every N\ ¢ o01,(T). Then the following statements are
equivalent:

(i) BE(T") =ILT");

(i) Eo(T") = Ho(T7);

(iii) Eo(T*) =I1(T™).

Consequently, property (gaR), property (gaw), generalized Weyls theorem and generalized
a-Weyl's theorem are equivalent for T™.

Proof. 1t is clear from Theorem 2.6.

Theorem 2.8. Let T be a-polaroid. Then T satisfies property (gaR).

Proof. Since II(T') C E,(T) holds for every operator 7. To show the opposite inclusion, let
A € Eq(T). Then A is an isolated point of 0, (7). Since 7" is a-polaroid, A is a pole of the resolvent
of T, A € II(T), i.e., T satisfies property (gaR).

Corollary 2.1 [18). Let T be a-polaroid. Then T satisfies property (aR).

The next example shows that under a weaker condition of being polaroid the result of Theorem 2.8
does not hold.

Example 2.9. Let R: [2(N) — [?(N) be the unilateral right shift operator defined by R(z1,
x9,...) = (0,21, 22,...) forall x = (z1,22,...) € [’(N) and Q(x1,23,...) = (;U;, 5;‘;,) for
all z = (z1,2,...) € *(N). Define T := R® Q. Then o(T) = D, hence isoo(T) = II(T) = ¢.
Therefore, T is polaroid. Moreover, 0,(7) = 0D U {0}, isoo,(T) = {0}, 0 < a(T) =1 < 0
implies 0 € E,(T), and hence E,(T) # II(T'), thus T doesn’t satisfy property (gaR).

From the proof of Theorem 2.6 we know that if 7 has SVEP, then o(T") = 04(T"). Therefore if
T has SVEP, then T is a-polaroid < T is polaroid.

Corollary 2.2. Let T be polaroid and T* have SVEP. Then T satisfies property (gaR).

Note that the result of Corollary 2.2 does not hold if we replace the SVEP for 7™ by the SVEP
for T

Example 2.10. Let T be defined as in Example 2.9. Then T has SVEP and is polaroid, while
T does not satisfy property (gaR).

3. Property (gaR) under perturbations.

Theorem 3.1 [13]. If T is a-isoloid and satisfies a-Weyl's theorem, then T+K satisfies a-Weyl's
theorem for every finite-dimensional operator K commuting with T.

The following example shows that an analogous result of Theorem 3.1 does not hold for prop-
erty (gaR), even with the class of a-isoloid operators.
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Example 3.1. Let T: 12(N) — [?(N) be defined by
T(z1,22,...) = (221, 229,0, 23,24, .. .) forall z = (x1,29,...) € I*(N)

and
K(z1,22,...) = (=221, —222,0,0,0,...) forall z = (x1,29,...) € I*(N).

Then o(T) = D U {2} and 0,(T) = 0D U {2}, it follows that E,(T") = II(T) = {2}. Therefore,
T is a-isoloid operator, KT = TK and satisfies property (gaR). While (T + K) = D and
oo(T + K) = 0D U {0}, it follows that II(T' + K) = isoo(T + K) = ¢ # {0} = E,(T + K).
Therefore, T'+ K does not satisfy property (gaR).

Theorem 3.2. Let T' € L(X) and isoo,(T) = ¢. If K is a finite-dimensional operator com-
muting with T, then T + K satisfies property (gaR).

Proof. Since isoo,(T) = ¢ and K is a finite-dimensional operator commuting with 7', by the
proof of [2] (Theorem 2.8), 04(7T") = 0,(T + K), then isoo,(T + K) = ¢. Since isoo (T + K) C
C isooa(T + K), isoo(T + K) = ¢. It follows that II(T + K) = E,(T + K) = ¢, ie., T + K
satisfies property (gaR).

Corollary 3.1 [18]. Let T € L(X) and isoo,(T) = ¢. If K is a finite-dimensional operator
commuting with T, then T + K satisfies property (aR).

The next result shows that property (gaR) for T is transmitted to 7'+ M, when M is a nilpotent
operator which commutes with 7. Recall first that the equality 0, (7) = 04(T + @) holds for every
quasinilpotent operator ¢ which commutes with 7.

Theorem 3.3. Let T € L(X) and M € L(X) be a nilpotent operator which commutes with T.
Then we have:

(i) Eo(T + M) = Eq(T).

(ii) T satisfies property (gaR) if and only if T + M satisfies property (gaR).

(iit) If T is a-polaroid, then T + M satisfies property (gaR).

Proof. (i) Let A € E,(T + M). We can assume A = 0. Clearly, 0 € isoo,(T + M) =
=1is004(T"). Let p € N be such that MP = 0. If x € N(T'+ M), then TPz = (—1)P MPz = 0, thus
N(T + M) C N(TP), since by assumption «(T + M) > 0, it then follows that o(7?) > 0 and this
obviously implies that «(7") > 0. Therefore, 0 € E,(T), and consequently E, (T + M) C E,(T).
E,(T) C Eo(T + M) follows by symmetry.

(ii) Suppose that T has property (gaR). Then E(T + M) = E,(T) = o(T)\op(T) = o(T +
+ M)\op(T + M) = II(T + M), therefore T' + M has property (gaR). The converse follows by
symmetry.

(iii) Obviously, by part (ii), since T satisfies property (gaR) by Theorem 2.8.

This example shows that the commutativity hypothesis in (ii) of Theorem 3.3 is essential.

Example 3.2. Let Q: [?>(N) — [?(N) be defined by

1 T2 T3 ) forall z=(21,2,...) € *(N)

Q(x1a$2a" ) = (0707?7§a 2737

and
M(x1,x9,...) = (0,0, —%,0,0, . ) forall z = (x1,z0,...) € I*(N).

Clearly M is a nilpotent operator and I1(Q) = E,(Q) = ¢, i.e., @ satisfies property (gaR). While
II(Q + M) = ¢ and E,(Q + M) = {0}, it follows that II(Q + M) # E,(Q + M), i.e., Q + M
does not satisfy property (gaR).
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The previous theorem does not extend to commuting quasinilpotent operators as shown by the
following example.

9 9 T2 I3 X4

Example 3.3. Let Q: [°(N) — [°(N) be defined by Q(z1,x2,...) = (22, 557940 > for all
r = (z1,22,...) € I’(N) and T = 0. Clearly T satisfies property (gaR). While @ is quasinilpotent
and TQ = QT, so 0(Q) = op(Q) = {0} and hence {0} = E,(Q) # 0(Q)\op(Q) = I(Q) = ¢,
i.e., T 4+ Q = @ does not satisfy property (gaR).

Theorem 3.4. Let T be a-polaroid and finite-isoloid and Q) be a quasinilpotent operator which
commutes with T. Then T + Q has property (gaR).

Proof. Clearly by the proof of [2] (Theorem 2.13).

Recall that a bounded operator 7" is said to be algebraic if there exists a nonconstant polynomial
h such that h(T") = 0.

Theorem 3.5. LetT € L(X) and K € L(X) be an algebraic operator which commutes with T':

(1) If T is hereditarily polaroid and has SVEP, then T* + K* satisfies property (gaR).

(ii) If T* is hereditarily polaroid and has SVEP, then T+K satisfies property (gaR).

Proof. Since T* + K* is a-polaroid by the proof of [2] (Theorem 2.15), property (gaR) for
T* + K* follows from Theorem 2.8.

(i) The proof is similar to (i).

4. Conclusion. In the last part, we give a summary of the known Weyl type theorems as in [9],
including the properties introduced in [5-7, 11, 12, 17, 18], and in this paper. We use the abbreviations
gW; Wi (gw); (w); (gaw); (aw); (9R); (R); (gaR); (aR); (9S) and (S) to signify that an
operator 7' € L(X) obeys generalized Weyl’s theorem, Weyl’s theorem, property (gw), property (w),
property (gaw), property (aw), property (gR), property (R), property (galR), property (aR),
property (g.S) and property (.5). Similarly, the abbreviations gB; B; (gb); (b); (gab) and (ab) have
analogous meaning with respect to Browder’s theorem.

The following table summarizes the meaning of various theorems and properties.

gW | o(T)\opw(T) = E(T) (aR) | poo(T) = mo(T")

W | o(M\oulT) = mo(T) | 9B | o(T)\oww(T) = I(T)
(qw) O'a(T)\O-SBFJ: (T) = E(T) B o(T)\ow(T) = poo(T)
(w) Ua(T)\Uuw(T) = 7TOO(T) (gb) Ua(T)\USBF; (T) =TK(T)
(gaw) | o(T)\opw (T) = Eo(T) () 0a(T)\oww(T) = poo(T)
(aw) | o(MN\oW(T) = 78(T) | (gab) | o(T)\opw(T) = L,(T)
(gR) | a(T) = E(T) (ab) | o(T)\ow(T) = po(T)
(B) | PGo(T) = moo(T) (95) | I(T) = E(T)

(gaR) | I(T) = Eqo(T) (S) mo0(T") = poo(T)

In the following diagram, which extends the similar diagram presented in [9], arrows signify impli-
cations between various Weyl type theorems, Browder type theorems, property (gw), property (gaw),
property (gR?), property (gaR), property (gS), property (w), property (aw), property (R), prop-
erty (aR) and property (S). The numbers near the arrows are references to the results in the present
paper (numbers without brackets) or to the bibliography therein (the numbers in square brackets).
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(gaw) L2 (aw)
2.4 [18]
gw (AR (@R (R)
[7] 2.1
[11] [7] [17]
9B (gab) <« (gb) <« (guw) > (gR) D> (g5)
[9] [12] [11] [7] [17] [17]
B <L (g <L ) < ) s (1) L5 ()
[6]
w
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